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Abstract

The article considers direct and inverse problems of a system of nonlinear differential equations. Such problems are
often found in various fields of science, especially in medicine, chemistry and economics. One of the main methods for
solving nonlinear differential equations is the numerical method. The initial direct problem is solved by the Rune-Kutta
method with second accuracy and graphs of the numerical solution are shown. The inverse problem of finding the
coefficients of a system of nonlinear differential equations with additional information on solving the direct problem is
posed. The numerical solution of this inverse problem is reduced to minimizing the objective functional. One of the
methods that is applicable to nonsmooth and noisy functionals, unconditional optimization of the functional of several
variables, which does not use the gradient of the functional, is the Nelder-Mead method. The article presents the Neller-
Mead algorithm. And also a numerical solution of the inverse problem is shown.
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2. Cepixbaes amvinoasvl Llvizvic Kazaxkcman memaexemmix mexnuxanvlk yuueepcumemi, Ockemen K, Kasaxkcman
JAPOEPEHIMAJIBIK TEHJEYJEP )KYXAECI YIIIH KEPI ECENTI CAH/BIK LIELTY

Makasaza ChI3BIKTBI eMecC TU(GepeHIMANIBIK TCHICYICP KYHECIHIH Typa JXKoHE Kepi ecentepi KapacThIPbUIAIbI.
MyHnaii ecentep KOHBUIBIMBI FBUIBIMHBIH OpPTYPJIi cajaiapblH/a, Scipece MEAMIMHA, XUMHsI, SKOHOMHKA cajajapblHaa
xwi ke3geceni. ChI3BIKTH eMec qudQepeHInanIbpIK TeHACYIep I MICITYAiH HeTi3T1 TociiaepiHi 0ipi CaHABIK TOCIIT OOIBIT
TabbUTabl. bactamkel Typa ecenti Pyare-KyTTa omiciMeH eKiHIIi AoMIIKTe MICNTiTy1 KOPCETIIIL, TpadUKTepi KEATIPLITeH.
Typa ecen mrenrimMi Typajbl KOCBIMINIA aKMapaThl apKbUIBl OCPUITeH CHI3BIKTHI eMec MudepeHIHanIblK TeHICYIep
KyHeciHiH ko3dduruenTTepin Tady kepi ecedi Koibputanpl. OCckl Kepi ecenTi caHABIK ISy MaKCcaTThl (YHIIOHAIIEI
MUHIMHMANJAHIBIPY THIMALIEY ecebiHe kentipizenmi. Teric emec, KaTemiknmeH OepinreH OipHeme aiHBIMAIEBI
(YHKIMOHAIBl MIAPTCHI3, TYBIHIBIHBI MaligananOaii MUHHUMU3ANMUIAUTBIH omicTephiH Oipi Hemmep-Mupm omici.
Makanaga Henaep-Mug anroputmi kepcetiiired. COHbIMEH KaTap Kepi eCenTiH CaH/IbIK MIeHIiMi TaObUIFaH.

Tyiiin ce3mep: canmwik I1renrim, kepi ecemn, Pynre-Kyrra omici, Hemaep-Mun omici, muddepeHimaiabik TeHaeyIep
Kyiteci.
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YUCJIEHHOE PELIEHUE OBPATHOWM 3AJIAYH AJI1 CHCTEMbBI JUPPEPEHIIUA/IbHBIX YPABHEHU

1

B cratbe paccMaTpuBaloTCs IpsAMBIE H 0OpaTHBIE 3a/1a4X CHCTEMBl HETMHEHHBIX Mu(QepeHInanbHbIX YpaBHEHUH.
Takwue 3a1a4u 4aCTO BCTPEYAIOTCS B PA3IMIHBIX 00JIACTAX HAYKH, OCOOCHHO B MEIUIIMHE, XUMHUH U SKOHOMUKe. O THUM
13 OCHOBHBIX CITOCOOOB PEIIeHUS HETMHEHHBIX U] PepeHITnaNbHBIX YPaBHEHUH SABISETCS YUCIEHHBIN MeToA. MicxoaHas
npsiMasi 3aj1a4a pemeHa MetogoM PyHre-KyTTel co BTOpOW TOYHOCTBIO M TMOKa3aHbl TpadUKH YHCICHHOTO PEIIeHHSI.
[TocraBnena oOpaTHas 3a/1a9a 0 HAXOXKJICHIH KOX(PPHUINEHTOB CHCTEMBI HETMHEHHBIX AU ((epeHInanbHbIX YpaBHeHUH
C JIOTIOJTHUTENBFHON HH(pOpMAIHel 0 PEeNICHUH MPSIMOit 3a1aun. UnCIeHHOe pelIeHus TaHHOH 00paTHOM 3ajauu cBecHa
K MUHHMU3AIUH eleBoro ¢yHKnuoHana. OMHIM W3 METOJIOB, KOTOPHIA MPUMEHHM K HETJIAJKHM U 3alTyMIIEHHBIM
¢ yHKIHOHATaM, 0€3yCIOBHOM ONTUMH3ANNHU (DYHKITOHANIA OT HECKOJIBKUX IIEPEMEHHBIX, HE UCIIONIL3YIOMINHI IpaeHTa
¢yHKIMOHANA sBIsiercs Meron Hempepa-Mupma. B cratee mpuBenen anroputm Hemnepa-Muma. A Takke MOKa3aHBI
YHCJICHHOE PEUICHUE 00paTHOI 3a1a4u.

KuroueBble cjioBa: YUCIEHHOE pellieHue, oOpaTHas 3amada, Meto] Pyrre-Kyrra, meton Hennepa-Muna, cucrema
nudhepeHIaIHbIX ypaBHEHNH.
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Introduction

One of the most important ways to understand the environment is mathematical modeling. In mathematical
modeling, a relationship is derived based on the laws of a subject area and allows you to determine the nature
of changes in the system state function depending on its parameters. The intensive development of modern
computer technologies will significantly advance the boundaries of mathematical modeling in any field of
science and technology.

For the purpose of specifying the given mathematical models the various inverse problems for finding the
model parameters are put. Solving the inverse problem can be considered as a complex task. Currently,
different gradient, empirical or different combinations of them are used to solve the inverse problem.

Problem statement
Consider the following system of differential equations [1]:

X, = [ S by (xy + xz)] X1+ agpx; — () (x)?

1+s(t) ) (1)
Xy = [az — by(xg + x2) )% + Fzét)%
where
o=yt £ler
Equation (1) is supplemented by the initial conditions
x1(0) = x40, %2(0) = x3. 3)

Numerical solution to the problem

To approximate the equations under consideration, the Runge-Kutta accuracy method is used for the second
time.

For this purpose, the time interval [0, T] is divided into a part equal to NN, with a step h = T /N. Further,
for the k-node of the grids (time step) and for the value of the currently considered functions, the following
standard notations are accepted [2]:

te = kh, x¥ = x;(te), xX¥ = x,(t)), ¥ =c(ty), k=0,1,..,N
The calculations start with the initial conditions:
X? = X10 XS = X290

In the known values of the functions searched in the k step, the values of the functions that are searched in
the intermediate step are calculated over time:

1
k+= h
2 — Lk k k
x1 —_ x1+ [a1X1 bl(xl+x2)x1 +a12x2—C (xl) ]
k4= h
2 — Lk k k kY k k
X, = X +E[a2x2—b2(x1+x2)x2 +a21x1],

After that, their values are calculated over time for the next step:
X+l = x{‘+§la1xf+é—b1<xi€+§+ x;”%) xf+1+a12x L x¥) l
HeH = yk +§la2 x;c% b, (xk+§ + x:%) x;c% g, xk 2]'

System parameter values are selected based on the limit values, see the table below:
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Table 1. Value of parameters in the problem

ai az b1 b2 an an C. % & &, N
100 100 0.5 1 1 5 2 2.2 9.5 1 10

The calculation results are shown in figure 1 (time change x1, x2) and in figure 2 (time change x1+x2).
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Figure 1 — function graphs x; (t), x, (t) Figure 2 — function graph x; (t) + x,(t)

Statement of the inverse problem
Consider a system of differential equations

{ X; = ayx; — by (% + x3)x4
Xy = ApXy — by (X1 + X2)x; + Az %y

(4)
with the initial condition

x1(0) = x40, x2(0) =0, (5)

By additional information for next (4) system solution

xl(tm) =Yim xz(tm) =Ym m=1..,M (6)

a,, b,, a,; need to determine the coefficients. Let's create the target function

M M
1@z, by, a2) = ) Galtm) = yim)* + ) (altm) = yom)?
m=1 m=1

The inverse problem consists of minimization of the target functional I. The solution of the problem will
be carried out using the Nelder-Mead method.

Nelder-Mead algorithm

The Nelder-Mid method is known as a multifaceted deformation method, it is an unconditional method for
optimizing several variable functions that do not use a derivative function, therefore it is easily used for simple
functions. The main subject of this method is the gradual displacement and deformation of a simplex around
an extremum point. The simplex is a convex polyhedral with the number of ceilingn + 1, where n is the
number of model parameters.

T
Let us consider at the k-iteration algorithm and when k = 0,1,2, ..., % =[x, xf, .., xk] , i =

1,2, ...,n 4+ 1 would be vertex and f ( x¥) is the value of the given function.
Let's denote the minimum and maximum values. And let's denote them as follows:
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F(x%) = max{f(x¥), f(x5), ... fF( %k 1)}
f(xF) =min{f(x¥), f(x5), ... f(xk1)}

The multifaceted E™ consists of n + 1 ceilings x¥, X%, ..., XX, .

The function has the highest value X without a point JZ,’§+2— we set the height by the center of gravity.

The coordinates of this meter are calculated by the formula:

1 n+1
ko _ K 2 -
Xnt2,j = E[Z Xij— xh,j] ,Jj=12,..,n.

i=1

The primary polyhedral is usually chosen as a constant simplex (from the origin to the vertex). Coordinates
can be placed in the center of gravity. has the best value E™ the vertex detection procedure consists of the
following operations:1) reflection; 2) stretching; 3) compression; 4) reduction.

1. Reflection. In accordance with the following relationships, that is, using the center of gravity f,’i“ is
the design of the point XX

“k _ =k —k —k
Xn+3 = Xpip T a( Xn+2 — xh)'
where a > 0 — reflection coefficient.

f( f,’f+3) calculate the value of the function at the found point. If the value of the function is at this point
f(xk,3) > f(xF), then we move on to the fourth part of the algorithm - the reduction operation.

If F(xk,5) < F(xF) A F(xE,5) < £(xF), perform a stretch operation.

Otherwise, if f( xX,3) < f(%%) A f(xE,3) = F(%[), then the compression operation is performed.
2. Stretching. In this operation if £( %X,5) < f( %) (less than the minimum value in the k-th period),
then vectors ( xX,5 — xX,,) lengthens according to the aspect ratio

=k —_ =~k =k =k
Xn+a = Xn42 + V( Xn+3 — xn+2)'

where y > 0 — stretching coefficient.

If £(xk.4) < f( %) then xf is replaced by and the procedure continues with the reflection operation
at k = k + 1. Otherwise, Xy replaced by XX, . and stretching operation replaced.

3. Compression. It f(&X,;) > f(xF) £(x*,)> f(x*) where Vi,i # h, then the vectors ( %X —
f,’§+2) compressed according to the formula

=k — =k =k =k
Xn+s = Xnp42 + ﬁ(xh - xn+2)'

where 0 < 8 < 1 — compression coefficient. After that, point X} replaces by x¥., and withk = k +
1. Reflection operation is performed. Search again f,’f“.
4. Reduction. If (xk,5) = f(xf), then all vectors ( xf — xF) when i = 1,2, ... (n + 1) from point

xF it doubles according to the formula below
= xF+05-(xf—xf),i=12.(n+1)

and the transition to the reflection operation is performed (at the beginning of the algorithm k = k + 1).
Rules such as other algorithms can be obtained as a stop criterion.
The following ratio is used to cancel the algorithm
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{n i T Z[f(x{‘) - f(x,’;z)]Z}l/Z <e

The selection of coefficients is usually empirical. After multifaceted massaging, its dimensions should
remain unchanged until changes in the topology require multifacetedness in another form [3].

Numerical solution of the problem of restoring report parameters
To check the performance of the algorithms, we give a clear solution

8,, =0.1,b,, =0.0L,a,, =0.0001 determine the wvalue of the experimental results
Yim = Xt ) Yom = %,(t, ), M=1,...,M. M =30. With these values, we reduce the given function. The

following parameter values are selected: T =1.0,N, =10°,a, =0.5,b, =0.01,x,, =0.1.
The results of the iteration count in accordance with the specified algorithm are shown in table 2.

Table 2. Results of iteration calculations

Iteration a, b, a,, 1(a,,b,,a,)
1 1.07466 1.01741 1.08589 3.26474e-013
2 1.07466 1.01741 1.08589 3.26474e-013
3 1.07466 1.01741 1.08589 3.26474e-013
4 1.07466 1.01741 1.08589 3.26474e-013
5 1.07466 1.01741 1.08589 3.26474e-013
6 1.07466 1.01741 1.08589 3.26474e-013
7 1.07466 1.01741 1.08589 3.26474e-013
8 1.07466 1.01741 1.08589 3.26474e-013
9 1.07466 1.01741 1.08589 3.26474e-013
10 1.07466 1.01741 1.08589 3.26474e-013
11 1.07466 1.01741 1.08589 3.26474e-013
12 1.07466 1.01741 1.08589 3.26474e-013
13 1.07466 1.01741 1.08589 3.26474e-013
14 1.07466 1.01741 1.08589 3.26474e-013
15 1.07466 1.01741 1.08589 3.26474e-013
16 1.07466 1.01741 1.08589 3.26474e-013
17 1.07466 1.01741 1.08589 3.26474e-013
18 0.0995178 0.00457442 9.98016e-005 1.95726e-014
19 0.0995178 0.00457442 9.98016e-005 1.95726e-014

20 0.0995178 0.00457442 9.98016e-005 1.95726e-014
exact 0.1 0.01 0.0001 0

As you can see from the result, search parameters are restored quickly and with high accuracy.
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