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SOLUTION OF THE NONLINEAR STATIONARY PROBLEM OF THE BAROCLINIC OCEAN BY
THE FICTITIOUS DOMAIN METHOD

Abstract

Modeling is a key tool for understanding physical processes, analyzing the global spatial and temporal
structure of the ocean, its interaction with the atmosphere, and regional variability in marine and ocean systems.
Models also play an important role in processing and assimilating data from field observations. The
development of mathematical modeling of ocean dynamics, which has more than a century of experience, has
led to a significant increase in understanding of the physical processes occurring in the marine environment,
as well as improved methods and models for their analysis. In addition, in recent years there has been increasing
interest in studying the patterns of baroclinic fields, disturbances, and anomalies in the ocean, including the
analysis of observational data, theoretical studies of the propagation of disturbances in a simplified oceanic
environment, and numerical modeling. The basic principles of the theory of the baroclinic layer in the ocean
can be derived from a complete set of primitive equations, including horizontal projections of the momentum
balance equations, the hydrostatic equation, the mass conservation equation, the heat and salt diffusion
equations, and the equation of state. This article discusses the fictitious domain method for the nonlinear
stationary problem of the Baroclinic Ocean. A generalized solution to the problem is given and its uniqueness
is proved. The theorem of existence and convergence of solutions to approximate models obtained using the
fictitious domain method are studied.

Keywords: fictitious domain method, hydrodynamics, oceanology, viscous fluid, irregular domain,
stationary problems, Baroclinic Ocean.
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PEINEHWE HEJTUHEWMHOMN CTAIIMOHAPHOM 3AJIAUN BAPOKJIMHHOT'O OKEAHA
METO/J1O0OM ®UKTHUBHbIX OBJIACTEM

Annomayus

MonenupoBaHue SBISIETCS KITFOYEBEIM HHCTPYMEHTOM JUISI OCMBICIICHUS (PH3UYECKUX MTPOLIECCOB, aHATN3a
BCEMHUPHON MPOCTPAHCTBEHHO-BPEMEHHOW CTPYKTYphl OKEaHa, €ro B3auMOJCHCTBUS ¢ atMocdepod u
PErHOHAILHOM M3MEHYMBOCTH MOPCKHX M OKEaHHYECKHUX CHCTeM. MOJENH TaKkKe UIPaloT BaXKHYIO POJib B
00paboTKe U ACCUMIJIALIMY JaHHBIX M3 HATYPHBIX HA0IFOIeHN . Pa3BUTHE MaTeMaTHYECKOTO MOICTUPOBAHUS
JUHAMHUKH OKE€aHa, MMEIONIero 0oJiee 4YeM CTOJETHHUN ONBIT, NMPUBEIO K 3HAYUTEIHLHOMY YTIIYOJICHUIO
MOHMMaHUs (PU3NYECKUX MPOIIECCOB, MPOUCXOISIIINX B MOPCKOM Cpefie, a TAKKe K YIYUIICHHUI0 METOIOB U
Mojeiae ux aHanuza. [loMMMO 3TOro, B IMOCJCAHHUE TOJbl YCHIMBACTCS HHTEPEC K HCCIICIOBAHHUIO
3aKOHOMEPHOCTEH OapOKIMHHBIX TOJICH, BO3MYIICHHWI M aHOMAIWW B OKEaHe, BKIIIOYAas aHAINU3 JaHHBIX
HaOIIO/ICHUH, TEOPETUIECKOE UCCIICOBAHNE PACTIPOCTPAHECHHUSI BOMYIIIEHUI B YIIPOIIEHHOW OKEaHUYEeCKON
cpelie ¥ YuciaeHHOe MojiesinpoBanue. OCHOBHBIC PHUHIIUITBI TEOPUH OAPOKIMHHOTO CJIOS B OKEAHE MOTYT OBITh
BBIBEJICHBI M3 IOJHOI0 Habopa NPUMUTHUBHBIX YPaBHEHHUH, BKIIIOUYAIOIIMX T'OPU30HTAJIbHBIC IPOSKIIUN
ypaBHEHUI OanaHca KOJIMYECTBA JBIDKEHUS, YpaBHEHUE TUAPOCTATUKU, YPABHEHHE COXPAHEHHSI MAacCChI,
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ypaBHeHUs AuQdy3un Teria U COJH, a TAKKE YpaBHEHUE COCTOSHUS. B JmaHHON cTaThe paccMmarpuBacTcs
MeToA (PUKTHBHBIX OOJacTedl Iyl HEIMHEWHOH CTalMOHApHOW 3amadu OapOKIIMHHOTO OKeaHa. Jlaercs
0000I1IeHHOE PEelIeHUE 3a4a41 1 T0Ka3bIBaeTCs €ro €AUHCTBEHHOCTD. VccnenoBanbl TeopeMa CyieCTBOBAHHS
Y CXOJMMOCTH PEIICHUS MPUOIMKEHHBIX MOJICIICH, MOTyYEHHBIX C MOMOIIBIO METO/1a (PUKTUBHBIX 00JIACTEH.

KaioueBble cioBa: meron (UKTUBHBIX 0O0JACTEW, THAPOIWHAMEKA, OKEAHOJOTHS, BSA3Kas JKUAKOCTH,
HeperyJsipHas 00JacTb, CTallHOHAPHBIE 331a9H, OApPOKIHMHHBIN OKeaH.
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BAPOKJ/IMHAI MYXUTTBIH CBI3BIKThI EMEC CTAIIUOHAPJIBIK ECEBIH KAJIFAH
AUMAKTBIK OAICIMEH HIEITY

Anoamna

Monenbaey (GU3MKaIbIK MPOLECTEPi TYCIHYAIH, MYXUTTBIH FaJllaMJBIK KCHICTIKTIK OHE YaKbITTBIK
KYPBUIBIMBIH, OHBIH aTMoc(epaMeH OpEeKeTTeCyiH MOHE TEHI3 JKOHE MYXHUT JKyHenepiHaeri aiMakThIK
©3TePMEITLIIITIH TaJIayIbIH HETi3T1 KypaJbl OOIBI Ta0bIIaabl. MoAenbaep JanaiblK OaKbluIayaapaH alTbIHFaH
JEpeKTep/Il eHACY MEH aCCHMUJIAIMsIIAYIa Ja MaHBI3IbI peil aTkapansl. Faceipman actam Taxipubeci Oap
MYXUT JMHAMUKAChIH MAaTEMaTHKAJIBIK MOJCIIBIACY/IH J1aMybl TCHI3 OpTachIHAa OOJIBIN KaTKaH (PU3UKAIBIK
MpolecTepAl TYCIHYAIH aWTapibIKTail apTyblHA, COHIAM-aK ONlapAbl TaJIayIblH oJicTepi MEH YITiUIepiHiH
xeTinmipinyine okenmi. COHBIMEH Karap, COHFBI KbUINAPhl MYXHUTTarbl OapOKIWHAI ©picTepIiH
3aHJIBUIBIKTAPBIH, OY3bLIYJIap MEH aHOMAJIHSIIAP bl 3ePTTEYTe, COHBIH illIiH/e OaKpLUIay ACPEKTEPiH TAJIayFa,
KCHIUIICTUITEH MYXWUTTBIK OpTaja OY3bUTyJdapAblH TapajdyblH TEOPUSIIBIK 3EPTTEYre JKOHE CaHJIBIK
MOJIETIB/ICYTEe KBI3BIFYIIBUIBIK apTyaa. MyXuTTarel OapoKIHHAI KabaT TEOPUSCHIHBIH HETi3Ti MPUHIUNTEpi
HMMITYJIbC TENe-TeHAIK TEHACYJICPIHIH TOPU30HTANbh MPOCKIUIIAPBIH, THAPOCTATHUKANBIK TEHICYICP],
MaccCaHbIH CaKTaly TCHICYJIEPiH, )KbUTy MeH Ty3aapibiH nuddy3us TeHICyIepiH Koca ajiFaH/a, Kapabanbip
TEHJEYJIEePAiIH TONBIK KUBIHTHIFBIHAH alIbIHYBl MYMKIH. KYH TeHIeyi. by Makamana OapOoKIMHIII MYXUTTHIH
CBI3BIKTHI €MEC CTAIlMOHAPJIBIK MACEJICC] YIIIIH JKaJIFaH JOMEH 9JIiCI TaJIKbUIaHabl. MoCeNeHIH KallllblJIaHFaH
IICIIIMI KEJITIpLIiN, OHbIH Oipereiiri gonenaeHeni. JKajgraH JOMEH 9JiCi apKbUIbl aJbIHFAH JKYBIKTAJIFaH
MOJIeJIbIepre mermimMaep iy 6ap 00yl )KOHE KUHAKTHUIBIFBI TEOPEMACHI 3epTTENE/I].

Tyitin ce3mep: sxanran aiiMakTap 9J1ici, THAPOIUHAMUKA, OKEAHOJIOTHSI, TYTKBIP CYHBIKTBIK, TYPAKTHI €MEC
JIOMEH, CTallMOHAPJIBIK eCenTep, OapOKIMHII MYXHT.

Introduction

The study of the processes that shape the global flow of seas and oceans, as well as the creation of
mathematical models for analyzing the dynamics of the World Ocean and its regions, is an important
area of modern research. Modeling is a key tool for understanding physical processes, analyzing the
global spatial and temporal structure of the ocean, its interaction with the atmosphere, and regional
variability in marine and ocean systems. Models also play an important role in the processing and
assimilation of data from field observations [1-2]. The development of mathematical modeling of
ocean dynamics, which has more than a century of experience, has led to a significant increase in
understanding of the physical processes occurring in the marine environment, as well as improved
methods and models for their analysis. In particular, the question of the relationship between
barotropic and baroclinic components in the dynamics of sea currents, first posed in the mid-20th
century by P.S. Lineikin and remaining significant to this day, remains relevant [3]. In addition, in
recent years there has been increasing interest in studying the patterns of baroclinic fields,
disturbances, and anomalies in the ocean, including the analysis of observational data, theoretical
studies of the propagation of disturbances in a simplified oceanic environment, and numerical
modeling. The study of ocean anomalies includes the analysis of remote connections and the
formation of baroclinic and barotropic responses in areas remote from sources of external influences.
For example, significant results have been obtained on the links between variability in the tropical
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Pacific Ocean and variations in Antarctic ice extent. The physical mechanisms responsible for remote
connections in the ocean and in the system of interaction with the atmosphere have been studied.

The concept of the baroclinic layer as a surface boundary layer located under the Ekman friction
layer was a key idea in the studies of P.S. Lineikin [4]. Because the density of the upper ocean usually
depends on temperature, the baroclinic layer is often assumed to coincide with the thermocline.
However, such a comparison is not always accurate, given that seawater density is also influenced by
salinity, especially in certain marine regions, such as the Black Sea, where density stratification is
mainly determined by salinity. The basic principles of the theory of the baroclinic layer in the ocean
can be derived from a complete set of primitive equations, including horizontal projections of the
momentum balance equations, the hydrostatic equation, the mass conservation equation, the heat and
salt diffusion equations, and the equation of state.

But these equations are nonlinear, even far from areas where jet streams are concentrated.
Therefore, their analysis requires a simplification that preserves the key features of the phenomenon.
P.S. Lineikin used linearized equations of motion and an equation of state that related the density of
sea water to temperature and salinity through a linear dependence [5]. Under the assumption that the
diffusion coefficients of heat and salt are identical, it is possible to replace the equations describing
changes in temperature and salinity with a single equation for the diffusion of seawater density.
However, this equation is still nonlinear and has no general solution. Further simplification is based
on the hypothesis of the existence of an underlying density stratification that depends solely on the
vertical coordinate. Assuming a constant vertical diffusion coefficient, the only way to create a stable
base stratification is a linear increase in density with depth.

Our study focuses on the numerical simulation of the steady-state problem of baroclinic ocean
motion, which is closely related to the practical problem of hydrodynamic forecasting.

Formulation of the problem
The stationary problem of the motion of a baroclinic ocean is reduced to solving the following
system of equations

(3 V)u= 62u+ p-2P
ViU = Hog oz THAR T G TR
(1)
(B-V)v = 02v+ aw—P 4y
Ve V)V =poo—5 + ulv dy u,
6u+6v+aw_ ap_ —a0+b
ox dy 09z 9z P9 p=to o
(#-V)o =2 00 a0+
v T 70952 f
P= ), A=), V= (20 2
b= (vw), U= W), =ox'3y32) (2)
with boundary conditions
ou ou .
9z ~ 9z =0, Ulap, = 0, 0l,=0 = 0l,=n =0,
z=H z=0
©)

wl,—o = Wlz=y =0, Blap, = 0, z € [0, H].

In equations (1), (2), u, v are the projections of velocity on the x and y axes, respectively (the x and
y axes are located in the horizontal plane); w — velocity projection onto the vertical (z axis directed
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downward); p — seawater density anomaly normalized to the average seawater density; p — pressure
anomaly normalized to the average density of sea water.
Using the method given in [6], system (1), (2) can be reduced to the following form
(- V)u= 62u+A 08 {’+afz d
ViV = R THER TG T Y axop‘)g z

L = d0%v o0& o (?
(v-V)v =,uoﬁ+uAv—@+{’u+Ej; Pogdz,
(4)
H
f divudz = 0,
0
- 2%6 5 z
(ﬁV)H =Aoﬁ+lA6 +f, 1})= (ulvl_jo diVﬁdZ),
9% _ 0 f dxdy =0 5
aZ - ) Dof X y - * ( )
Consider in the region Q, = Q, U Q; a problem with a small parameter
in Q,
(5 V)us = u E+,uAu‘9— 8 —{’v€+ih(x y,z,0¢)
0 9z2 ox ox T
(6)
(8- V)ve =u @+,uAv8— 8 +{’u€+ih(x y,2,0%)
0 922 dy ay T
—> 6298 =
Se £ — AGE
(v -V)o% = 4, 5,7 TS+,
in Q,
- 0%u® u 0&e
SE . £ — — € _
(v V)u Uo 572 +€Au ax
- 0%ve 0&¢
3E £ — ZAvE —
(V8- V)ve = po oz T 5
()
. 0%6¢ 1
DE £ _ ~AQE
(DE-V)0E = 2 5,7 t2A0%,
H afs
f divuédz = 0, B (), =0, f &¢dxdy =0,
0 0z D
2
with terms of agreement
ﬁglaDo = 0'
ll ou® iz ﬁl [ oue g ﬁl
—u——&¢- =|lp——¢-7 ’
e o0n o5 on oD}
(8)
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oz ot ,
—| =7 =0 #@lp,=0, ze€[0H]
z=H z=0
6el., —o 100° _oo°
0Do = & 07_1) aDy - 07_1) aDg'.

0%),=0 = 0%],=p = 0, 0€|6D2 = 0.

Definition 1. A generalized solution to problem (6)-(8) is a pair of functions (%, 8¢) such that
Ut(x,y,z) € Vi (Q,), 6% € Wi (Q,), satisfying the integral identities

f u(9°V) gdxdydz + f O 09 dydz +
2 @dxdydz + ug o, 92 02 y
9)
™ f VeV Gdxdydz + & f VeV Gdxdydz +
‘QO & Ql
+f [tup, — tvep ]l dxdydz = | hdivg dxdydz,
Qo o
- 26¢ 0y
f 6¢(¢ - V)ydxdydz + A, —dxdydz + A1 | VOVidxdydz +
Q q, 0z 0z Q
2 2 0
(10)

A
+ - J VOeVY dxdydz = | fidxdydz,
€ Ql QO

forany @(x,y,z) € V1 (Q,), ¥(x,y,2) € W7 (Q,).

Definition 2. A strong solution to problem (6)-(8) is the function i (x, y, z) € WZ(Q;) N
VAQ), VE(x,y,2) € L,(Q;), i=0,1andB8%(x,y,z) € W2(Q;) nWL(Q,), satisfying (6)-(8)
almost everywhere.

Let us obtain a priori estimates for the solution of problem (6), (8). To do this, in (9), (10) we set
@,y equal to u%, 8¢, respectively. We have

2

6178 —e2 H =El12
Uo 9z + pllVu “LZ(QO) +Ellvu ||L2(Q1) +
L,(Q2)
06¢ z enz2 A g112
+o || 5 +AVO°lIL, 0 + Z IVO°IIL, 0 <

Ly(Q3) (11)

< C[”h”iz(go) + ||f||iz(go)] =C; < co.
By virtue of the maximum principle for the elliptic equation we have

|0 <M < o0
Moreover, M does not depend on «.
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Next, we multiply the first two equations (6), (7) by % (22 66—128) scalarly in L,(Q,). As a result of
integration by parts we have

0%u*® < ou® 0%u*®

2
a, 07° "7 T 9

— 2 —

aovus u avu¢

+,uJ. z? dxdydz + —f z? dxdydz +
Q 0z €Jq, 0z

ouc 20238
2Vh 2z 57 +z 572 dxdydz.

oo, O ous
(vEV)us —| 22 dxdydz = p, dxdydz +
Q, 0z z

(12)

+.f azad'_"sddd+f
Qfazzaz ivu®dxdydz .
2

Let us estimate the integrals on the right side as follows:

j aza£+Vh 2 aas+ O dxdydz =
, Ho 522 oz 77 ggz ) HVEE=

| >
Ly(Q2)

7€

0z

2:2¢
> @ z? 0

—dxdydz — ¢ (“Vh”Lz(Qz) T

o .0
f EEZ FP div ¢ dxdydz = 0.

Now let's evaluate the terms on the left side. Given the ratio
ous o ( ,out\ o[ ,(ous\’\ 220 (ouc\’
dz 0z d 0z _62 0z 20z\ oz /]’
Z
f f (ug
Q, Jo
a’s
- o[ s ) as(

2 2
1 ou
Fp > dxdydz — = (ux + vy)z < Fp > dxdydz <
( 1
<cl|l=
z

Taking into account Hardy's inequality [7]

1 z
HEL (uf; + vj)dz

2
<c [
La(023)

we have

Ju¢ 0 Zaﬁgddd—
0z OZZ 0z xayaz =

7€

—>£2

z
f (uf; + vj)dz
0

+ ||Vu® “LZ(QZ)> H

Ly(Q2) Ly(Q2)

< o5 + )1,

Lp(Q2)
multiplicative

a*e
az

+ [[vae|

”Z—Vu
L,(Q5) L2(Q3)

Lz(Qz)]'
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and Young's inequality, we get

ffz( + )daﬁea 200 hedydz <
onux vy ZaZ azzaz xdydz <

o)
<A
2

2

ouc

+ o8 vaE, o |17

Ly (9-2) LZ (QZ)

9 Gue
Zaz

Ly(Q2)
The remaining terms are evaluated similarly. Thus, from (12) it follows the estimate

0%us d 2
o J.Qz 72 ( o7 > dxdydz + u fﬂo (E Vuf) z?dxdydz +

u J__
+—f (— Vu£> z?dxdydz < C, < oo.
, \0z

&

Using it, we estimate the following quantity

2

Se  Te|? T =el2 ‘ € £ ou*
f |(v -V)u | dx < ||(u®-V)u ”Lz(ﬂz) + f (ux+vy)dz- P ;
Q2 0 L2(92)
1 3
1(* € £ =e 5 £ 3 o 0uf Soell?
e repad <o Y 0 [T I,
0 Ly (Q2) i=0 Ly(9)

<

< cZn*anzm) < 6Zn*fnwzm) s,

— — 2 — 2 — 2 — 2 — 2
18 - Ve |2, q,, < 88112, g, - IVEENIZ, ) < CZI'US||L4(Qi) IVEEN2, o <
i=0

CZ ( V=1, o ||af||W2m) +(IVEE2, g, )) < 5Z”ﬁ€”w2(n) + 5.

The obtained relations for sufficiently small 6 and Theorem 1 from [1] allow us to establish the
inequality

0211 . 1 . o .
7, IV Ny 00) + £ IV28E N0y < € (lo V|, ot ||h||L2(QZ))
<C (13)

Estimates (12) and (13) allow us to prove the following theorem using the Galerkin method.
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Theorem 1.

A) Let f(x,y,z) € W;1(Q,), p, q be such that ﬁ(x, y,z,¢) belongs to L, (Q,), if ¢ € L,(Q,).
Then problem (6)-(8) has at least one generalized solution and estimates (11) and

Haes
0z

1
+ VO, ) + = IVOEIlL, @) < Cs (14)
Ly(Q2) €

B) If f(x,y,2) € L,(Qp), 3Q, dQ, c C? the functions p, q are such that Vh(x,y, z, 8%, p) €
L,(Q,) if @ € W(Q,). Then the generalized solution to problem (6)-(8) is strong and estimates
(13) and

0%0¢
0z2

1
+ 19261, 0 + = IV26%1L 0, < Co 1)
Ly(Q)

C) Let f(x,y,z), h(x,y, z) be sufficiently small. Then the following estimate holds
18 — Ul ) + 16° = Ollwa,y < Cr (16)

Proof. The first two points of the theorem are a consequence of estimates (11), (13) and the
theory of boundary value problems for parabolic equations.

From estimates (11), (13)-(15) it follows that from the sequence u¢, 8¢ we can select a sequence
ug, 0 strongly converging in V1 (Q,) and W, (Q,) respectively. Passing to the limit in identities
(9), (10), written for ug, 8z, we establish that the limit of this sequence is the solution of problem
3)-(5).

Let us estimate the speed of convergence. To do this, assume that different values of the small
parameter ,, £, correspond to the solutions u®t, 841 and u®2, 842, Let us introduce the notation
U — %2 = WE, 951 — 622 = 5, D& — 2 = We,

Relations (9), (10) lead to identities for the functions w#, n®

kL

—8

N . - ow
[-aez (% -9)5 — (5% - F)p + o

09 o
. —(pl dxdydz + u f VWeéVedxdydz +

) 0z 0z Q
(17)
Vuét  Vufz\ _ —
+,u] < — )V(pdxdydz+J ({’-W, (p)dxdydz
o, \ & & Qo
= f [h(6%2) — h(6%1)] div @ dxdydz.
Qo
= L = on® oy
A& . _ & &1 . - —_—
fnz[ 0 (w V)t/) n (v V)lp+lo 57 aZ]dxdydz+
(18)
Ve Vo*2

& &

+2 [ VeV dxdydz + 2 (
Q4

)Vv,bdxdydz = 0.
Qo

Let us put in (17), (18) @ = W<, = ne. As a result we have
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— 2
WA e 5 (0 - V) Wedxdydz| +
9z K La(00) = y
L2(Q2) {1z
(19)
+  max, 0Ih’[ af® + (1 — a)0%2]| - Inéll,, qy||divive ||L2(QO)
+ f [h(6%1) — h(6%2)] div(u®t — u®2)dxdydz|,
Qq
y) on® +/1||§n5||2 < J 0% (we - V)ndxdydz (20)
0 0z Lo (Q) L2(Qo) — Q,

Let us evaluate the integrals on the right side of (19), (20).

f £2(W V)ngxdydz<(jmax|u£2| ||V W£||

2

Ly(Q)

[we- V|| <

f 0% (we - V)n*dxdydz < Cmax|6°%| - 197°11,, 0

Qo
1

03
||Vr] ||L (Q)+—maxlt9£2| ||V Wg||

2 Ly(Q9)

f 7.7.51 (WS . v\)Wdedde = f a£1 [(ﬁ£1 _ ﬁEz) . V] (1781 _ agz)dX'deZ +
Q; Q,

I s P ow
+J usZJ (diviw) dz - — dxdydz;
qQ 0 0z

j e (@ - %) - V) (@ — @) dxdydz < max|@s | [|W], o [[VW]
2

Qz L2 (QZ) ’

L(Q2)

oI
] ] (dle) dz - —dxdydz < maX|u€2| C”VW”L ,(Q,)

j [h(6%1) — h(6%2)]div[u®r — u®2]dxdydz <
Q

2

< C(max|h'[16% = 6|1, 0,)) - [VWI|, o

j 62 (we V) nédxdydz = f o[ (u®r — u®2) - V](6% — 0°%2) dxdydz +

Q; Q;

z N N a &
j 6% U (div u®r — div u®2?) dzl 7
Q, 0z
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(6%2(u®r — u®2)V) (0% — 6%2)dxdydz
Q;

< max|6% [[[u®t — w1, c,) V1l c0,);
2

z 9
f pe2 l f (div @ — div 52) dzl 2 dxdydz
Q, 0 0z

< rrg)a;x|0€2| ”VW”LZ(QZ)”Vn”Lz(Qz);

(¢-W,W)dxdydz = 0. (21)
Q;
Vuér Vufz . ufr —uf2  vutz vyt _.
u.f ( — ,VW) dx = uf (V + + ,VW) dxdydz >
o, \ & & Q, & & &
> Lo 1Y vae viv >
2 1, 0~ (5~ ) W8 a9V, g 2
— 2 & t ¢ ~ ~ _
>—|vw| . === cllvae(|(Ivas| + [va]) >
& Lz(Q4) £1&
(22)
— 2 81 + 82
> _—%.C-
: W, . s, Calte)

As a result of the obtained estimates (21), (22), for small data of the problem in the norm W, has
the estimate

_ & +e
Wl q,, <€ 181822.52(51+sz)

from which follows (16) for &; and &, of the order of .

Remark 1. Similarly, we can study the boundary value problem for system (1), when at z = 0 the
condition u|,—, = 0 is set.

Conclusion

In the course of the study, the fictitious domain method for a nonlinear stationary problem was
considered

27€

L u ~ ~
(1‘5‘9 . V)u‘g = Uo 92 + pAuf — VEE + [# . u‘g]v‘g + Vh(x,y,z,0%),BQ,
(23)
. aZ & R
(v5-V)0 = 4, 5,7 TAMS+ ]
L 2¢€ 1 R
(vs . V)us = Ho753 + EuAuS —VéE, BQ,
(24)
- 0%26¢ 1
(€-V)oe = 2 5,7 T AA0°
H afs
j div uédz = 0, J &¢dxdy = 0, =0 BQ,
0 Do 0z
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subject to agreement

[u]lop, =0,  z € (0,H), (25)
1o _ our
IEM%— 'nl - =47~ 'nl - (26)
B o =0, 22 22 e, =,
oz| _, 0z| _, 2 g 0nlyps O lypy 0

were

v = | u e—fzd' usd V—(iii) 2=(40)
v-=\u-,v, Olvu Z,—ax,ay,az, = y1).

The existence theorem for a strong solution to problem (25), (26) for system (23), (24) and the
estimate

lu® =l + 16° = Ol < Ce
where u, 6 is the solution to the problem
l_'ilaﬂo = 0’ 9'090 = 0

for a system of equations of the form (23).
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