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Abstract 

The purpose of this article is to consider the symmetric rearrangement and non-increasing rearrangement of 

generalized fractional maximal functions. Concepts of rearrangement-invariant spaces and concepts of ideal spaces are 

considered. A generalized Lorentz-Morrey type space, in which the norm is determined by a symmetric rearrangement of 

functions, is considered. The equivalent norm for the function from the generalized Lorentz-Morrey space obtained. It is 

proved that in the definition of the norm in the generalized Lorentz-Morrey space, the internal norm from a symmetric 

rearrangement of a function over a ball centered at the point  0 can be replaced by the norm from a symmetric 

rearrangement of a function over a ball centered at an arbitrary point 𝑥 ∈ 𝑅𝑛. A generalized fractional-maximal function 

a special case of which is a classical fractional-maximal function is considered. Estimates obtained for the non-increasing 

rearrangement of the generalized fractional maximal function. A pointwise estimate of the generalized fractional-maximal 

function by the generalized Riesz potential is obtained. 

Keywords: non-increasing rearrangement, symmetric rearrangement of function, ideal spaces, generalized Lorentz-

Morrey space, generalized fractional maximal function, generalized Riesz potential. 
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ЖАЛПЫЛАНҒАН БӨЛШЕК-МАКСИМАЛДЫ ФУНКЦИЯНЫҢ ӨСПЕЙТІН  

АЛМАСТЫРУЛАРЫ ТУРАЛЫ 

 

Бұл мақаланың мақсаты – жалпыланған бөлшек-максималды функциялардың симметриялық алмастыруын 

және өспейтін ауыстыруын қарастыру. Орын ауыстыру-инварианттық кеңістіктер және идеалды кеңістіктер 

ұғымдары қарастырылды. Лоренц-Морри типіндегі жалпыланған кеңістік қарастырылды, онда норма 

функциялардың симметриялы ауыстырылуы арқылы анықталады. Жалпыланған Лоренц-Морри кеңістігінен 

функцияның эквивалентті нормасы алынды. Жалпыланған Лоренц-Морри кеңістігіндегі норманы анықтауда 

центрі 0-де орналасқан шарды функцияның симметриялы ауыстырылуының ішкі нормасын функцияның центрі 

қандай да 𝑥 ∈ 𝑅𝑛 нүктесіндегі шарға симметриялы ауыстыру нормасымен алмастыруға болатыны дәлелденді. 

Жалпыланған бөлшек-максималды функция қарастырылды, оның ерекше жағдайы классикалық бөлшек-

максималды функция болып табылады. Жалпыланған бөлшек-максималды функцияның өспейтін ауыстыруы 

үшін бағалаулар алынды. Жалпыланған бөлшек-максималды функцияның жалпыланған Рисс потенциалымен 

нүктелік бағасы алынды. 

Түйін сөздер: өспейтін орын ауыстыру, функцияның симметриялық ауыстырылуы, идеалды кеңістіктер, 

жалпыланған Лоренц-Морри кеңістігі, жалпыланған бөлшек-максималды функция, жалпыланған Рисс 

потенциалы. 
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Аннотация 

А.Н. Абек 1,*, А.А. Хайркулова 1, М.Ж. Тургумбаев 2  
1Евразийский Национальный Университет им. Л.Н. Гумилева, г. Астана, Казахстан 

2Карагандинский Университет им. Е.А. Букетова, г. Караганда, Казахстан 

О НЕВОЗРАСТАЮЩИХ ПЕРЕСТАНОВКАХ ОБОБЩЕННОЙ  

ДРОБНО-МАКСИМАЛЬНОЙ ФУНКЦИИ 

 

Целью статьи является рассмотрение симметрической перестановки и невозрастающей перестановки 

обобщенных дробно-максимальных функции. Рассматриваются концепции перестановочно-инвариантных 

пространств и концепция идеальных пространств. Рассматривается обобщенное пространство типа Лоренца-

Морри, в котором норма определяется через симметрическую перестановку функций.  Получена эквивалентная 

норма для функции из обобщенного пространства Лоренца-Морри. Доказывается, что в определении нормы в 

обобщенном пространстве Лоренца-Морри внутреннюю норму от симметрической перестановки функции по 

шару с центром в точке 0 можно заменить нормой от симметрической перестановки функции по шару с центром 

в произвольной точке 𝑥 ∈ 𝑅𝑛. Рассмотрена обобщенная дробно-максимальная функция, частным случаем 

которой является классическая дробно-максимальная функция. Получены оценки для невозрастающей 

перестановки обобщенной дробно-максимальной функции. Получена поточечная оценка обобщенной дробно-

максимальной функции через обобщенный потенциал Рисса.  

Ключевые слова: невозрастающая перестановка, симметрическая перестановка функции, идеальные 

пространства, обобщенное пространство Лоренца-Морри, обобщенная дробно-максимальная функция, 

обобщенный потенциал Рисса.  

 

1. Introduction 

We consider the concepts introduced in the books of C.Bennett, R.Sharpley [1] and S.G.Crane, 

Yu.I. Petunin and E.M. Semenov [2]. In recent decades have been actively studied the theory of Morrey-type 

spaces and various integral operators in them. Detailed information can be found in the review articles by 

V.I. Burenkov [3-4]. In work V.I. Goldman and E.Bakhtygareeva [5] the generalized Lorentz-Morrey type 

spaces are considered. In this article, we show that in the definition of the norm in the generalized Lorentz-

Morrey space given in [5], the internal norm of a symmetric rearrangement of a function over a ball centered 

at 0 can be replaced by the norm of a symmetric rearrangement of a function over a ball centered at an arbitrary 

point 𝑥 ∈ 𝑅𝑛. Considered the generalized fractional-maximal function introduced in works [6], [7]. Other 

versions of the generalized fractional-maximal function are considered in the works of Hakim D.I., Nakai E., 

Sawano Y. [8] and Gogatishvili A., Pick L., Opic B. [9]. 

In this paper, we show that the generalized fractional-maximal function can be estimated from above in 

terms of the generalized Riesz potential. The generalized Riesz potential considered in [10], [11] and [12]. We 

have obtained estimates for a non-increasing rearrangement of a generalized fractional-maximal function. 

Similar estimates for the classical fractional-maximal function were previously obtained by Cianchi A., 

Kerman R., Opic B., Pick L. [13].  

 

2. Preliminary information 

We give a brief summary of Banach-functional spaces (briefly: BFS), rearrangement-invariant spaces 

(briefly: RIS). 

Let  𝑆, Σ, 𝜇 be space with a measure. Here is Σ is 𝜎 -algebra of subsets of the set S, on which is determined 

a non-negative 𝜎-finite, 𝜎-additive measure 𝜇. By  𝐿0 = 𝐿0(𝑆, Σ, 𝜇) denotes the set of 𝜇-measurable real-valued 

functions 𝑓: 𝑆 → 𝑅, and by 𝐿0
+ a subset of the set 𝐿0 consisting of non-negative functions: 

 

𝐿0
+ = {𝑓 ∈ 𝐿0: 𝑓 ≥ 0}. 

 

 In this work, we will use the concepts of a Banach-functional space (briefly: BFS), introduced by 

C.Bennett, R.Sharpley [1], as well as the concepts of an ideal space (briefly: IS) considered in the book by 

S.G.Crane, Yu.I.Petunin and E.M.Semenov [2]. 

Definition 1.1 [1]. A mapping 𝜌: 𝐿0
+ → [0,∞] is called a functional norm (short: FN), if the next conditions 

are met for all  𝑓, 𝑔, 𝑓𝑛 ∈ 𝐿0
+, 𝑛 ∈ 𝑁:  

(P1)  𝜌(𝑓) = 0 ⇒ 𝑓 = 0, 𝜇–almost everywhere (𝜇–a.e.); 

         𝜌(𝛼𝑓) = 𝛼𝜌(𝑓), 𝛼 ≥ 0; 𝜌(𝑓 + 𝑔) ≤ 𝜌(𝑓) + 𝜌(𝑔) (properties of the norm); 

(P2)  𝑓 ≤ 𝑔  (𝜇 − 𝑎. 𝑒. ) ⇒  𝜌(𝑓) ≤ 𝜌(𝑔) (monotony of the norm); 

(P3)  𝑓𝑛 ↑ 𝑓 ⇒ 𝜌(𝑓𝑛) → 𝜌(𝑓)  (𝑛 → ∞) (the Fatou property); 
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(P4)  0 < 𝜇(𝜎) < ∞ ⇒ ∫ 𝑓𝑑𝜇
𝜎

≤ 𝐶𝜎𝜌(𝑓) (Local integrability); 

(P5) 0 < 𝜇(𝜎) < ∞ ⇒≤ 𝜌(𝜒𝜎) < ∞ (finiteness of the FN for characteristic functions 𝜒𝜎 of sets of finite 

measure). 

Here 𝑓𝑛 ↑ 𝑓 means that  𝑓𝑛 ≤ 𝑓𝑛+1, lim
𝑛→∞

𝑓𝑛 = 𝑓  (𝜇–a.e.). 

Definition 1.2 [2]. Let 𝜌 there be a functional norm. The set of functions 𝑋 = 𝑋(𝜌) from 𝐿0, for which 

𝜌(|𝑓|) < ∞ is called a Banach function space (briefly: BFS), generated by the FN 𝜌. For 𝑓 ∈ 𝑋 we assume 
 

‖𝑓‖𝑋 = 𝜌(|𝑓|). 
 

Definition 1.3 [2]. The space 𝑋 ∈ 𝐿0(𝑅
𝑛) is called an ideal space if it satisfies the following conditions: 

(B1) ‖𝑓‖ = 0 ⇔ 𝑓 = 0, 𝜇–a.e., ‖𝛼𝑓‖ = 𝛼‖𝑓‖, 𝛼 ≥ 0; 

        ∃𝐶 ∈ [1,∞): ‖𝑓 + 𝑔‖ ≤ 𝐶(‖𝑓‖ + ‖𝑔‖);        (1.1) 

(B2) 0 ≤ 𝑓 ≤ 𝑔 (𝜇 − 𝑎. 𝑒. ) ⇒ ‖𝑓‖ ≤ ‖𝑔‖; 

(B3) 0 ≤ 𝑓𝑚(𝜇 − 𝑎. 𝑒. ) ⇒ ‖𝑓𝑚‖ ↑ ‖𝑓‖; 

(B4) ‖𝑓‖ < ∞ ⇒ |𝑓| < ∞  (𝜇 − 𝑎. 𝑒. ).         (1.1') 

The space  𝑋 is a normed space if 𝐶 = 1 in triangle inequality (1.1), or a quasi-normed space if 𝐶 < 1. 

Recall that BFS satisfies properties (В1)-(В3) with  𝐶 = 1 in (1.1'), property (B4) is replaced by more strict 

assumption: 

(B4') Ω ∈ R𝑛, |Ω| ≡ μ𝑛(Ω) < ∞ ⇒ ∫ |𝑓|𝑑𝜇𝑛Ω
≤ 𝐶Ω‖𝑓‖; 

and the additional property holds: 

(B5) Ω ∈ R𝑛, |Ω| ≡ μ𝑛(Ω) < ∞ ⇒ ‖𝜒Ω‖ < ∞. 

Therefore, the concept of an ideal space is broader than the concept of Banach function space. 

Let  nRLL 00   be the set of all Lebesgue measurable functions CRf n :  and 𝜇𝑛 be the Lebesgue 

measure on 
nR . By 𝐿0

+ we denote the subset of the set 𝐿0 consisting of all non-negative functions: 
 

𝐿0
+ = {𝑓 ∈ 𝐿0: 𝑓 ≥ 0}. 

 

By  𝐿0
+(0,∞; ↓) we denote the set of all non-increasing functions belonging to 𝐿0

+. The non-increasing 

rearrangement 
*f  defined by the equality: 

 

          ,0,:,0inf* Rttyytf f  

where 

       ,0,: yyxfRxy n

nf   

is the Lebesgue distribution function. 

It is known that      Rttftff ,0;0 ***
; 

*f  is equally measurable with f , i.e. 

 

     yxfRxytfRt n

n   :: *

1  . 

 

Let 𝑓#: ℝ𝑛 → ℝ𝑛 denote the symmetric rearrangement of  𝑓, i.e. a radially symmetric non-negative non-

increasing right-continuous function (as a function of 𝑟 = |𝑥|, 𝑥 ∈ ℝ𝑛) which is equimeasurable with 𝑓. That 

is 

𝑓#(𝑟) = 𝑓∗(𝑣𝑛𝑟
𝑛); 𝑓∗(𝑡) = 𝑓# ((

𝑡

𝑣𝑛
)

1

𝑛
),  𝑟, 𝑡 ∈ ℝ+, 

here 𝑣𝑛 is the volume of the 𝑛-dimensional unit ball. 

The function     ,0,0:**f  is defined as 

      Rtdf
t

tf

t

,
1

0

***  . 

Note that **f  is an a non-decreasing function on 
R . Really, let 

12 tt  , then 
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           
2

12
1

*

0

*

2

*

20

*

20

*

2

2

**
12

1

12 1111

t

tt
tfdf

t
df

t
df

t
df

t
tf

tt

t

tt


   . 

 

Hence, we have 
 

           1

**

0

*

1

*

0 12

12

2

*

12

12

0

*

2

2

**
11

1

11 111
tfdf

t
df

tt

tt

t
df

tt

tt
df

t
tf

tt

t

tt








 



   . 

 

In addition, for 
0Lf   we have:        xfyyf 0 ,   -a.e. on S . 

Definition 1.4 [10]. Let   there be a functional norm. We say that   is consistent with the order relation 

  if for      𝑓, 𝑔 ∈ 𝐿0
+,  𝑓 ≺ 𝑔  we  have 𝜌(𝑓) ≤ 𝜌(𝑔). 

Note that by the property (P2), any FN is consistent with a pointwise estimate: 
 

𝑓 ≤ 𝑔  (𝜇 − 𝑎. 𝑒. ) ⇒ 𝜌(𝑓) ≤ 𝜌(𝑔), 
 

Definition 1.5 [10]. A FN   is rearrangement-invariant if 

 

𝑓∗ ≤ 𝑔∗ ⇒ 𝜌(𝑓) ≤ 𝜌(𝑔). 
 

Banach function space (BFS)  XX   generated by a rearrangement invariant functional norm   will 

be called a rearrangement invariant space (in short: RIS). 

Definition 1.6 [5]. An ideal space    nn RLREE 0  is called a generalized rearrangement invariant 

space (briefly: GRIS) if the following additional propositions hold: 

1. The (Quasi)norm  nRE
  depends only on the symmetric rearrangement of functions: namely 

   nn
RERE

ff # , 

2. E   has additional properties: 

(P6) Ω ∈ R𝑛, |Ω| ≡ μ𝑛(Ω) < ∞ ⇒ 𝜑𝐸(|Ω|) = ‖𝜒Ω‖𝐸 < ∞; 

(P7) ‖𝜎m‖𝐸→𝐸 < ∞, m ∈ (1,∞); 𝜎m(f)(𝑦) = 𝑓(m
−1𝑦), 𝑦 ∈ 𝑅𝑛. 

Here 
E  is called the fundamental function for the GRIS  nREE  ,  𝜎m - the extension operator. 

We consider a subspace in  nRLL 00   and in  nRLL 00
  , 

EFM  is a generalized version of a Lorentz-

type space, respectively: 

 
  









F

BEM

n

EF
tEF

ffRLfM #

0 : . 

Lemma 1.1. Let   RFF  be an ideal space, and  nREE   be a generalized rearrangement invariant 

space. Then the following relation takes place: 
 

    FtxBEn
F

BE
f

Rx
f

t ),(

##
sup


 . 

Proof. It is clear that 
 

    FtxBEn
F

BE
f

Rx
f

t ),(

##
sup


 . 

 

We prove the inverse inequality. 
 

    FtxBEn
F

BE
f

Rx
f

t ),(

##
sup


 . 
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        n

E
tBnE

txB Rxygf
Rx

ygf 


 ,
sup

),0(

#

),(

#  . 

 

              

               

    .),(

#

),0(

#

),(

#

),0(

#

),(),0(

#

),(),0(

#

),(),0(),(),0(

#

),(

#

EtxB

n

n

E
tBEtxB

n

n
E

tB
E

txBtB

E
txBtB

E
txBtBtxBtB

E
txB

ytvf

fytvfyyfyyf

yyfyyyfyyf

















. 

Considering the assessment 

    ).,0(,## tByyftvf n

n   

We have 

            .),0(

#

),0(

#

),0(

#

E
tB

E
tB

n

nEtB

n

n yyfytvfytvf    

Therefore, 

        .,2 ),0(

#

),(

# n

E
tB

E
txB Rxyyfyyf    

 

        .2
sup

),0(

#

),(

#

FE
tB

FE
txBn

yyfyyf
Rx

 


 

Lemma 1.1 is proved. 
 

2. The generalized fractional-maximal function and estimate of its non-increasing rearrangement 

Definition 2.1 [4]. Let   ,0R ,   ,0R . A function    RR,0:  belongs to the class 𝐵𝑛(𝑅)  

if the following conditions hold: 

(1)   is non-increasing and continuous on  R,0 ; 

(2) There exists a constant 
RC  such that 

    ),0(,
0

1 RrrrCd n

r

n 
        (2.1) 

For example, 

Φ(𝜌) = 𝜌𝛼−𝑛 ∈ 𝐵𝑛(∞)  (0 < 𝛼 < 𝑛);     Φ(𝜌) = 𝑙𝑛
𝑒𝑅

𝜌
∈ 𝐵𝑛(𝑅),    𝑅 ∈ 𝑅+.  

For  Φ ∈ 𝐵𝑛(𝑅) the following estimate also holds: 

    ),0(,1

0

1 Rrrrnd n

r

n  

   

It is known that the following properties are performed for the Φ ∈ 𝐵𝑛(𝑅)  [4]: 

    ),0(,
0

1 Rrrdr

r

nn 
   

Φ ∈ 𝐵𝑛(𝑅) ⇒ {0 ≤ 𝛷 ↓ : 𝛷(𝑟)𝑟𝑛, 𝑟 ∈ (0, 𝑅)}. 
 

For each   ,1  there exists is a   ,1),,( nc  ( c  is a constant from (2.1)) such that 

 

 
 
 







 













 

rr
Rr 11:,0,  

 n,0)1.2(    such that   ),0( Ronessrr  
 

Now, we formulate the conditions on G . 

Definition 2.2 [5]. Let Φ ∈ 𝐵𝑛(∞). Say that   S  if   

   Rxxn ,,)(#  , 
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say that 𝜓 ∈ 𝑆∞
0 (Φ) if 

𝜓(𝜌) ≅ Φ(𝜌)𝜌𝑛, 𝜌 = |𝑥|, 𝑥 ∈ 𝑅+. 
 

It is clear that 𝑆∞
0 (Φ) ⊂ 𝑆∞(Φ).  

Let Φ ∈ 𝐵𝑛(∞). The generalized fractional-maximal function 𝑀Φ𝑓 is defined for the function 𝑓 ∈
𝐿1
𝑙𝑜𝑐(𝑅𝑛)  by the equality 

 

𝑀Φ𝑓 = sup
𝑟>0

Φ(𝑟) ∫ 𝑓(𝑦)𝑑𝑦

𝐵(𝑥,𝑟)

, 

 

where 𝐵(𝑥, 𝑟) is a ball with the center at the point 𝑥 and radius r. That is, consider the operator  𝑀Φ ∈
𝐿1
𝑙𝑜𝑐(𝑅𝑛) → 𝐿̇0(𝑅

𝑛). 
In the case Φ(𝑟) = 𝑟𝛼−𝑛, 𝛼 ∈ (0, 𝑛) we obtain the classical fractional-maximal function 𝑀α𝑓: 
 

𝑀α𝑓 = sup
𝑡>0

1

𝑡𝑛−𝛼
∫ |𝑓(𝑦)|𝑑𝑦

𝐵(𝑥,𝑡)

. 

 

We denote by 𝑀𝐸
Φ = 𝑀𝐸

Φ(𝑅𝑛)  the set of the functions 𝑢, for which there is a function 𝑓 ∈ 𝐸(𝑅𝑛) such that 
 

𝑢(𝑥) = (𝑀Φ𝑓)(𝑥), 
 

‖𝑢‖𝑀𝐸
Φ = inf{‖𝑓‖𝐸: 𝑓 ∈ 𝐸(𝑅

𝑛),   𝑀Φ𝑓 = 𝑢}. 

 

Note that in the works [5], [10]-[12] the generalized Riesz potential was considered using the convolution 

operator: 

𝐴: 𝐸1(𝑅
𝑛) → 𝐿̇0(𝑅

𝑛), 
 

𝐴𝑓(𝑥) = (𝐺 ∗ 𝑓)(𝑥) = 2𝜋−𝑛 2⁄ ∫𝐺(𝑥 − 𝑦)𝑓(𝑦)𝑑𝑦

𝑅𝑛

, 

 

where the kernel 𝐺(𝑥) satisfies the conditions: 

𝐺(𝑥) ≅ Φ(|𝑥|),      𝑥 ∈ 𝑅𝑛,       (2.2) 
 

Φ ∈ 𝐵𝑛(∞);     ∃𝑐 ∈ 𝑅+. 
 

The kernel of the classical Riesz potential has the form 

𝐺(𝑥) = |𝑥|𝛼−𝑛 ,      𝛼 ∈ (0, 𝑛).      (2.2) 
 

In the following lemma, we prove that the generalized fractional-maximal function 𝑀Φ𝑓(𝑥) is evaluated 

from above by the generalized Riesz potential. 
 

 

Lemma 2.1. Let Φ ∈ 𝐵𝑛(∞) and the kernel 𝐺 defined by (2.2). Then the following inequality holds:   
 

𝑀Φ𝑓(𝑥) ≤ 𝐶(𝐺 ∗ |𝑓|)(𝑥),    𝑥 ∈ 𝑅
𝑛. 

 

Proof of Lemma 2.1. 
 

(𝐺 ∗ 𝑓)(𝑥) = 2𝜋−𝑛 2⁄ ∫𝐺(𝑥 − 𝑦)|𝑓(𝑦)|𝑑𝑦

𝑅𝑛

= sup
𝑟>0

∫ 𝐺(𝑥 − 𝑦)|𝑓(𝑦)|𝑑𝑦

𝐵(𝑥,𝑟)

≳

≳ sup
𝑟>0

ess inf
𝑦∈𝐵(𝑥,𝑟)

𝐺(𝑥 − 𝑦) ∫ |𝑓(𝑦)|𝑑𝑦

𝐵(𝑥,𝑟)

= sup
𝑟>0

ess inf
𝑧∈𝐵(0,𝑟)

𝐺(𝑧) ∫ |𝑓(𝑦)|𝑑𝑦

𝐵(𝑥,𝑟)

= sup
𝑟>0

ess inf
𝑡∈𝐵(0,𝑟)

Φ(𝑡) ∫|𝑓(𝑦)|𝑑𝑦

𝐵

= sup
𝑟>0

Φ(𝑟) ∫ |𝑓(𝑦)|𝑑𝑦

𝐵(𝑥,𝑟)

= 𝑀Φ𝑓(𝑥). 
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Lemma 2.1 is proved. 

A function 𝑓: 𝑅+ → 𝑅+ is called quasi-decreasing (quasi-increasing) if there exists a positive constant 

number 𝐶 > 1 such that 
 

𝑓(𝑡2) < 𝐶𝑓(𝑡1)   if   𝑡1 < 𝑡2 

(𝑓(𝑡1) < 𝐶𝑓(𝑡2)   if   𝑡1 > 𝑡2). 
 

Theorem 2.1. Let Φ be a positive, measurable, non-increasing function on (0,∞). Then the following 

inequality take place: 

sup
𝑡>0

1

Φ(𝑡1 𝑛⁄ )
(𝑀Φ𝑓)

∗(𝑡) ≤ 𝐶 ∫ |𝑓(𝑦)|𝑑𝑦
𝑅𝑛

.     (2.3) 

 

Proof of Theorem 2.1.  Let  𝜆 > 0. Consider the set 
 

𝐸𝜆 = {𝑥 ∈ 𝑅
𝑛: (𝑀Φ𝑓)(𝑥) > 𝜆}. 

 

Then for each point 𝑥 ∈ 𝐸𝜆 we can find a ball 𝐵(𝑥) = 𝐵(𝑥, 𝑡(𝑥)) ⊂ 𝐵, such that 
 

Φ(𝑡(𝑥)) ∫|𝑓(𝑦)|𝑑𝑦

𝐵𝑥

> 𝜆. 

 

The family of balls {𝐵𝑥}𝑥∈𝐸 covers bounded sets 𝐸𝜆. Then, by Vitali's lemma ([1]) about coverings, there 

is a sequence of pairwise non-intersecting balls {𝐵𝑖}𝑖=1
∞  and ∃𝐵𝑖 = 𝐵(𝑥𝑖, 𝑡𝑖): 𝐵𝑖 ∩ 𝐵𝑗 = ∅,  𝐸𝜆 ⊂ ⋃ 5∞

𝑖=1 𝐵𝑖 for 

which the inequality holds:   

Φ(|𝐵𝑖|) ∫ |𝑓(𝑦)|𝑑𝑦

𝐵(𝑥𝑖,𝑡𝑖)

> 𝜆. 

 

Note that from the properties of the function Φ(𝑡) follows that it is concave on (0,∞). 
Therefore, for the function 𝜑(𝑡): 

𝜑(𝑡) =
1

Φ(𝑡1 𝑛⁄ )
↑ 

holds the next inequality 

𝜑(∑𝑡𝑖

∞

𝑖=1

) ≤ 𝐶 (∑𝜑(𝑡𝑖)

∞

𝑖=1

). 

Hence 

 

𝜆𝜑(|𝐸𝜆|) ≤ 𝜆𝜑(∑|5𝐵𝑖|

∞

𝑖=1

) ≤∑𝜆𝜑(5𝑛|𝐵𝑖|)

∞

𝑖=1

≤ 𝐶 ∙ 5𝑛∑𝜆𝜑(|𝐵𝑖|)

∞

𝑖=1

≤ 𝐶 ∙ 5𝑛∑(Φ(|𝐵𝑖|) ∫|𝑓(𝑦)|𝑑𝑦

𝐵𝑖

)𝜑(|𝐵𝑖|)

∞

𝑖=1

≤ 𝐶 ∙ 5𝑛∑∫|𝑓(𝑦)|𝑑𝑦

𝐵𝑖

∞

𝑖=1

≤ 𝐶 ∙ 5𝑛 ∫|𝑓(𝑦)|𝑑𝑦

𝑅𝑛

. 

 

Therefore, we got that for any 𝜆 > 0 there is an estimate: 

𝜆𝜑(|𝐸𝜆|) ≤ 𝐶 ∙ 5
𝑛 ∫|𝑓(𝑦)|𝑑𝑦

𝑅𝑛

. 

Therefore 

sup
𝜆>0

𝜆𝜑(|𝐸𝜆|) ≤ 𝐶 ∙ 5
𝑛 ∫|𝑓(𝑦)|𝑑𝑦

𝑅𝑛

. 

 

And this is equivalent to 

sup
𝑡>0

𝜑(𝑡)(𝑀Φ𝑓)
∗(𝑡) ≤ 𝐶 ∙ 5𝑛 ∫|𝑓(𝑦)|𝑑𝑦

𝑅𝑛

. 
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Hence, inequality (2.3) take place. Theorem 2.1. is proved. 

Theorem 2.2. Let Φ ∈ 𝐵𝑛(∞). Then the following estimate holds:  
 

(𝑀Φ𝑓)
∗(𝑡) ≤ 𝐶 (Φ(t1 𝑛⁄ )∫ 𝑓∗(𝑢)𝑑𝑢

𝑡

0

+ sup
𝑡≤𝑠<∞

𝑠Φ(𝑠1 𝑛⁄ ) 𝑓∗(𝑠)) , 𝑡 ∈ (0,∞), 

 

for every 𝑓 ∈ 𝐿1
𝑙𝑜𝑐(𝑅𝑛). 

The proof of Theorem 2.2 is carried out using the above Theorem 2.1 and Theorem 2.1 from [6]. 
 

Conclusion 

In this paper, we consider the generalized fractional maximal function and its non-increasing rearrangement 

and symmetric rearrangement. An estimate for a non-increasing rearrangement of generalized fractional 

maximal function is obtained in terms of a non-increasing rearrangement of that function. It is proved that 

generalized fractional maximal function is estimated from above in terms of the generalized Riesz potential. 

In addition, the norm of a function in spaces of the Lorentz-Morrey type is considered.  
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