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Abstract

One of the most intensively studied topics in the theory of Hardy inequalities in recent years has been the estimation
of iterated operators. Since these inequalities have found their application in the study of boundedness from a weighted
Lebesgue space to a local Morrie-type space, as well as in the study of weighted bilinear Hardy type inequalities. The
discrete case of iterated inequalities is an open problem. An inequality involving an iteration of a discrete Hardy operator
is traditionally considered difficult to evaluate because it contains three independent weight sequences and three
parameters in their different ratios. The aim of this paper is to obtain the necessary and sufficient conditions for the
implementation of a discrete iterative Hardy inequality.
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JUCKPETTI XAPJIU OIIEPATOP UTEPALIUSACBIHBIH CAJIMAKTBI BAFAJIAYbBI

CoHFbI XKbUTAAPbI Xap i TEHCI3AIKTEPl TEOPHUSICHIH/IA CH KAPKbIHIBI 3ePTTEIIIeH TaKbIPHINTAPAbIH 0ipi HTePALIUSITBIK
omeparopiapabl Oaranay O6onmel. Cebebi Oy TeHcizaikrepaid Jleber camMakThl KeHICTIriHEH MoppH THITI JIOKaIbI1
KCHICTITiHE MICHETMIMAUTKTI 3epTTeyae, coHmai-ak XapIu THITI cajdMaKThl OWCHI3BIKTHI TEHCI3MIKTEPHAi 3epTTeyne
KOJIJAHBICH TaOBUTABI. VTepanusuiblK TEHCI3MIKTEPIiH AWCKPETTI JKaFJaibl allblK ecer OOoJNBIN TaObUIagbl. OJIETTe,
JIUCKPeTTi Xap/ 1 OllepaTOPbIHBIH HTePALUSICHIMEH OOAThIH TEHCI3MIKTep i Oaranay KUbIH JIel caHaa/(bl, OUTKEeHI OHbIH
KypaMbIH/Ia YIII TOYEJICi3 CalMaKThl Ti30€K KOHE op TYpJi KAaThIHACTAFBI YIII mapamerp 0ap. Bys1 »KyMBICTBIH MaKcaThl
JIUCKPETTI UTEpalUsIbIK XapaAn TeHCI3AIKTEPiHIH OPbIHIANYBIHBIH KKETTI KOHE KETKUIIKTI MapTTapblH ady OOJIbII
TaObLIA b

Tyiiin ce3aep: TeHci3nikTep, UTEPALUSIIBIK ONIEPaTOp, CalIMaK, AUCKpeTTi Jleber KeHicTiri.
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BECOBAS OIIEHKA JUCKPETHOM UTEPAIIUA OITEPATOPA XAPJIU

OnHolt u3 Hanboee MHTEHCHBHO M3yYaeMBIX TEM B TEOPUH HEPaBEHCTB XapAH B IOCIIEAHHUE Tojbl ObUIa OIEHKA
UTEPALIMOHHBIX ONEPATOPOB. II0CKONIBKY 3TH HEPAaBEHCTBA HALLIIM CBOE IPUMEHEHHE IIPU U3YUEHUH OTPAaHUUEHHOCTHU OT
BECOBOTO ITpocTpaHcTBa Jlebera B ToKaIbHOE IPOCTPAHCTBO THIIAa MOpPpH, a TaKKe IPU N3YUYEHNH BECOBBIX OMITMHEHHBIX
HEpaBEHCTB TUIA Xapau. JJUCKpeTHBIN Cily4ail UTEpallMOHHBIX HEPABEHCTB SIBISIETCS OTKPBITOH 3anaueii. HepaBeHcTBO,
BKJIIOUAIOLIEE UTEPALMIO JUCKPETHOIO olepaTopa Xapau, TPaJuLUOHHO CYUTAETCS TPYAHBIM JUIS OLEHKH, IOCKOJIBKY
OHO COJIEP>KUT TPU HE3aBUCHMBIE BECOBBIE IOCIIEI0BATEILHOCTY U TPU [IapaMeTpa B UX pa3HbIX COOTHOILIECHHUAX. Llenbio
JTAaHHOW paOoThHI SBISIETCSl TIOJNydeHHWE HEOOXOJIMMBIX M JOCTATOYHBIX YCJIOBHH JUIS BBINOJHEHHS JHCKPETHOTO
UTEPAIIOHHOTO HEPABEHCTBA Xapau.

KaroueBnie cioBa: HepaBeHcTBa, HTEpallMOHHBIIN OIepaTop, Bec, IMCKPETHOE MpocTpaHcTBo Jlebera.
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1. Introduction
Let O<r<ooand O0<p<qg<oo.Let {u} ", {v} ", {w}  beweights, i.e. non-negative sequences of

real numbers. Denote by Ip’v the space of all sequences f :{ f. }: of real numbers such that
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for all sequences f el .

The aim of the this work is to obtain necessary and sufficient conditions for the fulfillment of the discrete
iterated Hardy inequalities (1) and (2) for cases: 0< p<1, 0< p<min{q,r} <oco; 0<r<l<p<g<o;

1<p<min{g,r}<ow; 0<r<p,l<p<g<o;0<r<p=1<g<o.

2. Literature review

In recent years, one of the most intensively studied topics in the theory of Hardy inequalities has been the
evaluation of iterated operators. The reason for this was the publication of the work of V.I. Burenkov and R.
Oinarov [1] in which the use of iterated inequalities was necessary to prove the boundedness of Hardy type
operators from a weighted Lebesgue space to a local Morrey type space. In addition, iterated Hardy inequalities
have a wide application in evaluation of weighted bilinear Hardy type inequalities, which was obtained in the
work of A.L. Bernardis and P.O. Salvador [2].

An inequality involving an iteration of discrete, continuous Hardy operator is considered difficult to
estimate since it has three independent weights and three parameters with different ratios. Nevertheless, many
papers are devoted to this type of inequality. Characterization of continuous iterated Hardy inequalities were
obtained in works [3-9]. Compared to the continuous case the discrete analogue of the Hardy iterated inequality
is studied very little (see [10, 11]).

3. Auxiliary statements

The notations A << B and B << A mean that there exists a constant ¢ >0 depending only on parameters
p, I, q,such that the inequalities A<cB and B <cA are fulfilled, respectively. We write A= B if a two-
way estimation A << B << A holds.

To prove the main results, we will need the following well-known equivalences.

Lemma 1. Let &« >0 and 1<n< N <oo. Then for all sequences a>0 the following equivalences are

satisfied
N «@ N[k a-l
3] 55T
k=n

k=n i=n
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According to the well-known weighted Hardy inequalities, we can formulate the estimation of quantities
J/, and J; for different ratios of parameters ', p as following lemma [12, 13].

Lemma2. (i) If 0< p<1, p<r<o,then J ~A;
(i) If O<r<l<p<oo, then J ~B/ ;

1,007

(i) If 1< p<r<ow,then J7 ~Df ;

1,007
(iv)If 0<r<p,l<p<oo,then J7 ~E ;
(W If0<r<p=1then J, ~F.
In the proof of necessity, a test sequence is used, and in the proof of sufficiency, the method of splitting
into "packages" the sequence of values of the iterated Hardy operator at each point is used, which makes it

convenient to estimate the sums by packages, thanks to which the main results are achieved. Various classical
inequalities as well as Hardy's weighted inequalities are used in the evaluation.

4. Main results

Our main results read as follows:

Theorem 1. The inequality (1) holds if and only if

(i) G, =supU, A, <o for 0< p<1, 0<p<min{q,r}<oo;

zeN

(i) G, =supU, B, <oo for 0<r<l<p<qg<oo;

zeN

(iii) G, =supU, D, <oo for 1< p<min{q,r}<oo;

zeN

(iv) G, =supU,E , <oo for 0<r<p,l<p<qg<oo;

zeN
(v) G =supU,F, <o for O<r<p=1<qg<oo.
zeN
Moreover, G, = C, (i =1_5) Here, C, is the smallest constant that satisfies the inequality (1).

Theorem 2. The inequality (2) holds if and only if
(i) Hy=supU;A’ <o for 0< p<1, 0<p<min{q,r}<oo;

zeN

(i) H, =supU,;B; <o for 0<r<l<p<qg<oo;
zeN

(iii) Hy =supU,; D, <oo for 1< p<min{q,r}<oo;
zeN

(iv) H, =supU;E; <oo for 0<r<p,l<p<q<oo;
zeN

(v) Hy =supU;F,, <o for 0<r<p=1<q<w.

zeN
Moreover, H, = C, (i =1_5) , Wwhere C, is the smallest constant that satisfies the inequality (2).

The proof of the Theorem 2 is analogous to the proof of Theorem 1, and requires some obvious changes,
so we will only prove Theorem 1.

Proof of Theorem 1. Necessity. Assume that the inequality (1) holds for all f e Ip'v. We have to show

that G, <o (i :1_5) for all given cases.

i.e. f isthe sequence of non-negative numbers that satisfies Zvi fP <.
i=1

Let zeN and 0<f el ,

We choose a test sequence f, = { f, ] }Tfl defined as follows:
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z,]

_ f,, 1<j<z;
0, j>z

By substituting the test sequence in the left-hand side of the inequality (1), we obtain its estimation from
below

b

2t

k=1 | j=k

z P
By dividing both parts of the last inequality by (Zvi f, pj >0 and taking supremum over all f >0, we
i=1

obtain that C, >U_J, . If we use Lemma 2 for this inequality, we get
(i)for 0<p<1, 0<p<min{q,r}<ew:U;J,~U A, <C;
(iiyfor O<r<l<p<g<w:U,J,~U;B, <C;
(iii) for 1< p<min{g,r}<ow: U;J, ~U, D, <C;
(ivyfor O<r<p,l<p<g<w:U,J,=U E, <C;

(v)for O<r<p=1l<q<ow:U,J,~U,F,<C,.

1,z

Taking supremum over z € N, we obtain that the value G, <o (i =1 5) is finite for all cases and
G, <<C, (|=1_5) (5)

Sufficiency. Let G; < oo (i :1_5) for all five cases. We have to show the fulfillment of the inequality (1)

forall f el . Since the inequality

= |la
Q|-
= |a
Q|
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holds, it is sufficient to prove the validity of (1) for a non-negative sequence f € Ip'V
For all i >1 we consider the following set:

T = Iez:i[ifjjwsz' :
k=1 \ j=k

where Z is the set of integers. Assume that &, = maxT, . Then forany i>1:

2" < Z(z fjJ w, <2, (6)
k=1 \_j=k

Let m, =1 and M, :{i eN:g =0, :91} . We will define the value m, as m, =sup M, +1. Obviously
m,>m,. If the set M, is bounded from above, then m, <o and m,=maxM,+1. Let

1=m <m, <...<m<oo be inductively determined for s>1. Then assume that m,,, =supM +1 to

determine the value m,,,, where M ={i eN:6 =6, }

s+1?
Let N,={seN:m, <oo}. For convenience, we introduce the notation 0, =n,. Then from the

definition of my and by (6) for s N,, we have

2 <Z(Zf J ) mo<i<m, -1, @)
and

N = U s+1 m 1ms+l)r)|iml1ml+l):g'

seNg s#l

Therefore, we can write left-hand side of inequality (1) as follows:

© Mg =

S=>u, ZZf => Z fJ W, | . (8)
i=1 k=1|j=k seNg i=mq k=1|j=k
Mg,y -1

If m, = oo, then we assume that Z 0. Taking into account (7) and (8), we estimate the value S :

i=mj

q
-1 i i ' r s -1 51
S::Zmzl: U, iifj W, Szmzll y, 290 = 220 " el 2 . 9)
seNy i=mg k=1|j=k seNgy i=mg seNy mg

Next, we estimate the value S for cases 1) r >1,2) O <r <1 of parameter I separately:
1) Case I >1. We estimate the value 2" from above using inequality n__, +1<n_—1, which is derived

from n,_, <n,; <ng, and estimation (7):

47



BECTHUK Ka3HIIY um. Abas, cepus « Duzuxo-mamemamudeckue naykuy, Ned(80), 2022 2.

1 1
Mg Mg r Ms 1 -1 ms 1’1 r
-1 _ on, _ oHn-1 ng ns_2+l
A AR VAR VA fJ Z f
k=1 j=k
Using Jensen's and Minkowski's inequalities for r>1:
1 1
ms l’l Mg Mg Mg ' r msflfl msflfl r r
ng-1 .
22 S0 I flw | <
k=1 |j=k =mg_, | j=k k=1 | j=k
1 1 1
ms—171 msflfl Mg ' r mg Mg r r msflfl ms—171 r r
< Yo+ D filw |+ filw | - filw | <
k=1 | j=k j=mg_y k=mq_4 | j=k k=1 | j=k
1 1 1 1
m,_,—1|mg_ -1 r r m -1 mg r r m, | mg r r m,_—1|mg_; -1 r r
< flw |+ DD filw | + filw | - filw | =
k=1 | j=k k=1 |j=mg, k=mg_, | j=k k=1 | j=k
1 1
msfl_l F my Mg Mg r
=l 2w || 2+ 22T (10)
k=1 j=mgy k=mg | j=k
According to (9) and (10), we obtain the following inequality:
1 i
( l) Mg,y -1 My -1 F my Mg my r r Mgy -1
2q q(ns— 2q ~
S<2%32 u <223 Y w [+ DD DL w u;
seNy i=mg seNy k=1 j=mg_y k=mq_4 | j=k i=mg
sl’l r Mg m ’1 Mg Msyq —
(S5 SusT 236w usses.
seNy \| k=1 j=mg_y seNg | k=mg_, []j=k i=mg
2) Case O<r <1. At first, we will estimate the value 2" from above using inequality n_, +1<n -1

and estimation (7):

ngr (ns=2)r n.r (ng_p+1)r m m r m -1/ mg4-1 r
(ns_)r_zs _2 25 _2 1 s s s s

Using Jensen's inequality for O <r <1 we obtain

-1 mg_-1 m,

X r m, -1/ mg -1 r
2(”5—1)’3211 Z(Zf+2f}wk+2[2fj 2[ fjjwk <
=k

J=Ms_y k=mg;
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1 me -1/ mg—1 mg -1 Mg Mg Mg r my, -1/ m-1 '
Z Zf Wk+z Zf Wk+z folwe=>1 D f |w <<
2 k=1 = k=1 \ j=mg4 k=mg, \_j=k k=1 \_ j=k
ms_. 1_1 Mg S Mg Mg ' msfl_l Mg Mg '
<«< > Zf WK+Z(Z ]j f, Zwk+2[2fj)wk. (12)
k=1 j=mgy k=ms4 \|J j=mgy k=1 k=mg_1 \ j=k
According to (9) and (12):
a
Mg, -1 Y ' msq-1 Y My ' r Mgy, -1
S<< Y 2N u <M > W, + ( f, | w, U, ~
seNg i=mj seNg j=mg_, k=1 k=mg_; \_j=k i=m
q q
ms a ms—lfl s+1 -1 r r ms+l’1
Y5 [ ij > Z[Zf]wk LS4, ()
seNg \_j=mg_y k=1 i=mg seNg | k=mg; \_j=k i=mg

If we look at the estimates (11) and (13), in both cases of the parameter r, S is estimated with the same
value from above, i.e.

S<<S§ +5S,. (14)
We estimate the values S, , S, for cases (i)-(v) separately.
(i) Let 0< p<1, 0< p<min{q,r}<co.We estimate the value S; from above:
q
mg 511 rmg,,-1 L 2 mg_q o0
5122[2 fJ [ZWJ Zu <Z[Z fvPyv, "J (Zij Dy <
seNg \ j=my4 seNg \ j=my4 k=1 i=mj
1 a mg 1 d me_y % 0
SZ( sup v, pJ [Z fjvj”] (Zwk] Dy <
seNp \ Je[msg.m;] j=mg , k=1 i=m,
1 q
[ mo 1)
SZ(Um) sup {Zwkj v,° [Z vaJp} <
seNy ) ie[mgy m ]\ k=1 j=mg_,
J % 1 a m, 11 m, 1
<> (Un) sup[ } v;* LZ fJVij <> (An r;s)q[z fJVJpJ <
seNg j=mg \ k=1 j=mg_y seNg j=mg_y
m q
< ZSup(A;mSUr;s)q[ 3Py, J <G“Z[ RI] J <Gq(2fpvj L (1)
seN, S j=mg_ seNg \_j=mg,

We get an upper estimate of the value S, using Hardy's inequality for 0< p<1, 0<p<r<oo:
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s, =% Z{ fJJ qiu<z( U)QLZ fjpijg<

seNg | k=mg; \ _j=k i=mg seNy j=mg 4

- |a

a a
< ZSUF’('A&fmSU& )q( Z fipvj)p <G/ Z[Z fijij <G/ (Z:: f pVi] : (16)

seNy S j=mg_y seNg \ J=Ms4

From inequalities (14), (15) and (16) we get the following estimate for case (i): C, << G,.
(i) Let O<r<l<p<qg<oo. We estimate the value S, from above using Holder's inequality and

equivalence (4):

q q
msfl_l F Mg d ms+1_1 Ms 1 —- — X
— p p
S=) W, f; u < k W, E fvv Euig
j i seN =1 j=mg_y i=mg
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My r 1LY p' p' Mg q
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a P p 9
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~ 1-p 1- p _
(]| BB | (] ()
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SZ(Ums) 2| 2 W 2N Vi 2 ffvi | <
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9

ngup(BlijU;s)q{ i fjpvj <Gq(z 3 fpvJ <Gq@ fipvin. 17)

seN, S j=mg_4 seNy j=mg_;

By using Hardy's inequality for 0 <r <1< p <o we obtain the following estimation of the value S, :

q
Mg Mg ' I’ms+1_l »
S,=), Z(ij}wk u, < ( v )(prvJ <
i eNy j=mg 4

seNg | k=mg_; \ j=k
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q a q
< > sup(B,,U,, )qL; fjpijp <G Z(J_Zm: fjpijp <G] (Z fipvijp. (18)

seN, S seN i=1

From inequalities (14), (17) and (18) in case (ii) we get the estimation C, << G, .
(i) Let 1< p <min{q, r} < 0. We will use Holder's inequality to estimate the value S, :

q q
2 (g
seNg \ k=1 j=mg j=mgy i=mg
d a
<3 (0, )[Z fpv] <<Gq[2f,pvjp 19)
seNg j=mg 4 i
We will estimate the value S, from above using Lemma 2.
a —1 a
S, = Z( o ) { Z fPv, jp 2 u, < Z(DLmSUms)q[ Z fj”vjjp <<
seNg j=mg_y i=m seNg j=mg 4

- |l

<<ng[i fjpv] <G“[Z > f"v] <Gq(2fpvj . (20)

seNg \_j=mq_; seNg j=mg4

From the estimates (14), (19) and (20), we get the estimate C, << G, for the inequality (1) in the case of
(iii).

(iv)Let 0<r < p,l< p<q<oo.Toestimate the value of S, atfirst, we will use the Holder's inequality:

a(p-r)
) e a a
My k -r mg mg p' o
p 1-p’
<< 2| W 2w, 2 MV 2w 2us
seNgy [ k=1 j=1 j=mg_4 j=mg_4 i=m
q(p-r)
r r(p-1) pr q
Msy k p-r (M L p—r Mg p _©
—p p
<2 2w 2w, Vi 2 v 2us
seNg [ k=1 j=1 j=k j=mg_4 i=mg

a

<Y (EUn )q£ i fj"vj]p << G (i fipvi]p. (22)

seNy j=mgy i=1

Now, we estimate the value S, from above:
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szl [ 8 ] S sen [ $ ) <

seNg seN j=mg_4

q

<< G, (i fipvijp.
i=1

From the estimates (14), (21) and (22), we get the estimate C, << G, .
(V) Let 0<r<p=1<qg<oo. Letus estimate the value S, from above.
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J=Msy
Now we estimate the value S, :

aq
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seNg J=Ms 4 seNg j=mg 4y

q
<< G (z fipvijp.

i=1

From the estimates (14), (23), and (24), we get the estimate C, << G;.

(22)

(23)

(24)

Hence in all five cases the inequality (1) and an estimation C, << G; (i :1_5) holds. From estimations

(5) and C, << G, (i :1_5) we obtain that C, = G, (i :1_5)
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