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Abstract

The purpose of this article is to consider the symmetric rearrangement and non-increasing rearrangement of
generalized fractional maximal functions. Concepts of rearrangement-invariant spaces and concepts of ideal spaces are
considered. A generalized Lorentz-Morrey type space, in which the norm is determined by a symmetric rearrangement of
functions, is considered. The equivalent norm for the function from the generalized Lorentz-Morrey space obtained. It is
proved that in the definition of the norm in the generalized Lorentz-Morrey space, the internal norm from a symmetric
rearrangement of a function over a ball centered at the point 0 can be replaced by the norm from a symmetric
rearrangement of a function over a ball centered at an arbitrary point x € R™. A generalized fractional-maximal function
a special case of which is a classical fractional-maximal function is considered. Estimates obtained for the non-increasing
rearrangement of the generalized fractional maximal function. A pointwise estimate of the generalized fractional-maximal
function by the generalized Riesz potential is obtained.

Keywords: non-increasing rearrangement, symmetric rearrangement of function, ideal spaces, generalized Lorentz-
Morrey space, generalized fractional maximal function, generalized Riesz potential.
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JKAJMBUIAHFAH BOIIMEK-MAKCUMAJIIbl ®YHKIUSIHBIH OCITEATIH
AJIMACTBIPYJIAPBI TYPAJIBI

Byn MakanmaHbIH MakcaThl — KalINbUIaHFaH OeJIeK-MakCUMabl (YyHKIHSIAPABIH CHMMETPHSUIBIK alIMacThIPYbIH
JKOHE OCIEHTIH aybICTBIPYBIH KapacTeipy. OpBIH aybICTBIPY-WHBAPHAHTTBHIK KEHICTIKTEp JKOHE HJeallibl KEeHICTIKTep
YFBIMAAPBl  KapacThlpblUiibl. JlopeH-Moppy THUMIHAEr JKajlNblUIaHFAaH KEHICTIK KapacThIPbUIABI, OHAAa HOpMa
GYHKIMSTAPIBIH CUMMETPHSUIIBI aybICTBIPBUTYBI apKbUIbl aHblKTanaabl. JKannbulanran JlopeHn-Moppu KeHicTirineH
(YHKIMSHBIH 3KBUBAJICHTTI HOpMachl aibHabl. JKammsinanran JlopeHI-MoppH KeHICTITiHAETi HOpMaHBI aHBIKTayJa
nentpi 0-1e opHayackaH mapabl QyHKIUSIHBIH CHMMETPHSUIBI aybICTHIPBIUTYBIHBIH 11K HOPMAchlH (DYHKIMSHBIH LEHTPI
KaHJal na x € R™ HyKTeciHIeri mapra CUMMETPHSUIBI aybICTHIPY HOPMACBIMEH alMacThIpyFa OONATHIHBI IONCIICHI.
JKannbutanran Oesnmek-MakcuMainabl (YHKIUS KapacTBIPBULIBI, OHBIH €pEKIle >KaFAaibl KIIACCHKANBIK OeJex-
MakcuManabl (GyHKIMs Ooibin Tadbutazabl. JKannbulanran Oesmek-MakCUMan bl (QYHKIUSHBIH ©CIEHTIH aybICTBIPYbI
yuriH Oaramaynap ansiHAbl. JKanmsuranran Oermek-MaKCUMalAbl (YHKIMSHBIH SKaNbIaHFaH PUcc MOTeHIHaIBIMEH
HYKTEJIK 0arachl abIH/BL.

Tyiiin ce3nep: ecnelTiH OpPBIH ayBICTBIPY, (YHKIUSHBIH CHMMETPHSUIBIK ayBICTBIPBUTYBI, HICalAbl KEHICTIKTED,
xKannbsutanFaH JlopeHI-MoppH  KeHICTiri, KalmbUIaHFaH OeJmeK-MakCUMaiabl (GYHKIOWSA, KaldlbulaHFaH Pucc
MTOTEHITHATEL.
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O HEBO3PACTAIOIIUX ITIEPECTAHOBKAX OBOBH.[EHHOﬁ
ﬂPOBHO-MAKCl/IMAJIbHOﬂ OYHKIUN

Llenplo cTaTbU SBIAETCS PACCMOTPEHHE CHMMETPHYECKOH IepecCTAHOBKM M HEBO3PACTAIOIICH MNEepecTaHOBKH
0000IICHHBIX APOOHO-MaKCUMAIIBHBIX (YHKIUH. PaccMaTpuBalOTCs KOHLCNIHMH IIePECTaHOBOYHO-WHBAPHUAHTHBIX
NPOCTPAHCTB M KOHLENIHUS MICATBHBIX IPOCTpaHcTB. PaccMarpuBaercst 06o0mmeHHoe nmpocTpancTBo THA JlopeHna-
MoppHu, B KOTOPOM HOpMa ONPENeIIIeTCs Yepe3 CHMMETPHYECKYI0 iepecTaHoBKy GyHKiuid. [lomydeHa sxBUBaJeHTHAS
HOpMa Juts QyHKIMHU U3 00001meHHoro npocrpancta Jlopenna-Moppu. Jloka3bIBaeTcs, 4To B ONpPEIeICHUH HOPMBI B
0000menHOM npocTpancTBe JlopeHia-Moppy BHYTPEHHIOIO HOPMY OT CHMMETPUYECKON MEepPEeCTAaHOBKH (YHKIHMHU IO
I1apy ¢ HeHTpoM B Touke 0 MOXKHO 3aMEHHTh HOPMOIl OT CHMMETPHUECKO epecTaHOBKH (DYHKIUH T10 APy € LEHTPOM
B OPOU3BOJIbHOW TOouke X € R™. PaccMorpena 00o0O0IIeHHAs APOOHO-MaKCUMaNbHas (YHKLUS, YaCTHBIM CITydacM
KOTOpOW sIBJISIETCS KJIaccuyeckas JpoOHO-MakcuManbHas (yHkums. I[lomydeHbl OLEHKHM [yl HEBO3pacTaloIIeH
MIEPECTaHOBKU 0000MEHHOH NpoOHO-MakcuManbHONW (yHKIMHU. [lomydeHa moTodedHas oleHKa 000OIIeHHOH APOOHO-
MaKCUMAJIbHOW (QYHKIMHK yepe3 00001IeHHbII noTeHnuan Pucca.

KaroueBble cjioBa: HeBO3pacTalollas IEPECTAHOBKA, CHMMETPHYECKAs IEPECTaHOBKA (YHKLUH, HIcalbHbIC
MpOCTpaHCcTBa, 0000meHHoe TnpocTpaHcTBO JlopeHma-Moppu, o0000meHHas ApoOHO-MaKCHUMaNbHAas —(yHKIHSA,
00001eH BN TTOTEHIMAN Prcca.

1. Introduction

We consider the concepts introduced in the books of C.Bennett, R.Sharpley [1] and S.G.Crane,
Yu.l. Petunin and E.M. Semenov [2]. In recent decades have been actively studied the theory of Morrey-type
spaces and various integral operators in them. Detailed information can be found in the review articles by
V.1. Burenkov [3-4]. In work V.l. Goldman and E.Bakhtygareeva [5] the generalized Lorentz-Morrey type
spaces are considered. In this article, we show that in the definition of the norm in the generalized Lorentz-
Morrey space given in [5], the internal norm of a symmetric rearrangement of a function over a ball centered
at 0 can be replaced by the norm of a symmetric rearrangement of a function over a ball centered at an arbitrary
point x € R™. Considered the generalized fractional-maximal function introduced in works [6], [7]. Other
versions of the generalized fractional-maximal function are considered in the works of Hakim D.I., Nakai E.,
Sawano Y. [8] and Gogatishvili A., Pick L., Opic B. [9].

In this paper, we show that the generalized fractional-maximal function can be estimated from above in
terms of the generalized Riesz potential. The generalized Riesz potential considered in [10], [11] and [12]. We
have obtained estimates for a non-increasing rearrangement of a generalized fractional-maximal function.
Similar estimates for the classical fractional-maximal function were previously obtained by Cianchi A.,
Kerman R., Opic B., Pick L. [13].

2. Preliminary information

We give a brief summary of Banach-functional spaces (briefly: BFS), rearrangement-invariant spaces
(briefly: RIS).

Let S,Z, u be space with a measure. Here is X is o -algebra of subsets of the set S, on which is determined
anon-negative o-finite, o-additive measure u. By L, = Lo(S, Z, i) denotes the set of u-measurable real-valued
functions f: S — R, and by L{ a subset of the set L, consisting of non-negative functions:

Lt ={f € Lo:f = 0}.

In this work, we will use the concepts of a Banach-functional space (briefly: BFS), introduced by
C.Bennett, R.Sharpley [1], as well as the concepts of an ideal space (briefly: IS) considered in the book by
S.G.Crane, Yu.l.Petunin and E.M.Semenov [2].

Definition 1.1 [1]. A mapping p: L} — [0, o] is called a functional norm (short: FN), if the next conditions
are met forall f,g,f, € L5, n € N:

(P1) p(f) = 0= f = 0, u—almost everywhere (u—a.e.);

plaf) = ap(f), a = 0; p(f + g) < p(f) + p(g) (properties of the norm);
(P2) f<g (u—a.e.)=> p(f) < p(g) (monotony of the norm);
(P3) fu 1 f = p(f) = p(f) (n — o) (the Fatou property);
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(P4) 0 < (o) < o= fa fdu < C,p(f) (Local integrability);

(P5) 0 < u(o) < 0 =< p(x,) < o (finiteness of the FN for characteristic functions y, of sets of finite
measure).

Here f,, T f means that f, < fn41, 7115210 fn=f (u-ae).

Definition 1.2 [2]. Let p there be a functional norm. The set of functions X = X(p) from L,, for which
p(If]) < oo is called a Banach function space (briefly: BFS), generated by the FN p. For f € X we assume

If1lx = pCIfD.

Definition 1.3 [2]. The space X € Ly(R™) is called an ideal space if it satisfies the following conditions:
BN lfll=0e f=0,p-ae,|laf|l =callfll, a =0;
AC e [Loo):|If +gll < CUIfI+ NlglD; (1.1)
Bo=sf=sgw—ae)=|fll=<lgl;
B3) 0 =< fru—a.e.)) = |lfmll TIFI
B Ifll <= |f| <o (p—a.e.). (1.1)
The space X is a normed space if C = 1 in triangle inequality (1.1), or a quasi-normed space if C < 1.
Recall that BFS satisfies properties (B1)-(B3) with € = 1in (1.1"), property (B4) is replaced by more strict
assumption:
(B4) Q € R™, |0 = 1p (@) < 00 = [ |fldu, < Collfll;
and the additional property holds:
(B5) Q € R™, |Q] = pp(Q) < 0 = |[xqll < 0.
Therefore, the concept of an ideal space is broader than the concept of Banach function space.

Let L, = LO(R”) be the set of all Lebesgue measurable functions f :R" — C and pu, be the Lebesgue

measure on R". By L} we denote the subset of the set L, consisting of all non-negative functions:
Ly ={f € Lo:f = 0}.

By L§(0,00;1) we denote the set of all non-increasing functions belonging to L¢. The non-increasing
rearrangement T~ defined by the equality:

£*(t)=infly €[0,0): 4, (y)<t, teR, =(0,0)}
where
2:(y)= s, X e R™:| £ (X)) > y, y [0,0)}
is the Lebesgue distribution function.
Itis knownthat 0< f™4; f7(t+0)=f"(t) teR,; f isequally measurable with | f|, i.e.

miteR £ (1)> yh= mixeRY:[f(x)> v},

Let f#:R™ —» R™ denote the symmetric rearrangement of £, i.e. a radially symmetric non-negative non-
increasing right-continuous function (as a function of r = |x|, x € R™) which is equimeasurable with f. That

IS
1

) = £ ™ £ = f* ((i)"), rtER,,
here v, is the volume of the n-dimensional unit ball.
The function ™ :(0,00) — [0,0] is defined as

t
f**(t):%jf*(f)df, teR..
0

4

Note that ™ is an a non-decreasing function on R, . Really, let t, <t,, then
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tz)Z%]%f*(T)dT I )dT+ J.f T)dT<—If r)dr+f° );t1

L,

Hence, we have

- 1% .. t,—t, % .. 1 ot,—t \F,- 1% .. "
7)< = [ @+ 22 [ (e)dr<| =+ 22 [ £ (c)dr == £ (e)dr = 7(t,)-
t, tt o t, th ) t
In addition, for f € L, we have: A,(y)—>0 (y —+0)<|f(x) <o, x4 -ae.ons.

Definition 1.4 [10]. Let p there be a functional norm. We say that o is consistent with the order relation

< iffor f,geL, f<g we have p(f) < p(g).
Note that by the property (P2), any FN is consistent with a pointwise estimate:

f<g (u—a.e)=>p() <plg),

Definition 1.5 [10]. AFN p is rearrangement-invariant if

fr<sg =p()=plg.

Banach function space (BFS) X = X(p) generated by a rearrangement invariant functional norm o will
be called a rearrangement invariant space (in short: RIS).

Definition 1.6 [5]. An ideal space E = E(R”)c LO(R”) is called a generalized rearrangement invariant
space (briefly: GRIS) if the following additional propositions hold:

1. The (Quasi)norm |} || ) depends only on the symmetric rearrangement of functions: namely

||f||E(Rn) :Hf#HE(R )
2. E has additional properties:
(P6) 2 € R™, |Q] = pp () < 0 = ¢p(|Q]) = llxallz < o
(P7) llomllg-g < 9, m € (1,00); oy (H(¥) = f(m~y), y € R™
Here ¢ is called the fundamental function for the GRIS E =E R”), oy, - the extension operator.
We consider a subspace in L, =L, (R”) andin L, = LO(R”), M., is a generalized version of a Lorentz-

type space, respectively:
Mer :Huf#HE(B) F <OO}'

Lemmall. Let F = F(R+) be an ideal space, and E = E(R”) be a generalized rearrangement invariant
space. Then the following relation takes place:

sup
HW#Mm>F“xER"

Mﬁz%e%@ﬂmﬂ

HE(B(x,t)) -
Proof. It is clear that

sup
HW#Lm>FSxER“

#
HE(B(X,I)) -
We prove the inverse inequality.

sup
F Xe R"

HH l

HE(B(x,t)) E

10
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H f #(g)ZB(x,t)(ymE = xseu:;n

f #(g)ZB(o,t)(YX‘E, vxeR".

H f #(Y)Zs(x,t) (YME = H f #(Y)[Zs(o,t)ma(x,t)(y)+ ;(B(O,t)mB(x,t)(y)]‘E = H f #(y);(B(O,t)mB(x,t)(yj‘E +
"‘H f #(Y)Za(o,t)ms(x,t)(Y)”E < H f #(Y)?(B(o,t)(yj‘lE + f#(vntnXZB(x,t)(yj‘E SH f #(')Zs(o,t) (X‘E + .

+ f #(Vntn ) ZB(x,t) (ymE
Considering the assessment

We have

Therefore,

sup

xeR"
Lemma 1.1 is proved.

< ZHH f #(Y)ZB(O,t) (yX‘E

F

2. The generalized fractional-maximal function and estimate of its non-increasing rearrangement

Definition 2.1 [4]. Let Re(0,0], R, =(0,0). A function ®:(0,R)— R, belongs to the class B,(R)
if the following conditions hold:

(1) @ is non-increasing and continuous on (0, R);

(2) There exists a constant C € R, such that

j.CD(p)p”_ldp < Cqb(r)r", re(0,R) (2.1)
0

For example,
eR
D(p) =p* ™ €B,(0) (0<a<n), D)= lnj € B,(R), RER,.

For @ € B, (R) the following estimate also holds:
j.d)(p)p"_ldp >no(r)r", re(0,R)
It is known that the following prooperties are performed for the ® € B, (R) [4]:
r‘”j@(p)p”‘ldp =®(r), re(0,R)
® € B,(R) O: fo<ol:o(r)r" r € (0,R)}.

For each a €[, 0) there existsisa 8= B(a,c,n) e [1,00) (C is a constant from (2.1)) such that

{p,re(O, R):a‘1<€£a}:ﬁ‘l<c§)((f))s

(2.1) <3y €(0,n) such that ®(r)r" essT on (O,R)
Now, we formulate the conditions on G .
Definition 2.2 [5]. Let ® € B, (o). Say that i € S_(®) if

v (p)=®(p)p", p=|X, xeR,,

11
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say that Y € SO (@) if

Y(p) = 2(p)p" p = Ix|, x € R,.

It is clear that S& (@) < S, (D).
Let ® € B, (). The generalized fractional-maximal function Mg f is defined for the function f €
L€ (R™) by the equality

Maf = sup ®() | roray,
B(x,r)

where B(x,r) is a ball with the center at the point x and radius r. That is, consider the operator Mg €
LEE(R™) = Lo(R™).
In the case ®(r) = r*™", a € (0,n) we obtain the classical fractional-maximal function M f:

Maf = sup f FO)ldy.

B(x t)
We denote by MP = MP(R™) the set of the functions u, for which there is a function f € E(R™) such that
u(x) = Mo f)(x),
lullye = inf{llfllz: f € E(R™), Mof = u}.

Note that in the works [5], [10]-[12] the generalized Riesz potential was considered using the convolution
operator:
A:E{(R™) - Lo(R™),

AF () = (G * ))(x) = 2072 f 6 — Y fO)dy,
RT

where the kernel G (x) satisfies the conditions:
G(x) = ®&(|x]), x€R™, (2.2)

® € B,(©); 3dcER,.

The kernel of the classical Riesz potential has the form
Gx) =[x|*"™, ae€(0,n). (2.2)

In the following lemma, we prove that the generalized fractional-maximal function Mg, f (x) is evaluated
from above by the generalized Riesz potential.

Lemma 2.1. Let ® € B, (o) and the kernel G defined by (2.2). Then the following inequality holds:
Mof(x) < C(G *|fD(x), x€R™

Proof of Lemma 2.1.

(G * f)(x) = 2n~ /2 fG(x -VIfO)ldy = sup f Gx—YIfldy =

RN " B(x,r)
= sup essinf G(x —y) _[ lf()ldy = sup ess inf G(z) f lf(y)|dy
r>0 YEB(x1) 0 ZEB(0,r)
B(x,r) B(x,r)
= sup essin lnfCD(t) flf(y)ldy = sup (r) f lf )ldy = Mg f (x).
”

B(x,r)

12
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Lemma 2.1 is proved.
A function f: R, — R, is called quasi-decreasing (quasi-increasing) if there exists a positive constant
number C > 1 such that

f(tz) <Cf(ty) if t; <ty
(f(t1) < Cf(tz) if t; > ty).

Theorem 2.1. Let & be a positive, measurable, non-increasing function on (0, ). Then the following
inequality take place:

sup sy (Mo )" (8) < € [oal FOdy. (2:3)
Proof of Theorem 2.1. Let A > 0. Consider the set
Ey ={x € R™: (Mgpf)(x) > A}.

Then for each point x € E; we can find a ball B(x) = B(x, t(x)) < B, such that

o (t(x)) j FO)ldy > A.
By

The family of balls {B, },cr covers bounded sets E;. Then, by Vitali's lemma ([1]) about coverings, there
is a sequence of pairwise non-intersecting balls {B;};2, and 3B; = B(x;,t;): B; N B; = @, E; c U;2, 5 B; for
which the inequality holds:

(1B,)) f FO)ldy > A

B(x;,t;)

Note that from the properties of the function ®(t) follows that it is concave on (0, ).
Therefore, for the function ¢(t):

p(t) = m T
holds the next inequality
¢ (Z ti) <C (Z so(ti))-
i=1 i=1

Hence

Ap(ED) < Ao (ZISBd) <D 2B < €5 ) Ap(BiD)
i=1 i=1 i=1

o)

=1

<c-5my oD [IFolay |oUsD <57y [Irmldy <c-5" [1relay.
B; R"

i=1g,
Therefore, we got that for any A > 0 there is an estimate:
dp(ED <c-5" [1F)ldy.
Therefore "
supap(IEs) < € 5" [1£)ldy.
An

And this is equivalent to
sup (D) (Maf)'(© < -5 [IFOIdy.
RTL

13
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Hence, inequality (2.3) take place. Theorem 2.1. is proved.
Theorem 2.2. Let @ € B, (o). Then the following estimate holds:

(Mof)"(t) < C (¢(t1/") fotf*(u)du + sup. sd(s/m) f*(s)), t € (0,00),

for every f € LY°(R™).
The proof of Theorem 2.2 is carried out using the above Theorem 2.1 and Theorem 2.1 from [6].

Conclusion

In this paper, we consider the generalized fractional maximal function and its non-increasing rearrangement
and symmetric rearrangement. An estimate for a non-increasing rearrangement of generalized fractional
maximal function is obtained in terms of a non-increasing rearrangement of that function. It is proved that
generalized fractional maximal function is estimated from above in terms of the generalized Riesz potential.
In addition, the norm of a function in spaces of the Lorentz-Morrey type is considered.
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