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Abstract

In this work, an initial boundary value problem for a nonlinear (but without convective term) integro-differential
Kelvin-Voigt equation modified with a p-Laplacian and a nonlinear source term is investigated. The integral term in the
system with a convolution is called a memory term, and it indicated the viscoelastic properties of fluids. Such system of
equations is called the Oskolkov equations in some papers, and it describes the motion of incompressible viscoelastic
non-Newtonian fluids. In generally, there is not unique methods to prove the existence global in time of solutions to
nonlinear initial-boundary value problems. However, one can response to such type questions by establishing some
qualitative properties of solutions as blow up and localization in a finite time, large time behavior, and et al. In this paper,
the global in time non-existence of weak generalized solutions to the studying initial boundary value problem for nonlinear
modified integro-differential Kelvin-Voigt equations is proved by establishing the blowing up in a finite time property.
The blow up of weak solutions to the investigating problem is obtained by using the Kalantarov-Ladyzhenskaya lemma.
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Anoamna
A. Hlaxip
on-Dapadbu amvinoazvl Kazax ¥nmmeix Yuueepcumemi, Aimamer ., Kazaxcman
HUHTEIPO-IUD®PEPEHIIAAJIBJBIK KEJIb®UH-®OUT'T TEHAEYIHIH 9JICI3 INEIIIMIHIH,
MEKCI3JIKKE YMTBIJIYbI

Byn xymbicta Moaudunnananrad p-Jlammacuanabl )KOHE CBI3BIKTBI €MEC XKbUTY KO3l HHTErpoauddepeHIIUaIBIK,
KenbBun-®oiirt TeHueynep (06ipak, KOHBEKTHBTI MYIIEC] )KOK) XKyiieciHe KObUIFaH 0acTalKbI-IIETTIK €Cell 3ePTTETiHe/Il.
YitipTki TypiHAErl MHTErpaj/blK MYIIE JKHHAKTAY KaJbl MYILIeci Jen aTajajibl )KOHE CYHBIKTBIKTAP/bIH TYTKBIPIBIK
KacHeTTepiH cunarTaiapl. by TeHueynep xyiieci keibip aBTopiapabiH xyMbicTapbiHaa OCKOIKOB TeHEYep XKyheci
JIETI T€ aTaJla/ibl )KOHE OJ1 CHIFBIIIMANTHIH TYTKBIP HBIOTOH/IBIK €MeC CYHBIKTBIKTapAbIH KO3FaIbICHIH CHITATTai bl ByTiHTi
TaH/1a CBI3BIHTHI eMec 0acTamKhI-IIIeTTIK €CeNTeP/iH MEMiMiHIH yaKbIT OOMBIHIIA TT00a el 6ap OOMYBIH JoIeNey YIIiH
OipTyTac omictep TabblIa KOHFaH JXOK. [lereHMeH Jie, MeIiMHIH aKbIPJIbl YaKbITTa TICKCI3MIKKE YMTBUTYHI, JIOKATH3AIHS
JKOHE YVIIKCH YaKbIT TOpTiOi CeKimAl camaiblK KacHeTTepi Typajbl akmapapT amyfa Oonambl. Bynm sxymeicta
Moudumananral p-Jlanmacuanpl ’KoHE CHI3BIKTHI €MeC KbuTy Ke3[i mHTerpo-nuddepenimanapik KensBuH-Poirt
TeHJIeyiHe KOMbLIFaH 0acTanKbI-IIETTIK €CENTIiH KaJlbllamMa 9JICi3 MEeUIIMiHIH aKbIPJIbl YaKbITTa HIEKCI3AIKKE YMTBLTYBI
KAaCHETIH KOpCeTy apKbUIbl YaKbIT OOWBIHINA [IOOANIbl MICHIUIMEHTIHIIN gosenaeHai. Moauduiuananrad p-
Jlaracuanbl *KoHE CBI3BIKTHI €MeC JKbLTy Ke3ai uHrerpoanddepeniuaiaplk KenpBun-Ooiirt TeHaeyine KoWbUIFaH
0acTanKpl-IIETTIK €CENTIH JKallbllamMa 9JICi3 HISHIIMiHIH aKbIPJIbl YaKbITTa IIEKCI3IIKKKEe YMTBLIYbl KACHETIH KOpCeTy
KananraposJlansnpkeHckast JeMMachl apKbUIb 19JIEIICH/ .

Tyiiin ce3nep: unrerpo-guddepenunanapik Kenbpua-Ooirt teHueyi, oici3 IemiMm, IIEmiMHIH MIEKCI3iKKe
YMTBITYHI.

AnHomayus
A. Hlaxup
Kazaxcrkuii Hayuonanvuwiti ynusepcumem umenu anv-Oapabu, e. Armamel, Kazaxcman

PA3PYIIEHUE PEIIEHUS UHTEIPO-IAU®PEPEHIIMAIBHOI'O YPABHEHUS KEJIbBUHA-®ONTA

B pabore mnccienyercss HadaJbHO-KpaeBas 3ajada JJIsl CHCTEMBbI HENMHEWHOro (HO 0e3 KOHBEKTHBHOTO YJICHA)
unrerpo-muddepenmansHoro ypapaenus Kenbsuna-®olirra, MoanhHINpoOBaHHOTO ¢ p-JalUIaCHaHOM M HEIWHEHHOM
HUCTOYHMKOM. VIHTErpasbHbIi WIEH B CHUCTEME B BHJAE CBEPTKOW HA3bIBAETCS WIEHOM NaMATH M OH YyKa3bIBaeT
BSI3KOYIIPYTHE CBOWCTBA XHJIKOCTe!. JlaHHAs cucTeMa ypaBHEHHH B HEKOTOPBIX pabOTax Ha3bIBaeTCs TAK)KE CHCTEMOM
ypaBHeHHH OCKOJIKOBa, U OHA OINCHIBAET JBIDKEHHE HECO)KMMAEMOH BSI3KOYNPYroil HEHbIOTOHOBCKOH »kuakocTH. B
HaCTOHH_[eﬁ BpEMs, HE CYIIECTBYET €AMHBIC METOJbI JOKA3aTCIIbCTBA CYHICCTBOBAHUA peHIeHI/Iﬁ ra00abpHO BO BPEMECHHA
HEJITMHEHHBIX Ha4YaJIbHO-KPACBBIX 3aj1a4. O]lHaKO MOXHO OTBE€THUTb Ha TaKWE€ BOIIPOCHI, YCTaHABJIMBAA HEKOTOPBLIX
KaueCTBCHHBIX CBOMCTB peHIeHPIﬁ, TaKNEC KaK paspymeHUE 1 JIOKaJInu3alnus 3a KOHCYHOE BPEMs, ITIOBECICHUE TIPU 0OIBIINX
BpeMeHax W T.J. B maHHOW paboTe, ImyTeM YCTaHOBIEHHS CBOMCTBAa pa3pylIeHHS 3a KOHEYHOE BpEMs, JOKa3aHO
rio0asbHOE BO BPEMEHH HE CYIIECTBOBaHHE CIa0BIX 0O0OIIEHHBIX PEIICHUH HCCIIeayeMOol HadalbHO-KpaeBoH 3a1aun
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JUIl  HEJIMHEHHOro  MOAM(HUIMPOBAHHOIO  MHTErpo-auddepeHnuaibHoro  ypaBHenuss  KenbBuna-Qoiirra,
MOJU(UIIMPOBAHHOTO C p-JIAIIACMAHOM M HEJIMHEWHOM HCTOYHHMKOM. A CBOICTBa pa3pylleHHsl CIa0bIX peIIeHUi
JAHHOW  WcclielyeMoll  HayaJbHO-KpaeBOW  3ajauyd  JIg  HEJUMHEHHOro  MOJAM(UIMPOBAHHOTO  MHTETPO-
muddepentmansHoro ypaBuenust Kensuna-doiirra nokazano ¢ nomouipto geMMbl Kananraposa-JlagbikeHCKOM.

KatoueBbie cinoBa: unTerpo-audpdepennnanbuoe ypapuenue KenpBuna-®oiirra, cnaboe peuieHue, pa3pymeHus
peleHus

1 Introduction

Let Q be a bounded domain in R°d>2 with a smooth boundary 0Q, and
Q, = {(X,t) xeQ, 0<t <T} is a cylinder with lateral I'; . In this paper, we study the following initial
boundary value problem of determining the pair of functions (u(x,t),z(X,t)), which satisfy the following

integro-differential Kelvin-Voigt equations modified with p — Laplacian diffusion and nonlinear source term
t

ut—div(KVut+v|Vu|“Vu)—Vﬁ—Ie‘”)Au(x,r)dr:ylul“u in Q

0

divu(x,t) =0 in Q;, (2)
the initial condition

u(x,t) =u,(x) in Q, (3)
and the Dirihlet boundary condition

u(x,t)=0 on TI:. (4)

Here U(X,t) is the velocity field, 7(x,t) is the pressure, U, (X) is the given initial velocity. The constant
v accounts for the dynamic viscosity, whereas « is a length scale parameter characterizing the fluid elasticity

in the sense that the ratio — is a relaxation time scale, i.e. a characteristic time required for a viscoelastic fluid
v

to relax from a deformed state to its equilibrium configuration. The exponents p and m are given positive
numbers, such that
l<p,m<oo (5)

The system (1)-(2), inthe case ¥ =0 and p = 2, is called integro-differential Kelvin-Voigt or Oskolkov

system and describes the motion of viscoelastic incompressible non-Newtonian fluids, that needs time to start
motion after the force is applied [1], and the correctness of various initial boundary value problems for them
studied in some works in [2]- [3], and et.al. Karazaeva [4]- [5], Ziviagin-Turbin [1], Yushkov [6]. The integral
term of (1) with the convolution kernel K(t) =¢' is called a memory term, and it designs the viscoelastic

property of non-Newtonian fluids [1]. The existence, uniqueness and some qualalive properties such as blow
up in a finite, and large time behavior of weak solutions of the initial-boundary value problem for modified
Kelvin-Voigt equations with p—Laplacian and damping term (without memory term) have been investigated
by some authors, for instance, see [7], [8]- [12]. The existence, uniqueness and blows up of weak solutions for
the initial-boundary value problem for integro-differential Kelvin-Voight equations with cubie source term,
i.e. in the case p = 2 and m = 2 were established by Yushkov in [6].

2 Preliminaries

In this section, we introduce some auxiliary lemmas and functional spaces that will be used throughout the
paper. For the definitions, notations of the function spaces and for their properties, we address the reader also
to the monographs [13,14]. In this wirk, we establish the results of blow up in a finite time of solutions for
more generalized integro differential Kelvin-Voight equations, which the some results of [6] are valid in
particulat cases, of p=2 and m=2.

2.1 Functional spaces
In this section, we introduce the necessary notation, the definition of weak solution to problem (1)-(4), and
an important lemmas which are used below in this paper. We define the functional spaces used throughout the
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1
p
paper and describe briefly their properties. Namely, the norm of L_(€2) is denoted by ||u||p = U‘l ulP dx] .
Q

Let us also introduce the following functional spaces widely used in the Mathematical Fluid Mechanics:

V(Q) = {u eC”(®): divu=0 and u=0 on 6Q}; (6)
H(Q) =V ()" ™
X(Q) =V (@) ®)
X (Q) = TORE )

The blowing up of a solutions will be established by using the following lemma, which the proof can be
found in [15].

Lemma 1. Suppose that, for t >0, a positive, twice-differentiable function W(t) satisfies the inequality:
PP () - L+ a)(P'(t) > -2B,¥'(t)P(t) - B,P(t), (10)

where & >0, B,B, >0. If ¥(0) >0, ¥'(0) >—y,a "¥(0) and B, +B, >0, then ¥ (t) > +o0 as

1772

1 In 7, Y(0) +a¥'(0)

t—>t < —.
2B +aB, 7,¥(0)+a¥’'(0)

(11)

Here y, =—B, +B} +aB,, y,=-B, — B’ +aB, .

We now define a weak solution to the problem (1)-(4) as following sense, which we work with in this paper
Definition 1. A function u(X,t) is a weak solution to the problem (1)-(4), if:

L L°(0,T; X(©Q)NL(0,T; X, (Q)NL"(Q, )

2. U(x,0) =u,(x) a.e.in Q;

3. Forevery ¢ € X(€Q) N X, () N L"(Q) and fora.a. t e (0,T) holds

t

%Uu;adx+ K‘IVUV({I‘XJ+VI| Vu P2 VuV edx = 7_[| ujm? ugadx—je‘”’MjVu@)Vgudx. (12)

Q 0 Q

3 Main result. In this section we establish the following main result.
Theorem 1. Suppose that U, (X) € H and fulfilled is next condition

m>p, pL2,
the following condition is satisfied

m 5 1 K
sl —vivly > |2 Sl + 51wl 4, )

Then there exists a finite time T__ < oo such that a weak solution to problem (1)-(4) blows up, i.e

48




Abaii amvinoaser Kaz¥I1Y-uiny XABAPIIBICHI, « Duszuka-mamemamura sviivimoapsly cepuscol, M3(79), 2022

e

m 1
where 6 =mpg,; ;(::Ta; a=—;
e

N Y e L & _
g (m E))Z(p 1) e i 8 1,2 (m )% +1 2e° . ge(o,lnm}
m°x e’ -1 e’ mzc m’x?  e* -1’

Proof. Let us define the energy function

1
(0= Lo} + 5ol +C,,

where C, is positive constant, that can be choosen below.

Let us multiply the equation (1) by u and U, , and integrate by X over . After integrating by parts, we

have the following equalities,

w(t) + vV’ + I e -9 .[ Vu(@)vu@dxdz = guf”

0 Q

o v+ ||vU|| j e " [ Vu)vu, Oz - %%”u”:,
Q
respectively.
Next, substituting the expression for y|u/" from (13) into (14), we obtain the following equality

o+ Va2 IWWI+j'“”jVMﬂVuammr—

‘P”(t) +——||Vu|| %Ie“”jVu(r)Vu(t)dxdr,

let us calculate the derivative of the last term on the right hand side of (15):

d
dt

t

j " T)IVU(T)VU(t)dXdT =Vl +

j g (- j Vu(z)Vu, (t)dxdz - j g (9 j Vu(z)Vu(t)dxdr.

Plugging (16) into (15), we obtain
~v(m-p)d

ol + e, ===

||Vu|| += ‘P”(t)+—||Vu|| -

%Ie““” j Vu(r)Vu(t)dxdr—mT_l _[ gt j Vu(r)Vu, (H)dxdr.

(13)

(14)

(15)

(16)

(17)

Next, we estimate the each term on the right hand side of (17). For the first term we using the assumption

1< p<2,wehave
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- j VU, ! dxs 22w

+

d
- Sl

< pj|Vu [P VuthSLJ‘Wu [P dx +
J 2¢, )
(18)

p(p-1) >l + PE=P) 12 Peo gy, 1y PR=Y gy PP Q]

_l’_
2¢g, 2¢ = 2 2 KE 2¢ s

0 2-p 0 0 2-p
& &

where &, and ¢ are an arbitrary positive constants, which we choose below.
Using the Holder and Young inequalities we estimate fourth and fifth terms on the right hand side of (17).

t

_ Ie(m jVu(r)Vu(t)dxdr <Lt P(t) + ﬂ_..e(tr)‘{'(f )dr, (19)
0 Q ' " 0

_I e(”)IVu(r)Vu(t)dXdT = 8—22||Vu[||§ +ije“”‘f’(r)dr. (20)
E K

0 Q ’ 0

Plugging (18), (19) and (20) into (17), we have

_(m-Dz, _v(m-p)s,
Mmx 2mx

v(m—p)(p—l)gi 1 Jw(t)+elgz+m—lj'

1

1., 2 1 K
Jllt v )< 2w 2l S+,

1y

1
e "IW(r)dr < —WP"(t) + (21)
Mke, Mke, m

2

t

1 -
v(m-p)(p-1) = 1 n ij\y(t) + Lmlje“”‘l’(r)d T,
mke, mxe, Mk mx 4

1 2

where above an arbitrary constant C, has been chosen as

o _v(m-pR-p)x 0]
" 4g =
0 gZ—p
If W (0) >0, then there exists t, > 0[6], such that
P'(t)>0 forallte[0,t,]. (22)
Thus, using (22), we get the following inequality:
Ie'“'”‘l’(r)dr <W(r)=W(0)e" — Ie""”‘l”(z’)dr <W(r). (23)
0 0

Plugging (23) into (21), we get

L (m=Dz, _v(m-p),
mx 2mx

1
Jiot v f)< 2w
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(v(m—p)(p—l)gpll+ 1 2 figﬁm_l}y(t)

mxe, Mxe, Mk g,Mx

If we choose the arbitrary constants &, & and &, in (24) such that
mx e’ -1 1 2e°

mx e -1
= gl = = —
v(m—-p) e°

T mre’ -1 P m-1 2¢°

&

then we have

2 2 1
allu; + vu )< = v+ pro),

Where

1 2 _ 2 _ £ 1 & _1)2 £
o= ﬁ:=v (m er)z(p 1) e = R 1+ 2 +(m 21)2+1 2e
e’ m°x e’ -1 e’ mx m-x e’ -1

with an arbitrary & > 0.

Next, [8] using Holder’s and Young’s inequalities, we also derive the following inequality:

(W) <29@)(u] +xvu).

Now, combining (26) with (25), we get
2 2 1 2
a¥@)u,| +x]vu| )< Zwr RO+ ArO).

which yealds
TP OF < ORO+marOY.

If follows (28) that
P)P(L) - (1)) + S(PR) =0

whered =mg, y :%and ge[O,Ingj.

(24)

(25)

(26)

(27)

(28)

(29)

Hence, by the assumption of Theorem 1, the function W (t) satisfies all the conditions of Lemma 1 with the

constants B, =0, B, =0 and o = y -1>0.
Thus, by Lemma 1, the statement in Theorem 1 is true.

4 Conclusion

In the paper, the space of a weak generalized solutions of initial boundary value problem for a nonlinear
(but without convective term) integro-differential Kelvin-Voigt equation modified with a p-Laplacian and a
nonlinear source term is defined. Under suitable conditions on the data of the problem, the blowing up property

of weak solutions in a finite time is established.
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