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Abstract

This work considered class singular bilinear stochastic systems in Langevin's form. The authors presented
the definition and application of apparatus, a class of pseudo-semi-inverse matrices, and, for the first time,
included Sh.S. Smagulov's initial condition for the class of singular nonlinear stochastic systems in bilinear
case. The article considers a system in the form Map «Input — Output» for a class with several inputs in the
Langevin's form. On the base of connection between Langevin's form and Volterra's form are proved the
theorem about the construction of Volterra’s model for a class of singular nonlinear stochastic systems in
bilinear case. Also, authors proved theorems about unigueness, convergence and finitely (on the base class of
nilpotent matrices of S. Li) for this Volterra's model in Ito’s form in conception of describing the system in
form Map «Input — Output» for the above class of systems, but with several inputs. As well known in the
problem statement for solving the singular system, in other investigations, initial condition stated, in our view,
is incorrect, or this condition is absent. Therefor due to Sh.S. Smagulov's initial condition and on the base
apparatus R.S. Sudakov's class of pseudo-semi-inverse matrices and using Sh.L.Sobolev's annulator can build
solutions above named of a class of singular nonlinear stochastic systems in bilinear case.
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'Kazaxckuii HAYUOHATbHBIN Nedazo2uyeckull yuusepcumem umenu Aoas, 2. Aimamet, Kazaxcman

Hamamu Illanman Cmazynosa

O PELIEHUM CUHT'YJAPHBIX BUWJIMHEMHBIX CTOXACTUHYECKHUX CUCTEM C
YCJIIOBUEM CMAI'YJIOBA

AnHomayus
B nannoit pabote paccMaTpuBaeTcs KIIacC CHHTYJISPHBIX OMITMHEWHBIX CTOXaCTUYECKUX CUCTEM B (hopme
JlamxeBeHa. ABTOpBI MPEACTaBIIN ONpEIeNIEHHE W NMPUMEHEHHE ammapara Kjiacca MCeBI0-TT0TyoO0paTHBIX
MaTpHUIl ¥ BIepBbie BBenu HavanmbHOe ycioBue III.C. CmarymoBa Juist Kjlacca CHHTYISPHBIX HEITHHEHHBIX
CTOXaCTHUYECKHX CUCTEM B OMIIMHEWHOM ciydae. B cTaThe paccmarpuBaercsi cucreMa B BHJIE OTOOpasKeHHS
«Bxon — Beixom» mis kiacca ¢ HECKOJBKHUMH BXojamu B ¢dopme JlamkeBena. Ha ocHoBe cBsizm (hopmbr
JlamxeBena u ¢opmbl Bonbreppa okasbiBaeTcs Teopema O MOCTPOSHUH Mojenu Bomnbreppa s kiacca
CHUHTYJISIPHBIX HEJTMHEWHBIX CTOXAaCTHUECKHX CHCTEM B OWJIMHEHHOM ciydae. Taxoke aBTOpaMH JOKa3aHbI
TEOopeMbI 00 eJIMHCTBEHHOCTH, CXOIMMOCTH U KOHEYHOCTH (Ha OCHOBE KJlacca HUITbIOTeHTHBIX MaTpull C. JIn)
s 3toi Mojenu Bombreppa B Gopme MTO B KOHLIENIMK OMUCAHUS CUCTEMBI B OTOOpakeHus: «Bxox —
Borxom» a1 BBIIEYTIOMSIHYTOTO KJIacca CHUCTEM, HO ¢ HECKOJIBKMMHM BXoaMu. Kak M3BECTHO, B TOCTAHOBKE
3aJla4M JUIA PEIeHHs] CHHTYISIPHBIX CHCTEM, B IPYTHUX HCCIIEIOBAHIIX, HAYaIbHOE YCIIOBUE YKa3aHO, HA HAalll
B3TJI51/I, HEBEPHO WJIM 3TO YCIOBHE BOOOmIEe oTcyTcTByeT. IloaTOoMy, Onaromapst HadaldbHOMY YCIIOBHIO
II.C. CmarynoBa 1 Ha OCHOBE ammapaTa ncesao-noxyoopatueix Marpun P.C. CynakoBa u ¢ IpuMEHEHHEM
apaynsaropa C.JI. CoboneBa MOXHO TOCTPOWUTH PEIICHHUS IS BBINICHA3BAHHOTO KJAcCa CHHTYIISIPHBIX
HEJIMHEHHBIX CTOXaCTHYECKHUX CHCTEM B OMIIMHEHHOM CITydae.
KiroueBble cjioBa: CUHTYISIpHBIC, HEMHEWHBIE, CTOXaCTUYECKUE CHCTEMbl, OMJIMHEWHbIE, HayalbHOE
yCIIOBHE, aHHYJIATOP.
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CMATI'YJIOB IAPTBIHAAYBI CUHI'YJISIPJIbI BUCBI3BIKTBI CTOXACTHKAJIBIK
KYUEJEPAI LIEITY TYPAJIBI

Anoamna

XKympicta JlamkeBeH TYpiHIAETI CHHTYJSPABI OMCBHI3BIKTHL  CTOXACTHUKANBIK OKYyHelep  Kiackl
KapacThIpbUIFaH. ABTOpJIap NICEBAO0-KapThlIail Kepi MaTpruUaiap KIACHIHBIH allapaThIHbIH aHBIKTAMAChl MEH
KOJIZIAaHBUTYBIH KENTipell >KoHEe OWCHI3BIKTBI JKaFaiIarbl CHHTYJISAPIBI CHI3BIKTHI €MeC CTOXACTHKAIIBIK
xy#enep kinacel yiid L1.C. CMarystoBThIH OacTaIlKhl IIAPTHIH aiFaml peT eHrizai. Makanana «Kipy — LLbiry»
Oelineney Typingeri JlamkeBeHHIH OipHeme Kipy ¢opMachIHAarbl Kiachl VIIIH JKYyiHe KapacThIpbLIabl.
JlamxeBeH MeH BombTeppa ¢opManapbl apachlHOaFbl OaiIaHBIC HETI3iHAE OWCBI3BIKTHI JKaFIaiIarsl
CHHTYJISIPIIBI CBI3BIKTBI €MEC CTOXACTHUKAIIBIK XKyHenep KiIacsl YiIiH BompTeppa MoaenmiHiH KYpbUTYBl Typaiibl
Teopema nonenaeneni. CoHpaii-ak, OipHemie Kipyneri korapbiia atanraH skyhenepre «Kipy — Ibiry»
Oelineney cunarray KoHuenuusicbiHna MWro Typingeri BonbTeppanblH ocbl Mopaeni YIIiH Oipereuiik,
KUHAKTBUTBIK KoHE aKbIpibUIbIK (C. JInmiH HUNBIIOTEHTTI MaTpuIaiap KJIachkl HETi3iHIIEe) Typaibl TYHIHAEp
nonenaeHin Oepineni. benrimi OGomraHmail, O6acka 3epTTeyiepAe CHUHTYISPIBI Kyhenepai menry eceOiHiy
KOMBUTYBIH/IA, O13/1iH OMBIMBI3IIA, KOPCETUITCH 0acTalKbl MIapThl TYPBIC EMEC HeMece OYJI IIapT MYJLIE JKOK.
Conppikran, I.C. CMaryioBThIH Oactankpl mapThl apKbuiel, P.C. CymakoBTBIH TICEBAO-KAPTHUIAH Kepi
Matpunaiap ammapatsl Heriziage xoHe C.JI. CoOoneBTiH aHHYNMATOPBIH MaiiIalaHbIl, XOFaphla aTajaFaH
OWCBHI3BIKTHI JKaFIalIarbl CUHTYISPIBI CHI3BIKTHI €MeC CTOXAaCTHKAJBIK KYHeslep KIACBIHBIH MIeIliMACpiH
TYpFBI3YyFa OOJambI.

Tyiiin ce3aep: CUHTYISAPIBI, CBI3BIKTHI €MEC, CTOXACTHKAJIBIK JKYHenep, OUCBHI3BIKTHI, OacTarKbl MIapThl,
AQHHYJISTOPEI.

Main provisions

In the work author stated of the initial condition of Sh.S. Smagulov in the form of a theorem. Also,
in the article presented analytical solution of singular, deterministic, stochastic bilinear systems in
Langevin's form based on applying a class of pseudo-semi-inverse matrices with the S.L. Sobolev's
annulator used. The system's transition from Langevin's to Ito's form is based on transformation
formulas. Solution of singular, deterministic, stochastic bilinear systems is constructed as Volterra's
model based on the theory of Volterra's series. The research of Volterra's model is presented as an
infinite series on finiteness properties based on applying a nilpotent class forming a Lie algebra. The
uniqueness of the Volterra's series proved.

Introduction

The relevance of the research problem presented in this article lies in the fact that there are
currently no:

1. Methods of analytical solution of classes of singular systems. However, the world solves the
class mentioned above of systems by numerical methods depending on their class.

2. In many studies of classes of singular systems, the state vector is deterministic and singular
systems practically lack an initial condition. However, due to the dynamism property, such an initial
condition must necessarily be present. On the other hand, in many studies, the initial condition is
present, but in our opinion, it is set incorrectly, due to the active action of the matrix (our operator,
representing a degenerate or rectangular shape on the system, automatically generates its actions on
the initial condition. The correct setting of initial conditions is crucial for the accurate analysis and
control of singular systems, a point we will further elaborate on in this article.

Based on the above, this paper's research topics are very relevant.

The research presented in this article aims to develop a new analytical method for solving classes
of deterministic, stochastic bilinear systems with the properties of singularity (descriptor) and non-
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incorrectness based on the initial condition of Sh.S. Smagulov, apparatus of pseudo—semi—inverse
matrices, and theory of Volterra's series.

Research methodology

The problem of analytically solving singular, deterministic, stochastic billing systems rests on the
solution of the following tasks.

1. The initial condition setting for this class of systems needs to be more correct.

2. Properties of the singularity of the system automatically determine properties of the
incorrectness of this system.

In connection with the above, we can state that the methodology of solving problems formulated
in this work is divided into two stages. The first stage eliminates the disadvantages of setting the
initial condition, which is generally absent, or the authors ignore the properties of the systems
dynamism. The second stage of the study consists of the following sequences of steps.

Step 1. Analytical solution of singular, deterministic, stochastic bilinear systems, Langevin's
formula presented.

Step 2. The system transition mentioned above from Langevin's form to Ito's form.

Step 3. Constructing solutions of singular, deterministic, stochastic bilinear systems in the form of
Volterra's model.

Step 4. A study of Volterra's model presented as an infinite series on finiteness properties.

Step 5. A study of Volterra's model presented as an infinite series on uniqueness properties.

Results of the study

As previously noted, the methodology for solving the problems formulated in this work is divided
into two stages.

In the first stage, the initial condition of Sh.S. Smagulov formulated in the form of a theorem of
the same name. In the second stage, at the first step, the analytical solution of singular, deterministic,
stochastic bilinear systems presented in Langevin's form based on applying a class of pseudo-semi-
inverse matrices with the S.L. Sobolev's annular used. The system's transition from Langevin's to Ito's
form in the second step is based on transformation formulas. In the third step, the solution of singular,
deterministic, stochastic bilinear systems is constructed as Volterra's model based on the theory of
Volterra's series. In the fourth step, the study of Volterra's model is presented as an infinite series on
finiteness properties based on applying a nilpotent class forming a Lie algebra. In the fifth step, the
uniqueness of the Volterra's series proved.

The device pseudo inverse Moore — Penrose's matrices were presented for the first time in [1]. In
[2], Sobolev's matrices are given, and S.L. Sobolev's theorem for the solution of systems of algebraic
equations, which was also used in [1]. In [3], the theory of the class mentioned above of nonlinear
pseudo-semi—inverse matrices for the first time presented matrices of R.S. Sudakov and her
application to problems of an assessment of the reliability of systems. In [3], the remark is made that
pseudo the return matrices; it is difficult to use the theory in several tasks from linear algebra.

The definition of Drazin matrices in [4] introduced a unique class of matrices, characterized by
their nilpotent structure. Their application to the solution of nonlinear singular differential equations,
using the theorem of S. L. Sobolev, was also discussed. It's important to note that the Drazin matrices
form a distinct and narrow class with properties that are not commutative, as mentioned in [3] for
pseudo-inverse matrices.

Now, we present an analysis of Stochastic Realization Methods. From it [4,5] came a great idea
"to formulate the realization theory of stochastic processes in the same natural way as it is done in
the case of deterministic systems. "In this direction, one of the most profound studies of linear discrete
stochastic implementation problems was done in [6]. The first stage of the algorithm for solving this
problem is to solve the well-known problem of linear deterministic implementation [7] for the case
when parameters are set in the "weighting function”. In the second step, we solve the problem of
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spectral factorization, which is completed by solving the algebraic Riccati equation. You can specify
a number of papers that have used this idea [8,9]; however, in the studies mentioned above.

In [10], the control problem of switched singular systems was investigated, with the aim of
compressing their inconsistent state jumps when a switch occurs between two different singular
subsystems. In [11], a definition of a transform was presented, which reformulates a system with
delays into a singular linear system of differential equations. This transform is significant as it
introduces non-square constant matrices with a greater number of columns than rows. In engineering
applications, the complexity increase implies that the accuracy of these systems cannot be adequately
described by linear singular systems, posing a significant challenge that this research aims to address.

Proving the results valid for complex-valued functions could be considered to be a future problem.
Moreover, as done in [11], we can consider analyzing a system with delay by reformulating it into a
singular linear system of differential equations as future work. We believe that the results of this paper
are of great significance for the relevant community and can be used, for instance, to investigate
switched singular time-delay systems. The authors explored the singular system within a category of
DEs with multiple delays in his work documented in [11].

It [12] was developed and summarizes the results of previous studies for non-stationary time-
continuous linear stochastic systems. The focus is on the probabilistic aspects, the conclusion of the
natural representation of the process state as the state of the stochastic limited "input-output” display,
and the implementation as a "representation of the update release".

Imposed on the process conditions, it may be time-dependent and can lead to realization of larger
dimensions. Classes of fixed order models (“guaranteed models") were defined as having a common
correlation matrix of combined vector's outputs in the range of determination greater than or equal to
the correlation matrix of the process. This approach is not just theoretical, but also applied in the
practical problem of detecting the smallest order models of high-order correlation matrices in
numerical form, making it highly relevant to real-world problems.

Wiener's theory was used to prove the theorem of stochastic nonlinear realization existence in
Hilbert's space. Its analysis critically depends on the assumption that Volterra's kernels are set to
update the representation of the output process, as the problem of definition of these kernels is non-
trivial.

It [13] presented the initial condition for the Aver-Stokes equation. These ideas were developed
further [14-18].

Discussion

The basic definitions of the theory of pseudo- semi-inverse matrices.
Definition 1. For the matrix E of dimension m by n, the matrix

E€ is called a pseudo semi-inverse matrix if the following relationship

E = EE°E, (1)
Definition 2. Matrix R is called left S. L. Sobolev's annulator, if

R=1—-EE*
In presented algorithms for finding the pseudo semi-inverse matrices, but not the only way.

Mathematical formulation of the problem
Consider the Singular Bilinear Stochastic System of the Langevin's form

Ex(t) = Ax(t) + Bx(t)U(t)
Ex(ty) = Ex, (2)

y(t) = Vx(t) (3)
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where A, B — square matrices, dimensional m x n, x(t) —n-dimensional vector-column , C- the
row of identical dimensionalities, U(t) — standard Wiener process. For system (2)- (3) required to find
the Map "Input-Output”. Input U(t) and Output Y(t) can be measured at any moment of time.

det (E) =0.

It is supposed, that processes x(t) is independent for all ¢, t,, t; and the matrix Q = Exyx}

Sh.S. Smagulov's Theorem 1 Initial condition for class of singular deterministic and stochastics
systems presented by formula (2).

Proof: We use properties of action singular operator on system.

Theorem 1 is proved.

Definition 3. Condition (2) called Sh.S. Smagulov's initial condition for singular systems.

Theorem 2. For Singular Bilinear Stochastic Systems (2) — (3) with n there exists mathematical
model by following form:

Where
A1=EC'A, Bl=EC'B, BZ=I—EC'E (5)

E°€ — Pseudo-semi-inverse matrix;
V(&) — constant vector,
If and only if

E-E°(Ax(t) + ByxU(t)) = Ax(t) + BxU(t) (6)

Proof:
Suppose, that (4) is true. Multiplying of both parts of equation (4) in left on matrix E, we have

Ex(t) = E(A;x(t) + Byx()U(t)) + E(I — E°E)
or
Ex(t) = EE¢(Ax(t) + Bx(t)U(t)) + E-EEE
Since
E = EE°E

According to condition (6), we obtain following equation
Ex(t) = Ax(t) + Bx(t)U(t)

Theorem 2 is proved.

On the basis of Theorem 2, we use the representation of the system (2) as (4).

Problem state

Required to find the solution of system (2) - (3) in Langevin's form with several inputs due to the
transformation we can receive in the form of Volterra's stochastic series in Ito's form or receive Map
«input-output» and investigate its uniqueness, convergence and finite properties.4

Central to our analysis are one-dimensional centered random variables, which we consider as the
norm for convergence in our study.

HIE [Efz The convergence of n-dimensional variables

N = (M1 s M)
is defined by norm
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lInll =
norm of matrix random variables
§ = (&)
is defined as operaturny norm of the type:
€1l = sup g # 0 L.
Where
I'=(lig;10

On the basis of Theorem 1, we use the representation of the system (2) as (4).

Problem state

It is required to find the solution of system (4) - (3) in the form of Volterra's stochastic series or
receive Map «input-output» and investigate its uniqueness, convergence and finite properties.

The solution to the problem is not just a mere result but a profound revelation, as it follows from
the following theorem.

Theorem 3. For the stochastic bilinear system (2) - (3) in Langevin's form with several inputs there
is only unique solution presented in the form of Volterra's series: in Ito’s form

o t re ej_ _ _ .
y(@) = cetxg + T2 XL oo ;)n=1fo fol fo tcedltenedleme g e Aleiamen) (7)

0o m t req rej—q
xodWj(ey) ...dW,(ey) + Z Z f f f CeA(t—e)BjeA(e1—ez)
i=14=j=1Jg Jo Jo

B; ..eAlei1—er) - xodW;(ey) ...dW;(e;)

which uniformly converges under a sufficient condition: for any matrices 4, B;(i = 1, ..., m), x,
and any fixed t, exists € > 0,
and thatatany B;(i =1, ....m):

IBill <& (i=1,..,m), (8)

which is finite, if the set of matrices is nilpotent (Lie’s algebra).

Proof analogously as proof for deterministic bilinear systems (See [14]).

Proof: We consider system in form Map «Input — Outputy for class of systems, but with several
inputs in the Langevin's form. Using connection between Langevin's form and Volterra's form.
(See [14]).

The construction of Volterra's model.

Applying Ito's formula of stochastic differentiation we have:

dd(e tx(t)) = e™tdt — Ae~"tx(t)dt = e~ 4¢(dx — Axdt) = e 4O (T, Bix()dW;(t)) (9)
Integrating both parts, we obtain:

e Atx(t) —xo = XN, fote_AeBix(e)dWi(e) (10)
From here
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x(t) = e x, + XN, fOteA(t_e)Bix(e)dWi(e) (11)

The right-hand part of the integral equation (10) denoted through G where the operator G — acts
from the space of all Gaussian processes with the norm sup|x(&)|| on the interval (0,t) in himself.
For the solution of the equation (11) we write it in a recurrent form:

x®K+D (1) = eAtxy + YN, foteA(t_e)Bix(k)(e)dWi(e) (12)

To the equation (12) we apply the method of consecutive approximation, and then we obtain:

N
xD(t) = edtxy +
=1

t
f eAt=4)B. x,dW;(e)
0

l

N t
x@(t) = ettx, + Z f eAt=)B.xW(e)dW;(e) = eAx, +

i=10 i

o0 N t re re
+Z z f f f eAt=eV)B.eAer=e2) . B dW; (e,)dW;(ey)
i=1 j=1Jo Jo Jo

Finally directing
k — oo, we have:

N t
feA(t_e)BieAelxodWi(e)
=19

e t rt ti— _ _
X(£) = cetxy + N2 S, SN, L[5 [ eAt-en g g aee) (13)
j e F D

BpeA(ei—l_ef)deWi(el) de(ep) + -
o0 N t req rej—q

+ Z Z ] ] j eAlt=eVpeAli=ep,  eAlei-1=edy dW(e,) ...dW;(e;)
i=14j=1Jo Jo Yo

From here we have (8).

Notation. Representation (13) contains from real and stochastic of parts. However, in this case,
members obtained by way of conversion from Langevin's form to Volterra's form are contained in
real part of formula (13). Likewise, we use formulas (5).

Uniqueness

To prove the uniqueness, we address the operator equation (11).

If the coefficients of the equation (11) are measurable functions on a Hilbert space and the fact
that:

t
Elln,(t) = ny (&) — || < ¢ | [I1&2(e) —&1(e)||*de
t
where ’
ll€1| = sup|1€°11%,
we have:
t

E||G(x2)(®) = Gx)(®)]]* < Cf E||x,(e) — x1(e)||* de
to
Integrating this assessment, we have:
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E|1G*(x2) (1) = G*(x) ()11 SfEIIGA(Zz)(e)—GA(Zz)(e)II2

to

2( _ )T
<c ft delft E||xy(e) — x.(e)||* de < —.||xz —x|]?
And then by induction:
[1GT () () = G (x) (B)]|* < @II% —x|[?
Thus, for sufficiently large r the inequality is:
cet) o,

r!

then the corresponding map G is squeezing. This implies the existence of a unique fixed point G
of the map that is unique (if we identify processes and, that is stochastically equivalent processes).

Conclusion

On the results of this work, we can present the following conclusions:

1. We considered bilinear stochastic singular systems in Langevin's form, which is very
ineffective for investigating deterministic nonlinear singular systems.

2. In this work, authors presented the definition and application of apparatus, a new class of
pseudo-semi-inverse matrices.

3. Asis well known, in the problem statement for solving singular systems, the initial condition
stated in our view is noncorrect, or this condition is absent. For the first time, including Sh. S.
Smagulov's initial condition for a class of singular nonlinear stochastic systems in bilinear case.

4. This work considered a system as a Map «Input - Output» for a class of systems but with
several inputs in Langevin's form.

5.  We considered the connection between Langevin's form and Volterra's form.

6. Inabilinear case, we proved the theorem about constructing Volterra's model for a class of
singular nonlinear stochastic systems.

7. Also, the authors proved theorems about uniqueness, convergence, and finiteness (on the class
of nilpotent matrices of S. Li) for VVolterra's models in Ito’s form in conception of describing a system
in form Map «Input - Output» for the aforementioned class of systems, but with several inputs.

8. Due to Sh. S. Smagulov's initial and on-the-base apparatus R.S. Sudakov's class of pseudo-
semi-inverse matrices and use S. L. Sobolev's annulator, we can construct solutions above the name
of a class of singular nonlinear stochastic systems in bilinear case.

9. In future, we can solve problems realization, identification, and deterministic and stochastic
nonlinear singular systems.
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