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Abstract

This work is a continuation of the study of a number of problems on the question of unique solvability for a degenerate
equation of elliptic type. The article considers the Gellerstedt equation generalized to four variables in an infinite domain.
This equation has four hypersurfaces of degeneracy. Earlier, sixteen fundamental solutions were constructed for the
equation under consideration. From the basic theory of differential equations, it is known that each fundamental solution
can be used in solving its own boundary value problem. Thus, by means of the obtained fundamental solutions the N
problem, the Dirichlet problem, and two boundary value problems with mixed conditions have already been solved. The
goal of this work is to construct a unigue solution to a boundary value problem with mixed conditions, where one condition
is the Neumann condition and three Dirichlet conditions. This is the first time that a problem with this formulation has
been solved. We obtain solution of the problem in explicit form, which contains of second-order Gaussian hypergeometric
series. In solving the problem, methods of partial differential equations, the method of differentiation of hypergeometric
functions, the Gauss-Ostrogradsky formula and the Boltz autotransformation formula are used. The obtained results have
a theoretical nature and can be used for further development of the theory of partial differential equations and the theory
of special functions.

Keywords: mixed boundary value problem; generalized Gellerstedt equation; Neumann and Dirichlet conditions;
fundamental solutions; Gaussian hypergeometric series; Lauricella’s function.

AnHomayus
MOCTOPOEHUE PEIIEHUS KPAEBOM 3AIAUYM C YCJOBUSIMHU N-D JIJISI YETBIPEXMEPHOI'O
YPABHEHUS I'EJUVIEPCTEATA
A.P. Poickan®, T.I". Dpeauies?
1Kazaxckuii HayuoHanbHbIIL Nedazo2u4eckull yHusepcumem umenu Abas, e. Aimamel, Kazaxcman
2Hayuonanwvuuiii uccnedosamenvckuil ynusepcumem "TUUUMCX”, Tawxenm, Y36exucman
3Kageopa mamemamuxu, ananusa, anzebpol, 102uku u Ouckpemuot mamemamuxy, Ienmckuii yuueepcumem, benvaus

Hacrosmas paGota sBsieTcs: IpOAOKEHUEM UCCIICA0BaHUS PAa 3a/1a4 Ha BOIPOC OJJHO3HAYHON pa3pelInMOCTH IS
BBIPOXKIAIONIETOCS yPaBHEHHS JJUIMNTHYECKOro Tuma. B cratbe paccMmarpuBaeTcs 0OOOIIEHHOE [0 YeThIpex
nepeMeHHbIX ypaBHeHue ['emnepcrenra B OeckoHewHOH 001acTu. [laHHOE ypaBHEHNE HMEET YEThIPE THIICPIIOBEPXHOCTH
BEIpOKICHUS. PaHee I paccMaTprBaeMoro ypaBHEHHS OBLIO TIOCTPOCHO IIECTHAINATH ()yHIAMEHTAIBHBIX PEIICHUIH.
W3 ocHOBHOI Teopun nudhepeHIINaTbHBIX YPaBHEHNH H3BECTHO, YTO KaXK10€ (PyHAAMEHTATFHOE PEIICHUE MOXKET OBITh
HCTIONB30BaHO B PEHICHWH CBOSH KpaeBoW 3ajgadu. Tak, ¢ MOMOINBI0 HEKOTOPBIX IMONYYCHHBIX (PYHIaMEHTAIBHBIX
pelreHui yxxe ObUTH perneHsl 3a1a4d N, 3agaga [Iupuxie, U JBe 3a/1a9d CO CMEIIaHHBIMU YCIIOBHSIMH. L{enpro HacTosmien
paboThl ABISIETCSI HAXO0XKJCHUE €AMHCTBEHHOTO PEIICHUS] KpaeBOW 3a/lauyd CO CMEIIAHHBIMHU YCJOBHSIMH, TJ€ OJHUM
ycioBueM B3sTo ycnoBue Heiimana u Tpu ycioBus Jupuxie. 3agada ¢ TaKo TOCTAHOBKOM peliaeTcs BiepBbie. Pemenue
3a[1a4¥ TIOJY9ICHO B IBHOM BHJIE, COIEPKUT THIIEpTeoMeTprdeckue psabl [ aycca BToporo nopsinka. [Ipu pemennn 3agaun
HCTIONB3YIOTCS MeTonbsl An(p(epeHInanbHBIX ypaBHEHHH B YaCTHBIX TNPOW3BOAHBIX, METOJ TU(QepeHIHPOBaHIUI
runepreoMeTpudeckux  pynkmui, dopmyna I'aycca-Octporpaackoro u ¢opmyna asroTpanchopmarmu boxpa.
[Tomy4yeHHBIE pe3yNbTaThl UMEIOT TEOPETHUECKUI XapaKTep W MOTYT OBITh MCIOIB30BAHBI IS JABHEHUIIIETO pa3BUTHS
Teopun A epeHnrnanbHEIX YPaBHEHIH ¢ YaCTHBIMH MPOM3BOTHBIMHI U TEOPUH CTICIIHATBHBIX () YHKITHH.

KaloueBble cioBa: cmemanHas KpaeBas 3anada; o0oOmieHHoe ypaBHeHHe [emepcrenra; ycnoBusi Helimana u
Jupuxie; GpyHIaMeHTanbHble peleHns; runepreomerpudeckuii psin ["aycea; dynknus Jlaypuaenst.
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Anoamna
A.P. Puckant, T. I'. Opeawes®
Y46aii amvinoazul Kazax ynmmuix nedazozuxanvix ynusepcumem, Anvamet K., Kasaxcman
2WHUALLIMTHy ¥ammuix 3epmmey yuueepcumenti, Tawxenm, O36excman
2Mamemamuxa, manoay, anzebpa, 102uKa xcane ouckpemmi mamemamura xageopacet, Ienm ynusepcumemi, benvaus
TOPT OJLIEMAI 'EJJIEPCTEAT TEHJEYI YHIIH N-D HIAPTTAPBI BAP LIETTIK ECEIITIH
HIEIIIMIH KY¥PY

Byt sKyMBIC SIDIMIITHKANBIK THITI a3FbIHOAIFAH TEHACY YIIiH Oipereil memrimiMaiunik Macene OoifpiHma Oipkarap
ecenTepi 3epTTCYAiH KalFackl OOJBII TaOBUTaABl. Makanama IIeKci3 OOJBICTaFBl TOPT alfHBIMAINIBIFA JKANIBUIAHFAH
lennepcrent TeHAeyi KapacTspbutanpl. by TeHmeyne TepT asfeiHAay rumnepberi Oap. byran nmeitiH KapacTHIPBUIBIT
OTBIPFaH TEHJIEY YIIIH OH aJITHI ipreiii menrm KypacTeipbiirad. uddepeHunanabik TeHaeyIepAiH Heri3ri TeopusiChbIHaH
opOip ipremi menriMIi e3iHiH IIeKapaiblK eceOiH HIenyae Koaanyra 6onateinel Oenrim. Ocbuiaiiia, kei0ip anbiHFaH
ipreni memriMaepaiy kemerimer N ece6i, Jupuxie ecebi ’aHe MapTTaphl apaiac eKi ecen LIemini. bys >KyMBICTbIH
Maxcatsbl 6ip Hefiman xone ym J{upuxie apanac mapTrapbl KOWBIIFaH €CenTi menty 00ibIn Tadbutaasl. EcenTin memnrimi
alfKbIH TYpJIe aJbIHFaH JKoHE eKiHII peTTi ['aycc rumepreoMeTpusibIK KaTapblHaH KypacTelpsuirad. EcenTi menry yuis
nepbec TybIHIBUIB AuddepeHInaNIbIK TeHACYIep diCTepl, TUIEPreOMETPHUSIIBIK (QYHKIHMsIapaspl auddepeHiuaniay
onici, I'aycc-Octporpancknii ¢opmynacel xoHe bombn aBroTpancdopmanus (opmynacsl KOJJaHBIIAIBl. AJBIHFaH
HOTIDKENEP TEOPHSIIBIK CUITATKa M€ )KOHE OHBI ZiepOec TYBIHABLIBI Au(GepeHIINAIBIK TEHACYIIEP TEOPUSICHI MEH apHAITbI
(GyHKOMSIIap TEOPUACHIH OJIaH 9pi IaMBITY YIIIH Maiigananyra Oomaibl.

Tyiiin ce3mep: apanac meTTik ecerm; ['emepcTenT )KanmsUIanFad TeHaeyi; HeliMaH sxoHe JupuXIte mapTTapsr; ipreii
memimaep; ['aycc runepreoMeTpusuibIK Katapsl; Jlaypudenia GpyHKIusACHL.

1. Introduction

Over the last century partial differential equations have a wide range of applications in solving problems in
various fields, such as mechanics, physics, aerodynamics, acoustics, astronomy, etc. [1-3] In solving many
problems, the so-called special functions of mathematical physics are used, these can be the Bessel, Hermite
functions or the Gauss’s, Appell’s or Lauricella’s hypergeometric functions. Paper [4] describes the application
of hypergeometric series of many variables to research developments in the aerospace systems field.
Hypergeometric functions are widely used in constructing the theory of simple and double layer potentials [5].
A number of boundary value problems for elliptic equations with singular coefficients in two-dimensional and
three-dimensional spaces were studied by means of the constructed fundamental solutions [6-8]. The general
properties of degenerate systems of second-order hypergeometric equations of Horn, Whittaker, Bessel and
Laguerre were studied. Where all constructed normal-regular solutions expressed through the Humbert’s
function [9]. Scientists from leading research centers in many countries are studying special functions and
researching their areas of application. This area of research is quite relevant, as evidenced by statistical data
from the Web of Science database.

In this paper we consider the degenerate Gellerstedt equation of elliptic type

y"zt'u, +x"2t'u,, +X"y"t'u,, +X"y"z*u, =0, m,n,k,1 >0, m,n,k,I =const

in domain R! ={(x,y,z,t):x>0,y>0,2>0,t>0}. Previously, fundamental solutions were constructed for
the equation under consideration and their singularities were studied [10]. The obtained fundamental solutions
consist of four-dimensional hypergeometric Lauricella’s functions F,i“) [11]. To date, using the obtained

fundamental solutions several boundary value problems in an infinite domain and one problem in a bounded
domain have been solved [12-16].

2. Statement of the problem
Consider the elliptic equation

mo kel no kel ny,mtl ny,m5k
H(u)=y"zt'u, +x"z"t'u, +x"y"t'u,, +x"y"z"u, =0, m,n,k,1>0 2.1)

in domain D = {(x Y, z,t) x>0,y>0,z>0,t> 0}, bounded by the following hyperplanes:

17



BECTHHUK KaszHIIY um. Abas, cepus « Quzuxo-mamemamuyeckue naykuy, Ne3(83), 2023 2.

sl={(o, y,z,t):x:O,y>0,z>O,t>0}, S, :{(X,O,z,t):x>0,y=0,z>0,t>0},

S,={(x,¥,0,t):x>0,y>0,z=0,t >0}, S, ={(x,y,2,0):x>0,y>0,2>0,t=0}.

The variables are tied by the following relation:

RZ — 4 Xn+2+ 4 m+2+ 4 Zk+2+ 4 tl+2.

(n+2)2 (m+2)2 (k+2)2 (I+2)2

Problem ND;. Find a regular solution u(xy,zt) of the equation (2.1) from the class
C(E_))ﬂCl(D Us_l)ﬂCZ(D), D) satisfying the conditions:

a—iu(x,y,z,t) =v,(y.zt), (y,z.t)eS, (2.2)
u(x, y,z,_t)|y_0 =7,(xz1), (x,z,t)€S,, (2.3)

u(x,y. b)) =z, (xy.t), (x.y.t)eSs,, (2.4)

u(x, y,z,t)|t:0 =7,(xv.2), (xy,2)€S,, (2.5)
limu(x,y,z,t)=0, (2.6)

where v, (y,z,t),7,(x z,t),75(X v,t),7,(x y,z) are given continuous functions, moreover the function
v ( Y, z,t) at the origin of coordinates can go to integrable order infinity. Also, for the large enough values R,
the following inequalities hold:

vi(y.2.t) < 4 el 27)
2
l+ 4 , ym+2 + 4 , Zk+2 + 4 , tl+2
(m+2) (k+2) (1+2)
|72(x, z,t)| <- Co - (2.8)
1+ 4 . n+2 4 . k+2 4 > tl+2
i (n+2) (k+2) (1+2)
(ACHAY B G - (2.9)
1+ 4 Xn+2 + 4 m+2 4 1+2
| (n+2) (m+2)° (1+2)
7, (xy.2) < % (2.10)

+ 4 Xn+2+ 4 m+2 4 k+2
2 2 y + 2 z
(n+2) (m+2) (k+2)
here c,,c,,C,,C, and ¢&,,&,,&,,&, are small enough positive numbers.

Theorem 1. The boundary value problem ND, has at most one solution.
Existence of a solution to ND, the problem.
The solution to the ND, problem has the form
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(memzo't )

—38

y 2t (Y,2,4) 955 (0, Y, 2,8 X5, ¥y, 2o, t, ) dydzdt +

X"2'z, (x, z,t)%gw(x, A S 201t0)|y:0 dxdzdt +

(2.12)

+

+
Ot——8 O——3 O'—rS
Ot 3 Ot=——m38 ©°

n,,m a
X"y"t'z, (X, y,t)g Gis (X ¥, 2,6 %, Yo, 2o,y )|, dxdydt +

Ot 8 Oty O3

ny,mok

0
X"y"z"z (x,y,z)agls(x, y,z,t;xo,yo,zo,to)L:0 dxdydz,

4 4 4
4 me2 4 k+2 4 1+2 —a+pf+y+o-4
X, Y, 2,6 X, Yor 2oty ) =K r’ 2ty z,t
915( y X1 Yo1 2o 0) 15(m+2j (k+2j (|+2j ( ) YZty,Z,t, X

<F\)(4+a-f-y-6;a1-Bl-yl-6:20,2-2,2-2y,2-25:E1,4,¢)

+

Ot—38
ot—38
ot—38

where

is fundamental solution to the equation (2.1). Here function F,f“) is the Lauricella’s function

= (a) (b)), (b,), (bs), (b,)
F¥(a;b,b,,b,,b,;c,,C,,Cl0Ch0 X, Y, Z,t) = Meprg M TN TR Ay Mynz e,
R b D o 2 @) @ (), (o), mimtprat”

(P +1yl+[2] e <),

woalres) (mes) (i) (73)
® 422 (n+2 m+2 k+2 [+2

F(4+a-B-y-8)(a)T(1-B)T(1-y)T(1-6) (2.12)
I(22)T(2-28)T(2-2y)T(2-26) .

Proof. Since the function g, is a fundamental solution to equation (2.1), it is obvious that the solution to
problem (2.11) satisfies equation (2.1).

Let us prove that function (2.11) satisfies conditions (2.2) — (2.5) of the problem ND
We present solution (2.11) in the following form

U(Xo’ yO’ZO’tO): |1(Xo’ y01201t0)+ Iz(xm yovzo’to)

+15(X1 Yor Zoo b )+ 1, (X0, Yor Zo by ), (2.13)
where

4 4
4 m 4 m 12 TTr m+. +: +.
|1(X0’yo’zo’to):_kls(m_l_zj [k-i-ZJ ( +2J Yol oto_”.J‘ y ' kltll y Zt)
000

x(r2) Y (dra - foy-8il- Ly 1-5;,2-25,2-2y,2-28,7,( 6 )| _, dydzdt

4 4
4 YR 4 Yer( 4 YE o EEE
' (%o Yo 20 s) = k“"( +2j (k+2j (+2j ][ x e (x2.0)
000

«(r?) i "(4+a-p-y-8al-y1-5;2a,2-2y,2

—-26;¢, g,g)‘yzo dxdzdt
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4 4 4
mE( 4 Yer( 4 YR o RET
|3(X01y0!zo't) kls(m+2) (k+2j (|+2j yozotoJ.J‘_[Xy ltllrs(xxyat)x
000

x(r2) RO (A a - f-y - Sial- f1-0; 20,2-23,2-28,£,1,6) , Oxdydt

4 4
4 m+2 4 k2 1+2 T ny,m+lo, k+
|4(X01y01201t0):k15(m+2J (k-{—Zj (|+2J yo 00 JII X le 1’2'4 X, y Z)
000

X(rZ)—a+ﬂ+y+§—4 Ff) (4+a —,8—7/—&a,l—ﬂ,l—y;2a,2—2ﬂ,2—27/;§,77,§)‘t:0 dxdydz

Let us check condition (2.2), for this we calculate the derivative of function (2.13) at x, =0

0 0 0
a_XOU(XO!yO'Zo'to):a|1(X01y0120't0)+a_xoIz(xo'yo'zovto)+

0 0
i (%, yo,zo,to)+g L (%, Yor Zo:tg )-

0 0

Let's consider the first integral and use the decomposition formula [17 p. 118, (14)]

- (z:'-l)nl+n2-¢-n3 (bl)n1+-n2 (b2 )n1+n3 (l:)3)n2-¢—n3 %

F®(a,b,b,,b,c,C,,CiiX,Y,2) =
NP VRN TS T N R

XXy ez N E (@4 n 4 n,,b + 0 40,50+ 0 40,5 X)

xF(a+n +n,+n,b, +n +n;c, +n +n;;y)F(a+n +n,+n,b, +n, +n;;c,+n, +ny; ).

Then we get:

4 4
a iz 4 2 2 e m+1 k+14 141
&Il(xo'yo’zmt) k”(m+2j (k+2j ( +2j Yo °t°!H yrEt (y.z.t)x (2.14)
X( rz )—a+ﬂ+7+¢>‘—4 (rz )3—/#%0' (r22 )*1+/i (r32 )71+7 (r42 )*1+5 P (0’ Y, Z’t; XO' yo, Zo’to )|x:0 ddedt,

where

N (4+ a=p-y- 5)|1+|2+|3 (:I'_ﬁ)|1+|2 (1_ 7/)|1+|3 (1_ 5)|2+|3
Iy =0 (2 - Zﬂ)wz (2 - 2}/)I1+I3 (2 - 25)|2+|3 1,00

[ r22 B r2 Jlﬁlz ( r32 B rz j|1+|3 ( r42 _ rz jl2+l3
X 2 2 2
r, I r,

22
«F —2—a—ﬁ+y+5,1—ﬂ+|1+|2;2—2/3+|1+|2;%j
r2

P(0,Y,2,t; %, Yo, Zo s ) =

2 2
xF —2—a+ﬂ—y+5—lz,1—7/+I1+I3;2—27+I1+I3;uj

2 2
xF —2—a+ﬁ+7—5_|1,1—5+|2+|3;2_25+|2+I3;r4 Zr j
r4
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We use the following change of variables:

2 ymTJrZ B 2 ymTJrZ n+2 2 Z%z 2 ZkJZrZ . XnJZrZS
m+2 m+2°° n+2XO " k+2 k+2 ° n+2°°
1+2 1+2 n+2
i 2 =i 2+LXOZS
l+2 1+2 n+2

then from (2.14) at X, — 0 we have

Sroonne[i2) (o) () () oenn
v WROLALIL g B e wk 2 S s
|

T(1+a)T(2-28)T(2-2y)T(2-25) ” ds,ds, ds,
T(1- ) (1-))T(1-0)T(d+a-f—y-5)2 4

1+s +5 +s) "

Let us calculate the integral from (2.15) using the following formula [18, p. 637(4.638-3)] and [19]

-dx,dx,...dx =

O3

e © p-1y po-1 p—1
j- o XX X"
0

l. [1+(r1x1)“1 +(%,) "+ + (X, )q}

()2t
G a, Oy 4 Q O ’(pi>0,qi>0,t‘i>0,8>0),

_qlqz.“qnnplqlrzpzqz‘“rnpnqn r‘(s)
then
]°- ]3 T ds,ds,ds, BTTT ds,ds,ds, _ 7T (2ax)
oot (1480 +5 +5] 200 (l+sf+s§+1~:§)cHl [(a+1)(20-1)2""T(a)

By virtue of formulas, from (2.15) we obtain

5 4 “2a 4 -2 4 -2y 4 —25
lim—1,(x,y.,z,t)=4z" L2t
%0 OX, 100 YorZory) ”kls(n+2j (m+2) (k+2j (I+2j (o Zort)x

I'(2a)T(2-28)T(2-2)T(2-25)
[(4+a—-p-y-6)(a)l(1-B)T(1-y)T(1-6)

X

(2.16)
Considering definition (2.12) for k,; from (2.16) we obtain lim % 1, (Xg: Yor Zoty) :Vl(yo,zo,to)_ It is not
Xg —0

difficult to show that

0 .0 .0
L!gggl (Xor Yor 2,1 ) =0, xm&|3(x0,y0,z0,t0)=o, leau(xo,yo,zo,to) 0.

Therefore, lim ﬁu(x0 Yor Zo:to ) =i (Yo Zouty ), then function (2.11) satisfies the condition (2.2) of the
% =0 OX,
problem ND,. It is not difficult to prove that function (2.11) satisfies conditions (2.3) — (2.5) of the problem

ND;.
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Let us show that if the given functions for sufficiently large values of the argument satisfy inequalities (2.7)
— (2.10), then the solution (2.11) of the problem ND, also satisfies condition (2.6). Indeed, let inequalities

(2.7) — (2.10) be valid, make the following change of variables:

1+2

1 2 ™ 1 2 ™ 1 2 ¢ 1 2 2
- X2, _ 2 7?2, - t2,
SR a2t TR me2) 9 TRKke2” C9TRIT2
1 2 2 1 2 = 1 2 1 2 2
T % 2 =5 Yo ! O3=o T2, 0, =%,
R, n+2 R, m+2 R, k+2 R, 1+2

4 4 4 4
here R 2 — n+2 m+2 7 k+2 + t I+2
S Te2y t (a2 ke2y O (e2) "

Then at R, — o from (2.7) — (2.10) we obtain the following inequalities for

ko 2,2.2( 9 NY¥r o N/ o9 \%
(X, Y., 2,1 )| <222 42m 2vk 24
|1(°y° o) Ry" (m+2] [k+zJ (I+2j (217)
2.17
U1§1G1d 771d <. 1d S
d+a—f-y-5
(Len’+elve’) T (0060 )

2,2 ~2a 2 -2y -2
|| (X Yo:Z t)|_k15 642+m 2tk z+|( 2 j ( 2 jm+2( 2 j ( 2 J
s nt2) (m+2) lkx2) U2 (2.18)

2 ®w
m+2 k+2 +2Ij
00

1-2a+g !
2

O ==y 8

R265
Xo-zéo'géO"téTTT §12a§1§1d§1dé/1d§1
2 2 2 2 \4+a—p-y-o 2 2 e !
000 (:|.+§1 +n,°+¢ +g1) (51 + +§1)
2
1 (X1 Yor Zooty)| < <Ky ﬁ.( 2 jz( 2 j”( 2 JM( 2 ]”
3 0r Jor%0'% )| — 26,
R, n+2 m+2 k+2 1+2 (2.19)
§1za771§1d é:ld 771d [

2 2 0w
m+2 k+2 142
X0, 0370, I .[ .[ 1 2 2 2 2\MHafr=6 (o 2 2)\é7 '
000 +‘§1 +1, +§1 +q §1 1+

~2a -2p 2
|| (x,y,z L )|_k15842+m 27k 2+|( 2 j ( 2 j ( 2 ) y( 2 an
4\ %o Yor Lorlo n+2 m+2 k+2 I+2 (2.20)

R 2¢g
m+2 ﬁ iz]o']i]o' é12a771§1d gld nld‘é,l )
000 (1+ Sglz + 7712 + 4/12 + glz )4+“*ﬂ*7*9 (‘flz + 7712 + 4/12 )58

Let us show that the integrals included in inequalities (2.17) - (2.20) are bounded.
Inequality (2.17) satisfies the identity
F(5_8+a)1"(3 ¢ b-c- dj
1 2 2
v (2.21)

(l+x2+y2+22)4+a—b—c—d (X2+y2+22)172%+g =E F(4+a—b—c—d )
20e 2b+2c+2d—-3<e&<2a+bh.

Xyzdxdydz

ot—3

|

ot—3
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For inequalities (2.18)-(2.20) the identity holds
F(a+ S_SJF(Z—b—C—d + £ jl‘(a+ljr(a+3
2 2 2 2

I'(4+a-b-c—d)

j, (2.22)

ﬁ]‘i x**yzdxdydz 1
000 (1+X°+y°+ zz)4+a_b_c_d (x*+y*+2°)" 8

20e 2b+2c+2d -3<g<2a+5.

Thus, from inequalities (2.17) — (2.20), due to the value of integrals (2.21) and (2.22), the following
estimates hold:

. c, . k,.C.
Llng Il(XO’yO’ZO’t0)|Sk15‘gll’ Llng IZ(X()'yO’ZO’tO)|S 152;;5'
” R R™ (2.23)
Iim|| (X, Yor Z t)|< & Iim|| ( z t)|<k15c8
R—0 3 O’yO’ 0?0 - R0287 ! R—0 4 XO'yO’ 0?0 - ROZSB Il

where ¢, c,, C,, C, are constans.
Inequalities (2.23) show that solution (2.11) at R, — oo goes to zero. Thus, condition (2.6) of the problem
ND,; is satisfied. Consequently, solution (2.11) of the problem satisfies all the ND, problem conditions.

Theorem 2. Let conditions (2.7) — (2.10) be satisfied, then a regular solution to problem ND, (2.1), (2.2)
— (2.6) exists and is expressed by formula (2.11).

Methodology

To construct a solution to the boundary value problem under consideration, classical methods of partial
differential equations and mathematical physics are used. Methods proposed by the authors of the famous
monograph by Appell, Kampe de Feriet, were also used, applying the properties of the Gaussian
hypergeometric function of one variable and Lauricella’s function of four variables. By means of
decomposition formulas, functions of many variables are reduced to the product of Gaussian functions of one
variable. Integration results are written using Euler's Gamma function. The formula for differentiation of

special functions, the properties of the Lauricella’s function FE()“) and the Pochhamer function is traditionally
used.

Conclusions
A mixed boundary value problem ND, with one Neumann’s condition and three Dirichlet’s conditions is

posed for an elliptic type equation in four-dimensional space. Two theorems are formulated. A theorem for the
existence of a solution to the problem has been proven. The solution is obtained explicitly, expressed by the

Lauricella’s hypergeometric function F,f“). During the proof, the properties of hypergeometric series,

decomposition formulas and Boltz's formula, properties of Euler's Gamma function are used. In the future, it
is possible to construct solutions to a number of mixed boundary value problems for the equation under
consideration using the proposed method.

Acknowledgments
This research was funded by the Science Committee of the Ministry of Education and Science of the Republic
of Kazakhstan (Grant No. AP14972818).

References:
1 Candelas P., de la Ossa X., Greene P., Parkes L. A pair of Calabi-Yau manifolds as an exactly soluble super
conformal theory. Nucl. Phys. — 1991. — V. B539. — P. 21-74.
2 Passare M., Tsikh A., Zhdanov O. A multidimensional Jordan residue lemma with an application to Mellin-Barnes
integral. Aspects Math. —1994. — V. E. Ne26. — P. 233-241.

23




BECTHHUK KaszHIIY um. Abas, cepus « Quzuxo-mamemamuyeckue naykuy, Ne3(83), 2023 2.

3 Niukkanen A.W., Generalised hypergeometric series NF(x1, . . . , XN) arising in physical and quantum chemical
applications, J. Phys. A: Math. Gen. — 1983. Me/6. - P.1813-1825.

4 Vinogradov Yu.l., Konstantinov M.V. Raschet sfericheskogo baka pri lokal'nom vozdeystvii Calculation of a
spherical tank under local influence [Calculation of a spherical tank under local influence]. Izv. RAS. MTT. — 2016. —
Me 2. — P. 109-120. (In Russian)

5 Berdyshev A.S., Hasanov A., Ergashev T. Double-layer potentials for a generalized bi-axially symmetric Helmholtz
equation Il. ComplexVar. EllipticEqu. — 2019. DOI: https://doi.org/10.1080/174769.

6 Itagaki M., Higher order three-dimensional fundamental solutions to the Helmholtz and the modified Helmholtz
equations, Eng. Anal. Bound. Elem. — 1995, - Ne 15. — P. 289-293.

7 Salakhitdinov M.S., Hasanov A. A solution of the Neumann-Dirichlet boundary-value problem for generalized bi-
axially symmetric Helmholtz equation, ComplexVar. EllipticEqu. — 2008. — V.53. Me4. — P. 355-364. DOI:
https://doi.org/10.1080/17476930701769041

8 Hasanov A., Karimov E.T. Fundamental solutions for a class of three-dimensional elliptic equations with singular
coefficients. Appl. Math. Letters — 2009. — N222. — P. 1828-1832. DOI: https://doi.org/10.1016/j.aml.2009.07.006

9 Issenova A., Tasmambetov Z, Rajabov N. On general properties of degenerate systems of second order partial
differential equations of hypergeometric type. Europ. J. of P. and Appl. Math. — 2021. — V. 14, Ne3. P. 1024-1043.

DOI: https://doi.org/10.29020/nybg.ejpam.v14i3.4016

10 Hasanov A., Berdyshev A. S., Ryskan A. R. Fundamental solutions for a class of four-dimensional degenerate
elliptic equation. ComplexVar. EllipticEqu. - 2020. - V. 65, - Issue 4. P. 632-647. DOI:
https://doi.org/10.1080/17476933.2019.1606803

11 Appell P., Kampe de Feriet J. Fonctions hypergeometriques et hyperspheriques. Polynomes d’Hermite / Paris:
Gauthier — Villars, 1926. - 434 p.

12 Berdyshev A.S., Ryskan A. The Neumann and Dirichlet problems for one four-dimensional degenerate elliptic
equation.  Lobachevskii J. of Math. - 2020, - V. 41, AN 6 P 1051-1066. DOI:
https://doi.org/10.1134/51995080220060062

13 Berdyshev A.S., Hasanov A., Ryskan A.R. Solution of the Neumann problem for one four-dimensional elliptic
equation. Eurasian Math. J. —2020. — Vol.11, No. 2. — P. 93-97. DOI: https://doi.org/10.32523/2077-9879-2020-11-2-
93-97

14 Berdyshev A.S., Ryskan A.R. Boundary value problem for the four-dimensional Gellerstedt equation. Bulletin of
the Karaganda University. — 2021. — V. 4, Mel104. P. 35-48 DOI: https://doi.org/10.31489/2021M4/35-48

15 Berdyshev A.S., Hasanov A., Ryskan A.R. A Boundary-Value Problem for a Class of Four-Dimensional
Degenerate Elliptic Equations. Results of Science and Technology. Series Modern mathematics and its applications. —
2021, - V. 194. P. 55-70. DOI: https://doi.org/10.36535/0233-6723-2021-194-55-70 )

16 Baishemirov, Z.; Berdyshev, A.; Ryskan, A. A. Solution of a Boundary Value Problem with Mixed Conditions for
a Four-Dimensional Degenerate Elliptic Equation. Mathematics. - 2022. - V. 10, M 1094
https://doi.org/10.3390/math10071094

17 Hasanov A., Srivastava H.M. Some decomposition formulas associated with the Lauricella function F,ﬁr) and other

multiple hypergeometric functions // Appl. Math. Lett. — 2006. — V. 19. M2, — P. 113-121. DOI:
https://doi.org/10.1016/j.aml.2005.03.009

18 Gradshtein I. S., Ryzhik I. M. Tablitsy integralov, summ, ryadov i proizvedeniy [Tables Of integrals, series and
products]. 4th edit. M.: Fizmatgiz, 1963. - 1100 p. (In Russian)

19 Erdelyi A, Magnus W, Oberhettinger F, et al. Higher transcendental functions. Vol. I. New York—Toronto—London:
McGraw-Hill Book Company, Inc. 1953.

24



https://doi.org/10.1080/174769
https://doi.org/10.1080/17476930701769041
https://doi.org/10.1016/j.aml.2009.07.006
https://www.webofscience.com/wos/author/record/14104913
https://doi.org/10.29020/nybg.ejpam.v14i3.4016
https://doi.org/10.1080/17476933.2019.1606803
https://doi.org/10.1134/S1995080220060062
https://doi.org/10.32523/2077-9879-2020-11-2-93-97
https://doi.org/10.32523/2077-9879-2020-11-2-93-97
https://doi.org/10.31489/2021M4/35-48
https://doi.org/10.36535/0233-6723-2021-194-55-70
https://doi.org/10.3390/math10071094
https://doi.org/10.1016/j.aml.2005.03.009

