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Abstract

This paper describes the hierarchy for N = 2 and n=3 case with an metric 11170 when Vo = 0 of associativity equations.
The equation of associativity arose from the 2D topological field theory. 2D topological field theory represent the matter
sector of topological string theory. These theories covariant before coupling to gravity due to the presence of a nilpotent
symmetry and are therefore often referred to as cohomological field theories. We give a description of nonlinear partial
differential equations of associativity in 2D topological field theories as integrable nondiagonalizable weakly nonlinear
homogeneous system of hydrodynamic type.

The article discusses nonlinear equations of the third order for a function f = f(x,t)) of two independent variables x, t.

In this work we consider the associativity equation for n=3 case with an a metric 7,, # 0. The solution of some cases of

hierarchy when N = 2 and V, = 0 equations of associativity illustrated.
Keywords: the string theories, the physical fields, the hierarchy of associativity equations.
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HUEPAPXUS YPABHEHUS ACCOIIMATUBHOCTH JIJISI CAYYAS N =3 C 7,, # 0 METPUKOM

CraTpsi ONMCHIBACT HEPAPXUI0 YpaBHEHUs accounaruBHocTH st cirydast N = 2 u n=3 ¢ merpukoi n1:1#0, koraa Vo=0.
VYpaBHeHHE acCOLMATUBHOCTH BO3HUKIO u3 2D Tomosormueckod teopum mnois. 2D Tomosormueckas Teopust Mot
MPEACTaBIsIeT COOON MaTepHanbHBIH CEKTOP TOIOJOTHYECKOW TEOpHUH CTPYH. OTH TEOpHUH KOBapHaHTHBI Mepen
CBA3BIBAHMEM C TpaBHTAIled W3-3a HAIWYMA HUJIBIOTEHTHOW CHMMETPHH U TIIO3TOMY 4YacTO HAa3bIBAIOTCS
KOTOMOJIOTHYECKMMH TEOpHAMHU Mojs. JlaHO omMcaHHe HEIMHEHHBIX MuddepeHMaIbHbIX YpaBHEHHH B YaCTHBIX
MIPOU3BOJHBIX ACCONMATHUBHOCTH B 2D Tomosormdeckux TeopusX MOJsA KaK HHTETPHUPYEMOM HeIHaroHalIn3yeMmoit
c1a00HEeMHEWHOH OTHOPOAHON CHCTEMBI THIPOIMHAMHYECKOTO THIIA.

B cratee paccMaTpUBalOTCs HEJMHEHHBIE ypaBHEHUS TpeThero nopsaka it Gyakuuu f = f(X,t)) 1Byx He3aBUCUMBIX

nepeMeHHBIX X, t. B paGoTe paccMaTpuBaeTcsl ypaBHEHHE acCOLMATUBHOCTH s N = 3 ciydas ¢ meTpukoit 77, # 0.

[IpoumtrocTpupoBaHoO perieHne HeKOTOPBIX ciydaeB uepapxuu mpu N=2 u V=0 ypaBHEHHS acCOIIMATUBHOCTH.
KiiroueBble cjioBa: TeOpusi CTPYH, GU3NUECKHUE MOJIS, HepapXusl yPABHEHUS aCCOIIMATHBHOCTH.
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N, #0 METPUKACBIMEH N =3 XKAFJIAMBI YIIIH ACCOLMATUBTI TEHJEYIHIH UEPAPXHUSCHI

By Makanana 77;, # 0 merpukacsiven Vo=0 Gonranarsl N=2 sxoHe n = 3 skaraiibl YIIiH aCCOIMATUBTIIK TEHACYiHiH

nepapxusiChl KapacThIpbUlasbl. AcconnaTtuBTi TeHzeyi 2D TONOJOTHSUIBIK ©pic TeopHsAChIHaH TybIHAaraH. 2D
TOTIOJIOTHSUTBIK ©piC TEOPHSCHI IMIEKTEPAiH TONOJIOTUSUIBIK TEOPHSICHIHBIH MaTepHalIbIK CEKTOPBI OOJIBII TadbuIabl. by
TEOpUSUIap HWIBIOTEHTTI CHMMETPUSHBIH OONybIHa OalIaHBICTBI TPaBUTALMSAMEH OaWIaHBICTRIPY aiAbIHIA
KOBapHaHTTHl JXOHE COHABIKTAH Wi OpICTIH KOTOMOJIOTHSUIBIK TEOpHSUIaphl Jenm artanaabl. 2D  TOmoNOTHsIIbIK
TEOPHMSCHIH/IA ACCOIMATUBTUIIK TEHAEY JXYHWECiHIH THAPOJMHAMHUKANBIK THITETI WHTETPAJIAHATHIH CHI3BIKTHI €MeC
OipTeKTi Kylie peTinae Oepinrex.

By xymeicTa X, t Toyenci3 aifHBIMaNbIIapeiHAH TypaThiH f=f(X,t) QyHKOMACH YIMiH YUIHIN PEeTTi CHI3BIKTHI eMec
TeHJeyJIep TalTKbLIaHabl. ACCOLMATHBTINIK Teraey MeTpuka 77;; # 0 Gonmrannarsl n=3 sariaiibl yIlliH KapacThIpbLIAIb.

AcconunatuBTinik TeHaeynep N=2 xxoHe Vo=0 uepapXusChIHbIH OipHEIIe IeNIiMIepi CUITaTTala b,
Tyiiin ce3aep: imexTep Teopuschl, GPUUKAIBIK OPICTEP, ACCONNATUBTUIIK TEHICYIHIH HEPapXUSICHI.
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The physical correlation functions are metric-independent is the consequence of a symmetry of topological
quantum field theory which reduces the Hilbert space H to the space H pnys of physical states, and causes the
stress-tensor T o3 to decouple from physical correlation functions [1]. Almost all of the information of the
amplitudes can be encoded in the operator algebra of the local physical operators. These coefficients cij can
be used to formally define the operator algebra of the physical fields

9 =25 e
The factorization expansion

<¢¢ ¢k¢|> <¢I¢J¢m> mn<¢ ¢k¢l> u Cmki

This equation states that the four—pomt amplitude can be obtained by glumg together two three-point
functions. This function F(t) call the free energy of the topological cohomological field theory, plays the role
of the generating functional and F(t) can write

- T1fe

Topological string theory closely resembles the string theories and in particular there are many
correspondences with fermionic string theory [1]. To couple the topological field theories to two-dimensional
gravity need to modify the ordinary gravity theory, such that it also exhibits a Q-symmetry. This theory is
called two-dimensional topological gravity. In topological string theory besides the bosonic moduli my, there
are also an equal number of anti-commuting moduli  my, which are their Q-superpartners. An geometric
description of such gauge quivalence classes is as the Q-symmetric generalization of Riemann surfaces. The
complete amplitudes of topological string theory are given by the integral over sMg; of a function which, via
the identification, represents a volume form on Mgs. The integrand is given by the product of the closed forms
represented by the matter and gravitational correlators

<<7n1(¢ij ) O (¢j5 )> = jdmkdmk <O'nl . "O-”S>z(m,m)<¢l ) ..¢S>Z(m'm)

sMgs

For instance, given any Riemann surface | in space-time, we define [2]

gk,z = J.gk(z)

As in ordinary string theory, the amplitudes of topological strings can be written as integrals over the moduli
space My Riemann surfaces [3]. For the partition function F of a general model with lagrangian [4]

L=L, —Ztnvajan(é

Two dimensional quantum gravity can be formulated as a sum over random surfaces. The geometric picture
is that the measure of 2-d topological gravity may be thought of as being fully concentrated on degenerate
surfaces [5].

In this paper we shall consider so-called nonlinear partial differential equations of associativity in 2D
topological field theories (see [6-8]). The equation of associativity arising originally in two-dimensional
topological field theories [6, 8]: in general, have the following form:

O°F o OF _ OF o OF
i n Kl ApiApk n i r?
ot'ot'ot? oot ot”  ot'ot ot” ot'otiot

vi, j,k,re{l,.., n}

The free energy F is the promised function whose third derivatives with respect to the to , at any point define
a commutative, associative algebra [9].
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In this work we consider the equation of associativity for n =3 case with an metric such that 77 # 0

)

= O O
o - O

1
n=\0
0
When the metric is as follows (1) the interval is denoted:
ds® =g, dx“dx" = g,,dx'dx" + g,,dx*dx’ + g,,dx’dx* = dxdx+ dydz + dzdy = dx* + 2dydz

The equations of associativity for n =3 case with an metric such that 7,, # 0 (1) given by:

0°F O°F . o°F O°F _ O°F O°F N o°F O°F
OXOXOy OtOtoy — OXOXOX Ototot  Otoxdy Oxotdy — Otoxox oxotot

where F is a prepotential and have the following form:

F(y,xt) :%yB + yxt+ f(x,t).

For these cases the equations of associativity reduce to the following nonlinear equations of the third order
for a function f = f(x,t)) of two independent variables [7, 8, 10]:

ff —f f. =1 @)

XXX Xxt © xtt

Let us introduce new variables a, b, c as follows [7, 8]:

a= fxxx’ b: fxxt’ c= fxt‘t'

In the above variables the equation (2) can be rewritten as a system of three equations in the following way
[7,8]:

a =

t x?

b, =c,, (3)
c =((1+ bC)J

a

The Lax pair for the system (3) is given by [7, 8]:

Y, = AUY,
Y, = AVY,

(4)

where U is given by [7, 8]:

()

-
1
o

and V is given by [7, 8]:

(1+bc)
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The compatibility condition for the system (4) is given by:

Ul

=V,
uv] = o

X

The solution to a hierarchy for N =1 case with an metric 11170 corresponds to the system of equations (3).
The solution to a hierarchy for n=3 and N =2 case with an antidiagonal metric n when Vo#0 is given in the
work [11]. In the paper [12, 13] considers the hierarchy for n=3 and N=2 case with an antidiagonal metric n
when V¢=0. In this article we consider a hierarchy for n=3 and N=2 case with an metric n1:#0 for Vo=0.

Consider the Lax pair for N = 2 case when V, =0

Y, = AUY,
¥, = (A, + AV,)¥Y =¥
The compatibility condition of (4) is given by:
AU, -V, + AU, V]=0. (6)

Collecting terms in (6) by the powers of 4 we obtain

2:U.V,1=0, )
2V, +[UV,]=0, (8)
A:U, -V, =0. 9)

The values of the matrix U are given by in the equation (5). Denote the matrices V,,V, as follows:

le Z12 213 yll y12 yl3
V2 = Z21 ZZZ 223 ’ Vl = y21 y22 y23 -
Z31 232 233 y3l y32 y33

using (7), we obtain the following relations:
ZZl = 213'

z,, =1, +bz, +cz,,

z,, =az, +bz,,

Z31 = 212’
Z,, =CZ, + 1+hc z
32 12 a 137
Iy = Ly
Thus the matrix V, has the form
le Z12 213
V,=|z, 1z,+bz,+cz, az, +bz,
1+bc
2, Cz,+——1, 1,,+bz,+cz,
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Hence, only z,,,7,,,2,, are independent elements of V,, and the other elements can be written in terms of
them. Now let us find the elements of V,. To do so we use the equation (8)
Hence, dependent elements of V, are given by:

Yor = Zyy, + Yiss (10)
Voo = 2y, + Yy, + DY, +CY, (11)
Vo3 = Zps, + Y5, + DY, (12)
ay, =2z, —bz, +ay,, (13)
ay,, =2z, +bz, +bz, +c z,+2cz, +Y,,+acy, +bcy,, (14)
ay, =az, +2az,, +b,z.+bz, +ay, +aby, +acy,. (15)

By substituting the values for z,,,,Z,,,, Z,,, we have a system

b b? a b
3212x —CZy g T2t —- Z,+ ;X Z5= 01 (16)

(1+ bcj 3+2bc b ca cb
CZ, +2CZ +| — | Zy+—

Zyay _gzllx + ax Z, + ax ;= 0’ (17)

3z, +2b,z,, +2bz,, +2C,z,,+2Cz,, =0 (18)

Now let us use the equation (9), writing a new system with equations for a,,b,,c, yields

a‘t = y23x’ (19)
bt = y22x’ (20)
bt = y33x' (21)
Ct = y32x' (22)
Using necessary terms in the system (10)-(15) in (19)-(22), we have
at = Zl3><>< + ay12x + ax ylZ + bx y13 + by13x' (23)
bt = Zlex + yllx + bx y12 + by12x + Cx y13 + Cy13x7 (24)
_aa, -a’ a, ab, —ab, b, ab, —ba, b
bt - T Z,+ ; Z T+ 2lexx + T Z;+ E Zg + T Zg + g TARIS
+ Vi + B, Yoo + Y15 +CYis + CYisy (25)
2 2 b,a—anb, b, b ab, —ba, C, ac,, —a,c,
C, = g AT _a_z Zy1y +T Z +; Zypy +g Zox +a—2 Loy +; Zy5y +a—2 Z,+
2ac, —2ca, 2c 1+Dbc 1+bc
a—z Zig t ; Zigx YO Y +CYp +—— Vi + a Yis (26)
Since z,,,, =0 we have
1 ab —ba,
Zl3x>< (27)

==z, +——2*12
a 13x 2a 11x

Equating the RHSs of the equations (24, 25) for b, above, we obtain the following equation:
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ab, —ab b ab, —ba b
Z, +;lezx 12yt = 2 = 13 +;le3x + xaz . Zl3x +5213xx =0. (28)

aa, —a’
a2
From equation (28) we express z,,,, and obtain the following equation:

_al-aa, a ab, —ab, b ba, —ab, b b*a, —abb

X X X X
Zlex - az Z12 _; Z12>< + a2 Z13 _; Zle + az Zle _a_z Zle + 2a2 lex (29)

From equation (18) we express z,,, which is given by:
Z,, = —% (2b,z, +2bz,, +2c z,, +2¢Cz.,, ). (30)
We plug z,,, in (30) into (16) and (17) and obtain the following equations, respectively
(2ach, —2b%b, +3a,)z,, +(9a+2ach—2b*)z,, +(2acc, —2b’c, +3b,)z,, +(2ac’ —2b’c-3b)z,,, =0 (31)
(3a’c, +2abb, +3aca, Jz,, +(6a’c+2ab? Jz,,, +(6ach, +5abc, —3a, —3bca, )z,, +(9a+8abc)z, =0 (32)

Now we express Z,,, in (31) to obtain
;= 1

% (2b® —9a— 2abc)

Now we express Z,,, in (32) to obtain

{(ZacbX —2b’b, +3a,)z,, + (2acc, —2b’c, +3b,)z,, + (2ac’ — 2b*c —3b) zm} (33)

2, = _(9::1+—18abc) {(3azcX +2abb, +3aca, )z12 - (6azc +2ab’ )z12x +(6ach, +5abc, —3a, —3bca, )213} (34)

The solution to a hierarchy for n =3 and N = 2 case with an metric 7, # 0 when V=0 the system is given

by (3) corresponds to the system of above equations (23), (24), (26), where values z12x, Zi2xx, Z13x and Ziaxx from
Egs. (33), (29), (34), (27).

So, in this work we considered the hierarchy of the associativity equation for n =3 and N = 2 case with an
metric 77, #0 when V=0. The equation of associativity for n =3 case with an metric 77,, # 0 was written in

general form. So, we considered of some cases of hierarchy forn =3 and N = 2 case with an metric 77, #0

when V=0 of the associativity equations.

Lax pairs for the system of three equations, that contains the equation of associativity are written to find
the hierarchy of associativity equation. Using the compatibility condition are found the relations between the
matrices U, V2 V1.

Thus, we obtained the elements of the matrices V2 ,V: for this described case. The elements of matrix V»
are found with the expression of zj and independent and dependent variables for the matrix V..

It was found, that only z11, z12, 213 are independent elements of V5, and the other elements can be written in
terms of them. Also solving elements of matrix V1 expressed through yi and independent and dependent
variables for the matrix V.

It is found, that y11, Y12, Y13 are independent elements of V1, and the other elements can be written in terms
of them and z11, z12, z13. We accepted that elements of matrix V, are zero.

It is found the relationship between the elements a; ,b: ,c: and yijx of the matrices U, Vix. S0, expressed are
variables a;, by, c; of three equations are written with the help of matrix elements z1», z13, Y12, Y13.
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INPUMEHEHUE TEOMETPOTEPMOJZNHAMMWKH K CUCTEME C HYJIEBbIM 3BYKOM
OIMUCAHHOU METOJ0M IOJ1IOTPA®HUYECKHUX AYAJIBHOCTEHN

AHnnomayus

B pamkax Meroja reOMETPOTEPMOIMHAMHMKHM B HACTOsIIEH paboTe HCCIEeI0BaHbl CBOMCTBA PABHOBECHOTO
MHOroo0pasusi CHCTEMbI C HYJEBBIM 3BYKOM, MPEICKA3aHHOW METOZOM rosorpadudeckux ayanbHocteil. [lomydeHs
pe3yibTaThl MHBAapHAHTHBIE OTHOCHUTEIBbHO mpeobpazoBanuit JlexaHapa, T.e. HE3aBHCHUMbBIE OT BbIOOpa
TEPMOJMHAMUYECKOTO MOTeHnuana. J[ius paccMarpuBaeMoOi CHCTEMbI PACCUUTAHBI COOTBETCTBYIOIINE METPUKUA U
CKaJISIPHBIE KPUBH3HBI, 4 TAKXKe OMNHCaHbl UX CBOWCTBA. C MOMONIBIO rojorpaduyeckoro mojaxoaa B pabore ObLI
0OHapYKEH HOBBIM THUI KBAHTOBOM KHUIAKOCTH. TeIIOEMKOCTh, MOJTYYEHHOW B 3TOH paboTe KUAKOCTH, IPU HU3KUX
TeMIepaTypax 3aBHCHT OT Temmeparyphl ~ T°. B kauecTBe TepMOAMHAMUYECKOrO HOTEHLMAla Opanach SHTPOIMS,
3aBUCSAIIAs OT TEMITEPATYPHI M OApUOHHOM TIOTHOCTH. [TosTyueHsl 3-MepHBIe rpagKy, Ha KOTOPBIX XOPOIIO BUIHO, PU
KaKdX 3HAYEHHUSIX TEPMOJUHAMHUYECKUX MEPEMEHHBIX CKAISIPHbIE KPUBU3HBI CTPEMSTCS K OECKOHEUHOCTH WM K HYJIIO,
YTO yKa3bIBAE€T HAa BO3MOXKHbIE (PA30BBIE MEPEXOJBI U HA BO3MOKHYIO KOMITCHCAIMIO B3aMMOJEUCTBHI KBaHTOBBIMH
a¢deKTaMu COOTBETCTBEHHO.

IMoka3zaHo, 4To 00a BapuaHTa METPUK B JAHHOM CJIy4ae MPUBOIAT K OAHOMY M TOMY K€ BBIBOJY OTHOCHTEIBHO
PAcCIONIOKEH ST JTUHUIM BO3MOXHBIX (Da30BBIX MEPEXOJ0B B PACCMOTPEHHOU ToNorpaguyeckoil CUCTeMe C HyJIEBBIM
3BYKOM.

KaioueBble ciioBa: reoMeTpOTepMOANHAMUKA, MpeobdpazoBanust JlexaHapa, METPUUECKUI TEH30p, CKaJsIpHAs
KPHUBH3HA, TOJIOrpapuIecKue TyalbHOCTH, HYJI€BOM 3BYK.
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T'OJIOTPAGUSIIBIK JIYAJIBJIIK OJICITEH CUIIATTAJIFAH HOJIIIK AbIEBICHI BAP )KYWETE
TEOMETPUSUIBIK TEPMOJINHAMUKAHBI KOJIJIAHY

TepMoarHaMHUKa T€OMETPHACH SIICI asiChIHAA OYJI )KYMBICTA TOJIOrpadUsIIbIK JAyaIbIiK 9/1iCTIeH O0JKaHFaH HOJIIK
JIBIOBICEI Oap KYHeHiH Tere-TeHAIK KYHIeri aidyaH TYpJUIriHIH KacueTrepi 3eprreinni. Jlexanap TypieHaipyiepine
KaTBICTBl WHBAapHAHTTBHl HOTIDKENEp TEPMOJMHAMUKANIBIK MOTEHIMAIBl TaHaayra Toyencis ecentemingi. Ochl
KapacThIPBUIBIIN OTHIPFaH )KyHe YIIiH THICTI METpUKaJIAp MEH CKaJIspJIbl KUCHIKTAp €CENTENiHIl, KACHeTTePi CUIIATTAJIIBI.

205



https://doi.org/10.32014/2019.2518-1726.39

