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JONSSON EXISTENTIALLY CLOSED UNARS OF EXPANDED SIGNATURE

Abstract

Being one of the important parts of fundamental mathematics, Model Theory is a young subject for modern
researchers in this area. However, according to the last obtained results, this discipline will play a crucial role
in the future of mathematical science. As well-known, the name "Model Theory" was introduced in 1954. It is
important to distinguish that classical Model Theory introduces concepts based on considering complete
theories. The given article is dedicated to the research of Jonsson theories of unars. Jonsson theories are,
generally speaking, not complete. Hence, the results obtained in this article are strengthened. Firstly, we
considered the theory of all unars and a class of existentially closed models of this theory. Secondly, we
expanded the signature of unars that contains only one unary functional symbol by a new unary predicate and
constants. Thirdly, we obtained some results concerning the universals and primitives of considered theory’s
existentially closed Jonsson unars. Since we are using the new methodology (so-called semantic method) for
the research of Jonsson existentially closed unars. Semantic methods consist of transferring properties of fixed
complete theory to considered Jonsson theory.

Keywords: model theory, Jonsson theory, semantic model, unar, existentially closed unar, universals,
primitives.
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KEHEUTUIT'EH CUTHATYPAJIAFBI HOHCOH/BIK DK3UCTEHIHHUAJI/IbI TYUBIK
YHAPJIAP

Anoamna

Mogenbaep TeopusChl, PyHIAMEHTAJIbI MATEMATUKAHBIH MaHbI31bl O0JIIKTEepiHIH Oipi 00J1a OTHIPHII, OCHI
caylajiaFbl 3aMaHayd 3epTTEYIILIep apachlHa jKac OarbIT OONBIN TAOBUIAJbI, OipaK ajbIHFAH HOTHXKEIIEPre
coiikec OyJ1 OaFpIT MaTeMaTHKa FHUIBIMBIHBIH OOJTalIaFbIHIA ©T€ MAaHBI3BI POJI aTKAPAThIH ceKiyui. benrimi
OoyFaHgai, «MOJETBACP TEOPUACHD aTaybl 1954 xbinbl eHrisiireH. Kiaccukanblk MOJAEIBIACP TEOPHSICHI,
TOJIBIK, TEOPUSIIAP]IBI KAPACTHIPYFa HET13/IeITeH YFBIMAAP/IBIH KipicIieci AeT aXKbIpaTy MaHbI3abl. by makana,
YHapJIap/blH HOHCOH/IBIK TCOPHSUIAPBIH 3epTTEeyre OarbITTAIFaH. NoHCOHIBIK TeopusIap, Kalbl aUTKaH/a,
TOJIBIK eMec OOJIBIN caHanaabl. JleMek, Oyi1 MaKaiaia alibIHFaH HOTIHOKEJIEP HEFYPIIbIM HBIFAUTBUIFAH JIECEK Te
Oosanel. EH angbiMeH, OapiiblK HOHCOHIBIK YHApIIap TEOPUSCHIH MKOHE OCHI TEOPUSHBIH DK3UCTCHIMAIIIBI
TYHBIK MOJICJIBACP KIaChIH KapaCThIPABIK. EKIHIIIIEH, TeK JKaJFbi3, Oip OPBIHIBI ()YHKIIMOHAJIBI CUMBOJIIaH
TYpaThIH YHApJIAp CUTHATYPACHIH, %aHa Oip OPBIHIbI MPEIUKATTHIK KOHE KOHCTAHTAIBIK CUMBOJIZAP aPKbIIbI
KEeHEHTTIK. YIiHIIiIeH, 013 KapacThIPbIIFAaH TEOPHUSHBIH 3K3UCTECHIMAITBI TYHBIK HOHCOH/IBIK YHAPIAPBIHBIH
YHHUBEpCAJIbl J)KOHE MPUMUTHUBIHE KATBICThI KEHOIP HOTHXKEJEPre KOJ JKETKi3MiK. DK3UCTEHIMAIIbI TYHBIK
WOHCOH/BIK yHapJjapAbl 3epTTeyJec CEMAHTUKAIBIK OMiC JIEN aTalaThblH JKaHa OJICHAMAaHBI KOJIJaHBIT
OTBHIPFaHJIBIKTaH, OYJT 9/IiCTIH HETi3Ti HJIESCHIH alllbII )Ka3CcaK - OCKITUITeH TOJBIK TEOPHSUIAP.IbIH KACUETTEePIH
KapacThIPBUIBII OTHIPFAH HOHCOH/IBIK TEOPHUsAFa TachiMaiay OOJIbI TaObLIaIbI.

Tyiiin ce3mep: MojenbIep TEOPHUACHI, HOHCOHIBIK TEOPUs, CEMAaHTUKAJBIK MOIEIb, YyHap,
SK3UCTEHITUAIIB TYUBIK YHAp, YHUBEPCAIAAp, IPUMHUTUBTED.
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'Kaparanguuckuii yauepcutet uMm. akagemuka E.A. Bykerosa, . Kaparanna, Kazactan
MOHCOHOBCKHUE SK3UCTEHIUAJIBHO 3AMKHYTBIE YHAPHI PACIIMPEHHOI
CUTHATYPBI

Annomayus

Byayuu oHMM 13 BaXHBIX pa3/ienoB (pyHIaMEHTAIBHON MaTEeMaTHKH, TEOPHsI MOJICIICH SBIISICTCSI MOJIOI0M
TEMOW COBpPEMEHHBIX HCCIeIoBaTeNiell B STOW OOJACTH, HO IO TOCIEIHHUM IONydeHHBIM pe3ylbTaTaMm
Ka)KeTCsl, UTO 3Ta AUCIHIDINHA OyJIeT UTPaTh OYeHb BAXKHYIO POJIb B OyAyIeM MareMaTndeckoi Haykn. Kak
W3BECTHO, Ha3BaHHe "Teopus mozeneii”" Obuto BBeACHO B 1954 roay. BakHO OTMETHTH, 4TO KiacCHYECKas
Teopus. MOJENed BBOAUT TMOHATHSA, OCHOBAaHHBIE HAa PACCMOTPEHUHU IOJHBIX Teopui. JlaHHas cTaThs
MTOCBSIIIIEHA WCCIIEJOBAHUI0O HOHCOHOBCKHUX TEOPHH YHApOB. NouconoBckue TEOpHH, BOOOITIE TOBOPS, HE
SIBIISTIOTCS TIONMHBIMU. [103TOMY pe3ynbTaThl, OJYyYCHHBIC B JAHHOW CTAThe, SIBIISIOTCS 0OJIee YCHIICHHBIMHU.
Bo-niepBBIX, MBI pacCMOTpENIH TEOPHUIO BCEX YHAPOB U KIJIACC SK3UCTCHIMATHHO 3aMKHYTBHIX MOJIENEH 3TOM
Teopuu. Bo-BTOpBIX, MBI paCIIUPHUIN CHTHATYPY YHApOB, COJEPXKalINX TOJIBKO OIWH YHApPHBIA
(hYHKITMOHANBHBII CHMBOJI, 32 CYET HOBOTO OJHOMECTHOTO TNpeAWKaTa W KOHCTAaHT. U, B-TpeThHX, MBI
TIOJTYYHJIA HEKOTOPBIE PE3yIbTAThI, KACAIOIINECS YHUBEPCAJIOB M MPUMUTHUBOB SK3UCTEHITHATHHO 3aMKHYTHIX
MOHCOHOBCKUX YHApOB paccMaTpuBaeMoi Teopuu. [I0CKONBKY MBI HCIIONIB3yeM HOBYIO METOMOJIOTHIO (Tak
HAa3bIBAEMBIH CEMaHTHYECKHH METOM) ISl HCCIECNOBAHHS AK3MCTEHIIHAIIEHO 3aMKHYTBIX HOHCOHOBCKHUX
yHapoB. CeMaHTHYECKUE METO/IbI 3aKJIFOYAIOTCS B MEPEHOCE CBOWCTB (DMKCHPOBAHHOM MOJHOW TEOPUHU Ha
paccMaTpuBacMyr0 HOHCOHOBCKYIO TEOPHUIO.

KuruesBble ciaoBa: Tteopuss Mopeneld, HOHCOHOBCKAasi TEOpHs, CEMaHTHYECKass MOJENIb, YHap,
SK3UCTEHIIUAIEHO 3aMKHYTHIA YHADP, YHHBEPCAIIBI, IPUMHUTHBEI.

Main provisions

The main idea of the paper was to study properties of universals and primitives of unars in the new
expanded signature. As a conclusion of the research it was proved that the expansion of one unary
functional symbol signature by new constant symbol and unary predicate symbol doesn’t influence
the Jonssonness of the unars’ theories, moreover such theories will be hereditary. As a result, the
authors proved three theorems concerning: the equality of new Jonsson universal of unars and its
center; the relations between new Jonsson universals, their centers and semantic models; two
equivalent conditions on new Jonsson primitives of unars.

Introduction

The study of any algebraic system is strongly connected with the study of the theory that deduces
the sentences true on it. The unars are one of the simple algebraic systems. In the given article, we
consider a more complicated case of unars in the frame of expanded signature and three kinds of their
theories: the theory of all unars, universals and primitives [1].

Since we are working in terms of Jonsson theories that are, generally speaking, not complete, we
need to recall the results concerning the complete theory of unars.

Yu.Ye. Shishmaryev obtained the foundational results in this field. In 1972, Yu.Ye. Shishmaryev
[2] proved three theorems concerning the complete unars theory with infinite models. The author
defined the conditions that should be satisfied for the limited theory to be categorical in countable
and uncountable power and for the non-limited theory to be categorical in uncountable power. In
work [3], A.A. Ivanov concluded that the elementary theory of unars is decidable. In work [4], A.A.
Ivanov obtained the results on strongly ultra-homogeneous unar; this result is connected with defining
the criterion on the admission of quantifier elimination in the complete theory of unars, in the
elementary theory of unars, as well as with the fact that every complete limited or not limited theory
of unars that has an infinite model is not finitely axiomatising. A.N. Ryaskin, in work [5], counted
the number of models of complete theories of unars and, in work [6], obtained the properties of the
finite hull for complete unars theory. In work [7], Leo Markus obtained the criteria for the case when
a model M of language L, is minimal and consists of prime or non-prime components. L, consists of
a unary function symbol and a relation symbol (equality). The main theorem of [7] is based on that
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criteria and states that if T has a minimal model which is not prime, then T has 2%’ non-isomorphic
minimal models. In the work [8], the author obtained beneficial results on relations between two
components, i.e., the equivalence conditions and disjoint union criterion.

The study of the Jonsson theory of unars starts from the works of Professor T.G. Mustafin.

The characteristic of the semantic model of unars was obtained in the work [1] by Yeshkeyev A.R.
and Mustafin T.G. In the work [9], it was proved that the Jonsson theory of unars is perfect. It is well-
known that categorical Jonsson theories are perfect. With this moment, it will be interesting to pay
attention to the following result regarding the categoricity phenomena of a complete theory of unars.

Corollary 1. [10] Theory of unars is w,-categorical if and only if it is quasi-similar to the theory
of infinity sets (without any structure).

Because of the later corollary, it is necessary to note the following. In order to describe some class
of particular algebraic systems defined in the corresponding model-theoretic language, there may be
no characteristic in the corresponding language.

The generalisation of the theories and consideration of classes are given in the works [11, 12]. We
worked in the frame of the same language of unars and with the same characteristics as in [1] and
researched the behaviour of classes constructed by introducing the cosemanticness relation on the
Robinson spectrum from the semantic Jonsson quasivariety of universal unars.

On the other hand, it is important to note that the theory of all unars is Jonsson theory of S-acts
over cyclic monoid. In a particular case, we can consider the models of such theory in the form of the
algebraic system {M; f}remy, i.e. M X M > M, where M is a cyclic monoid.

f.(a) =a foree Mand all a € M;

fapy(@ = fu(fp(@)) foralla € Mandall o, § € M.

As a cyclic monoid, we understand any homomorphic image of a free monoid with one generator.
Obviously, any cyclic monoid is isomorphic to a cyclic group, either obtained by outer inclusion of
unity to cyclic semigroup.

The conditions, when we can call a cyclic S-act free, flat or projective, are described in the
work [13].

A monoid S is called a stabiliser (superstabiliser, w-stabiliser) if Th(A) is stable (superstable, w-
stable) for any S-act A over S. In the [10], it is noted that from the [8], Shelah noticed that cyclic
monoids are superstabilisers.

Theorem 1. [10] A monoid S is a superstabiliser if and only if S is a quite ordered monoid.

The description of Jonsson S-acts over a group with its respective invariants of semantic models
is obtained in the work [14]. There is proof that if the theory of S-acts has an infinity model, then
three conditions are equivalent: the theory is inductive and has JEP (joint embedding property) and
AP (amalgamation property).

In the work [15], we obtained the cosemanticness conditions of classes constructed by introducing
the cosemanticness relation on the Positive Jonsson spectrum from a fixed class of S-acts over the

group.

Research Methodology

Jonsson theory of unars. We will work in the frame of Jonsson theories, which are, generally
speaking, not complete. Let us recall its definition.

Definition 1. [16] A theory T is said to be Jonsson, if:

1) T has at least one infinite model;

2) T is Y3-axiomatising;

3) T has JEP property;

4) T has AP property.
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Let T, be the theory of all unars of given language L of the signature ¢ =< f > where f is a
unary functional symbol. Therefore, the theory T of all unars is empty (the axiom set of the theory
IS an empty set). It was noted in the work [17] that any empty theory of arbitrary signature is Jonsson
theory. From this fact, we can conclude that the theory T, of all unars is Jonsson theory. Nevertheless,
we can prove immediately that this fact is true.

Theorem 2. The theory T, of all unars is Jonsson theory.

Proof. To prove that fact, we need to use the following theorem:

Theorem 3. [17] Inductive theory T is Jonsson if and only if there is a semantic model of theory T.

Evidently, an empty theory is universal; hence, it is inductive. Let us give the definition of a
semantic model of Jonsson theory.

Definition 2. [18] Let T be a Jonsson theory. A model C; of power 2¢ is said to be a semantic
model of the theory T if C; is a w™-homogeneous w™-universal model of the theory T.

In other words, to prove Theorem 2, it is sufficient to construct a semantic model of the theory T,.

===
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Figure 1. The semantic model of the theory T, of all unars.
In colour, different models are embedded in the semantic model.

Theorem 2 is proven.

We will denote the semantic model of the theory T, as €. Consequently, the definition of the
center of Jonsson theory immediately follows from Definition 2.

Definition 3 [18] The elementary theory of a semantic model of the Jonsson theory T is called the
center of this theory. The center is denoted by T*, i.e. Th(C) = T".

Since Ty, is Jonsson, it has its own center. Let us denote it as Ty;. By Definition 3, T;; = Th(C) is
the elementary theory of semantic model € that is complete. Therefore, all the results from [2-6]
apply to Ty,.

Let 2 be some unar, i.e. the model of signature o =< f >. Let f°(x) = x, f™"**(x) = f(f™(x)),
n € w. Since each model of the Jonsson theory embeds into its semantic model by Definition 2, the
following fact is true.

Lemma 1. [1] For any unar 2, the following is satisfied:

A =T < Aembeds in C.

Elements a, b € A are called A-connected in the set X < A if there exist natural numbers m and n
such that f™(a) = f™(b) and f°(a) = f™(a),f°(b),...,f"(b) €X.

The set X is called 2 -connected if any two elements from X are 2 -connected. A subsystem
B < A, whose carrier is the maximal 2 -connected subset of carrier 2L, is called a component in 2.
If B isacomponentinsystem A, thentheset {a € B: A = (f™*(a) = a)} forsome n € w iscalled
a cycle of a component.
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Let us write down the unique connections between the elements of the component in the form of
3 -formulas:

1) the property of the elements to be at "the beginning of the cycle of component™: ®f(z) =
PM(2)&IYy-P(¥)&f () = z, where @™(2) = (f*(2) = 2)&(f(2) # 2) ... (f"(2) # 2);

2) "x has no less than k different immediate predecessors™. Oy (x) = 3xy,..., I (Ajzjck Xi #
X AN f(x) = x);

3) "there are exactly k different elements between x and the beginning of the cycle of
component™ Wi (x) = 3z3Ay; .. Ay (Aiejex (Vi 2 Y3) AL = Y ANS ) # fDien) A
D5 (2) A f(yi) = 2).

An unar is called Jonsson if it is a model of some Jonsson theory.

Lemma 2. Let T, be Jonsson theory of all unars, and 9t be its component. 9t is a component of
theory T, ifandonlyif 9 € Ey , where Et, isaclass of existentially closed models of theory T,.

Proof. In order to prove the lemma, we need to use the following facts:

Theorem 5. [19] Every elementary class is the union of its components.

Let Eg, be an elementary class of signature o =< f >, where f is a unary functional symbol
and I € Eq,. Eq, is a class of models of Th(ETU), and Th(ETU) is a set of all formulas held
in Er,.

Lemma 3. [19] Suppose M is an elementary class and V' is a component of SM'. Then, there
exists A € M such that V' = 0.

By Lemma 3, there exists B € Et, such that 20t belongs to a universal class generated by B,

and we will denote this class as Mod (Tth (23)); Thqr(B) is a set of all quantifier-free formulas

holding in B. Moreover, according to Lemma 3, we have the following fact: Mod (Tth(%)) is a

component of the class of substructures of Er,. The existence of such B is guaranteed by the fact
that we can always consider T, = Th(€) as a set of all quantifier-free formulas holding in a
semantic model € of Jonsson theory of all unars.

Lemma 4. [19] Suppose M is an elementary class.

(i) If Vv is a component of SM, then N N M is a component of M and S(V N M) = N.

(i) If v is a component of M, then SV is a component of SM and V' = M N SN.

Therefore, by Lemma 4, Mod (Tth(SB)) N E, is a component of Ex,,.

The lemma is proven. m

Jonsson universals and primitives of unars. In this section, we will work with Jonsson universals
and primitives of unars. Let us recall their definitions starting from the following.

Definition 4. [1] V is II; U X, i.e. V isa collection of all universal or existential formulas.

Definition 5. [1] 1) If T = Ty, then Ty is said to be universal;

2) If T = Ty, then the theory T is said to be primitive.

l.e. the theory T is universal if it consists of its universal conclusions; the theory T is primitive
if it consists of its universal or existential formulas. It is easy to see that Ty, € Ty and Ty = Th(C).

The connection between two Jonsson universals concerning their centres and semantic models is
presented in the following proposition.

Proposition 1. [1] Let Ty, and Ty, be Jonsson universals. Then the following conditions are
equivalent:

1) Ty, =Ty,

2) @Tvl = GTVZ;

3) Ty, =Ty,.

As we can see, the three conditions are equivalent: two Jonsson universals are equal, their centers
are equal, and their semantic models are isomorphic to each other.
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Since we have already proved that the theory of unars is Jonsson, it turned out that this Jonsson
theory is perfect. Let us recall the definition of perfect Jonsson theory from the work [18].

Definition 6. [18] A Jonsson theory T is called perfect if its semantic model € is w™-saturated.

Consequently, we have the following theorem regarding the property of the center of perfect
Jonsson theory.

Theorem 6. [20] Let T be a Jonsson theory. Then, for any model U € E;, the theory T°() is
Jonsson, where T°(2) = Thy5 ().

We can see that in the case of the perfectness of Jonsson theory T its center T* is also a perfect
Jonsson theory. The following theorem is a criterion of perfectness of Jonsson theory.

Theorem 7. [18] Let T be arbitrary Jonsson theory, then the following conditions are equivalent:

1) Theory T is perfect;

2) T* isthe model completion of theory T.

The following theorem is proven in the work [9] and is crucial for the main result of this section.

Theorem 8. [9] Let T be Jonsson universal of unars, and T™* be its center. Then

1) T isthe model completion of T;

2) T* admits quantifier elimination (i.e. submodel complete);

3) T* is w -stable.

Let Ty be Jonsson universal of unars, Cr, its semantic model, and Ty its center. Thus, by virtue
of Theorem 7, since it was proven in work [9] that T,; is a model completion of Ty, and Theorem 6
states that in this case, an arbitrary Jonsson theory is perfect, the Jonsson universal of unars Ty is
perfect Jonsson theory.

Let us consider first-order language L of the signature o =< f > where f is a unary functional
symbol and expand it by symbols of new constant ¢ and predicate P.

Let ¢” = o Uo’,where 0 =< f >, o' = (P1,c). We consider a theory T, in the new expanded
signature ¢’ as follows:

Ty = Ty U Thy(Cr, ) u {P,c}u P (o).

a € P*(Cr,)uP(c)

Here, P! is anew unary predicate symbol, {P!, €} is an infinite set of sentences, which express
the fact that in G, the predicate P! distinguishes existentially closed submodel of Cr,, ie.
P(Cr) =M, M€ E,, M is an existentially closed model (Jonsson existentially closed unar),
Er, is a class of existentially closed models of theory Ty,.

The existence of such structure 90t is shown according to the Tarski-Vaught Test. The test states
that such elementary extension 8B exists for substructure A that % < B. Hence, A <3, B A is
existentially closed in 8. Hence, It <3, Cr,.

Let us consider whether the new theory Ty in the newly expanded signature will be a Jonsson
theory. The following definition may be useful.

Definition 7. [21] A Jonsson theory is said to be hereditary if, in any of its permissible expansion,
it preserves the Jonssonness.

Let us consider T, as it was described above.

Theorem 9. If Jonsson theory of unars T, is perfect Jonsson theory, T, is its hereditary expansion,
then T, is also perfect Jonsson theory of unars.

Proof. Let Ty be perfect Jonsson theory of unars, and Gy, is its semantic model. We introduce
the permissible expansion into the original signature as described above and obtain a new theory
denoted as Ty. By the work [22], the expansion is permissible when it is concluded by a predicate
that distinguishes an existentially closed model. Therefore, by Definition 11, the Ty, is, in fact, Jonsson
theory. Hence, a semantic model of theory T, exists according to Theorem 3, which we will denote
as Cr,.
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Let us denote the center of T, as follows:

Ty =Th(Cr,) =Th(Cr,c.a) . &)

By Definition 6, we have that the semantic model €y, of theory T, is w™ -saturated.

Hence, Cr, = p., where p, is a main type consisting of formulas with new constants c.

Suppose Ty, is not perfect Jonsson theory; hence, @Tv is not w™ -saturated. It means there exists a
type b E=px, X € Cr, |X| <w?, beX suchthat €, ¥ py. Thus, it will be realised in some
elementary expansion E’Tv. If we restrict @’Tv/a’, we get €'z, , which is an elementary expansion
of €, suchthat €'y, & py.l.e. b € €5, however, b ¢ Cr.Cr, is the w*-saturated model since
Ty is the perfect Jonsson theory of unars. Therefore, Cr, F py andb € Cr,. The same elements
will realise the same type. We get the contradiction.

Hence, ETV is also w* -saturated, and T, is perfect Jonsson theory of unars. The theorem is
proven.

Let ¢” = o U o', where 0 =< f >,0’' = (P, c). We consider a theory Ty in the new expanded
signature ¢’ as follows:

TV = Ty VU Thv((gTv, a)aepl((s V) {Pl, g} V) Pl(C).

Tg JUP1(0)
Here, P! is a new unary predicate symbol, {P1,<} is an infinite set of sentences, which express
the fact that in Cr, the predicate P! distinguishes existentially closed submodel of Cr,, i€
Pl(GTV) =M, M € Er,, M is an existentially closed model (Jonsson existentially closed unar),
Er, is a class of existentially closed models of theory Ty.
It is easy to see that Ty 2 T, and Theorem 9 applies to considered Ty. Hence, Ty is the perfect
Jonsson primitive of unars; we will denote its center as Ty and its semantic model as @TV.

Results of the study

The following theorems were obtained.

Theorem 10. Let Ty be Jonsson primitive of unars, Ty be its center, then T, = Ty.

Proof. Since Ty < Ty, then it is obvious that T\, € 7. Let us prove the inverse inclusion by the
contradiction. Suppose that ¢ € Ty\T,. Let ¢ = Vxy(x). Since Ty + ¢ is incorrect, then Ty U
{—¢@} is a consistent theory. Let A E Ty U {—¢}. Then A E Ix—P(x), A = Ty. Due to the
w™ —universality of the model @TV, we can assume that A < ETV, where @TV is the semantic model
of Ty and €, = Ty. Let @ € U suchthat A = —y(@). Since the formula —p(X) contains no
quantifiers, €, = —(a). However, ¢ € Ty and €, & Ty, so €, & ¢, thatis, €, E Vi (X).
We have a contradiction.

The theorem is proved. i

Theorem 11. Let Tvl, TVZ be Jonsson universals of unars, @Tvl'ETvz be their semantic models,

and Tvz, TV; be their centers correspondingly. Then the following conditions are equivalent:

2) @Tvl = CCTVZ;

3) Tvl = TVZ'

Proof. 1) = 2) = 3) trivial.

3)= 1) Using_‘l’heorem 10, we have T‘il =Ty, =Ty, = T\p' B O

Lemmab5. Let Ty be aJonsson theory, Ty be its center, and Ty be such atheory that Ty € Ty <
Ty5. Then Ty is also a Jonsson theory.
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Proof. It is easy to see that @TV isalsoa Ty -universal Ty -homogeneous model of the V3 -theory
of Ty. Hence, Ty is Jonsson.

The lemma is proved. m

Theorem 12. Let Ty be aJonsson primitive of unars. Then the following conditions are equivalent:

1) Ty is a maximal Jonsson primitive of unars;

2) The theory of Ty is complete with respect to V.

Proof. 1) = 2). Let ¢ € V. Suppose that Ty + ¢ is false and Ty + —¢ is false. Furthermore, let
Y be one of the formulas ¢, ~¢ such that Ty & Ty U {yp} € Ty5. By Lemma 6, Ty U {3y} is a
Jonsson primitive theory. It contradicts the maximality of Ty.

2)= 1). Let ¢ € V and Ty U {¢} be consistent by the completeness of Ty with respectto V we
have Ty + ¢. Then, Ty is a maximal primitive.

The theorem is proved. o

Proposition 2. 1) Every Jonsson universal of unars T, is complete with respect to V and is a
maximal universal.

2) There exists a maximal Jonsson universal T, which is not V -complete.

Proof. 1) The proof is the same as 2) = 1) of Theorem 12.

2) Let o be an empty signature, and Ty, be the theory of all models of this signature. Obviously, Ty,
is the only, and hence maximal, universal Jonsson theory. However, T, is not V complete since Ty +
xy(x # y) isfalse,and T, + Vxy(x = y) is also false.

The proposition is proved. i

Discussion

The article does not consider positive Model Theory in terms of studying Jonsson theories.
However, the authors are interested in researching considered unars and corresponding S-acts in the
frame of positive Jonsson theories. One can consider the works [23, 24] to research a given field. As
well as it is of interest to research the hereditary Jonsson theories of unars in the newly expanded
signature in terms of consideration of their Jonsson spectrum and semantic Jonsson quasivariety.

Conclusion

Despite a Jonsson unar being the simplest algebraic system, obtained results play an important role
in the research of Jonsson theory. The article proves several significant facts, such as:

1) The theory of all unars is Jonsson theory;

2) The theory of all unars and the new universal of unars in the expanded signature coincide with
their respective centers;

3) A component of the semantic model of the theory of all unars is an existentially closed Jonsson
unar;

4) The newly obtained theories of the newly expanded signature granted that expansion is
permissible are hereditary Jonsson theories.

Besides the listed results, we have proved in which cases new primitives and new universals are
complete with respect to the set of all existential or all universal sentences and found the properties
of equality of two universals with respect to their semantic models and centers.

Obtained results serve as a foundation for researching the unars in terms of positive Jonsson
theories, their Jonsson spectrum and semantic Jonsson quasivariety, and considering an unar as an S-
act over cyclic monoid.
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