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INEQUALITY OF THE BEST ANGULAR APPROXIMATION

Abstract

The aim of the study is to analyze the best angular approximations of functions of many variables and to
estimate these approximations from above. This allows one to better understand the applicability limits of these
methods and optimize their use in problems of mathematical modeling and data analysis. In this paper, the
properties of functions of several variables were studied and approaches to their approximation using angular
approximations were proposed. Generalized Liouville—Weyl derivatives, which are used instead of classical
mixed Weyl derivatives, are considered. The concept of general monotone sequences plays an important role
in the study. The methodology includes the use of functional analysis, approximation theory, and analysis of
parameters affecting the accuracy of approximation. The main results of the work are to obtain upper bounds
for angular approximations for generalized Liouville-Weyl derivatives depending on the characteristics of the
approximated functions. The results obtained are of interest to theorists working in the field of multivariate
data analysis and mathematical modeling. The topic discussed in the article is closely related to the articles by
A.A. Konyushkov, S.B. Stechkin, M.F. Timan, M.K. Potapova, B. Simonov, S. Tikhonov.

Keywords: Lebesgue space, best approximation with multidimensional angle, trigonometric polynomial,
generalized Liouville-Weil derivative, general monotone sequences.

A.A. xymabaesal, A.E. XKernucbaesa
ULH. T'ymunes ateingarsl Eypasus ¥arTeik YHuBepcuTeTi, AcTana, Kasakcran
EH KAKBIH BYPBIIITBIK KYBIKTAYAbIH TEHCI3AIT'T

Anoamna

3epTTeyaiH MakcaThl — KONT alHBIMAITbl (DYHKIMSIIAPIBIH €H XKaKChl OYPBIMITHIK KYBIKTAYIaphIH Talaay
JKOHE OCHI JKYBIKTayJIap/IbIH )KOFapbIIaH Oaranay. bys ochl aicTep/IiH KOMTaHBLTY IIETiH KaKChIpaK TYCIHyTe
JKOHE OJIapJibl MATEMAaTHUKAJBIK MOJCBACY JKOHE JCPEKTepi Taljiay Macelelepine aiaaiany/ bl
OHTaWIaHJBIpyFa MYMKIiHIIK Oepemi. JKyMbICTBIH Oip OeJiri peTiHme Kell alHBIMAaibl (YHKIUSIAPBIHBIH
KacHeTTepl 3epTTeNAl >KoHE OYPBIIITHIK KYBIKTayJIapAbl KOJNJaHY apKbUIbl OJIAPHABI JKYBIKTAy ToCiIaepi
yeoiabuIbL. Kitaccukansik qepoec Weyl TybIHABUIapBIHBIH OPHBIHA KOJIAHBLIATHIH JKajIbuIanrad JInyBuib-
Beiinb TysIHIBIIAPEI KAPACTHIPBUIALI. 3€PTTEY IS KAJIIBl MOHOTOH/IBI Ti30CKTEP TYPaJIbl TYCIHIK MaHbI3bI
pen arkapanbl. OjnicteMe (YHKIHOHAIIBIK TalAayAbl KOJIAHY[bI, KYBIKTAy TEOPUSACHIH JKOHE XKYBIKTAY
JIQJIIITIHE 9Cep €TETiH MmapaMeTpliiepil Taiaayasl KaMTuabl. JKYMBICTBIH HETI3r1 HOTHIKEJIEPl KYbIKTAIAThIH
(GYHKIMSUIAPIBIH - CUITaTTaMajlapbiHa OalIaHbICThl JKaimnblIanFraH JInyBuiib-Belab TybIHIBLIAPHI YIIIH
OYPBIIITHIK JKYBIKTAYJIAP/IBIH JKOFAPFHI MIeKapajlapblH allyaH Typajbl. AJBIHFAH HOTIDKENED KOIeIIeMIi
NEPeKTep/l Taljlay MKoHE MAaTEMaTHKAIBIK MOJIENbIEY CallaChlHAA JKYMBIC ICTEUTIH TEOPEeTUKTEP.i
KBI3BIKTHIpaAbl. Makanaga KapacTeipeutrad TakbIpbil A.A. Kontomkos, C.b. Cteuknn, M.® Tuman, M.K.
[Noranos, b.CumonoB, C.TuxoHOB MaKallatapbIMEH THIFbI3 OAIaHBICTHI.

Tyiiin ce3nep: JleOer keHicTiri, kem emmeMai OYpBILIEH €H aKblH XKYBIKTAy, TPUTOHOMETPHUSUIBIK
KOIMYILIEIIK, )albUiaHFaH JInyBuiib-Beinb TybIHABICH, KAl MOHOTOH/IBI Ti30€K.

A.A. Ixyma6aesal, A.E. XKernucbaesa®
'Eppasniicknii Hanmonansneiii Yausepcuter umenn JI.H. l'ymunesa, r. Acrana, Kazaxcran
HEPABEHCTBO HAUJIYULIET'O YI'JIOBOI'O IIPUBJINKEHUSA

AnHomayus
Lenpro wuccnenoBaHus SBISIETCA aHATW3 HAWIYYIIMX VYIJIOBBIX NPUOMMKEHHH (QYHKIHA MHOTHX
MEPEMEHHBIX U OLICHUTb 3TH MPUOIMKEHUS CBEPXY. DTO MO3BOJISET JyUIlE MOHITH TPAaHULIBI TPUMEHUMOCTH
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JAHHBIX METOJIOB U ONTHMHU3HPOBATH UX HCIIONB30BAHUE B 3aJa4aX MaTEMaTHYECKOTO MOJEIUPOBAHUSA U
aHalM3a NaHHBIX. B paMkax paboTsl OBUTH M3Y4EHbI CBOMCTBA PYHKINH MHOTHX NIEPEMEHHBIX U IIPEII0KESHBI
MOJXO/IbI K X alIPOKCUMAIINH C HCIIOJIb30BaHUEM YTIIOBBIX NMpHONMkeHnil. PaccmarpuBarotcest 006001eHHbIE
npousBoAHbIe JInyBHILIsI—Belns, KoTopble HCIIOMB3YIOTCS BMECTO KJIACCUYECKUX CMEIIaHHBIX IPOU3BOIHBIX
Beiinsa. Baxuyro poip B HCCIEAOBAaHWM HWIPaeT IMOHITHE OOIMWX MOHOTOHHBIX ITOCIIEOBATEIHHOCTEMH.
MeTtomonorusi BKITIOYAaeT MpUMEHEHHEe (YHKIIMOHANBHOTO aHaln3a, TEOpHH TNPUOIIKEHWH W aHaln3a
MapaMeTpoB, BIMSIOMIMX HAa TOYHOCTH anmmnpokcuManuud. OCHOBHBIE pe3ybTaThl PaOOTHl 3aKIIOYAIOTCS B
MOJTy4Ye€HUH BEPXHUX OLIEHOK TSI YTIIOBBIX MPUOIMKEHUH U1 0000IIEHHBIX MPOU3BOAHBIX JInyBHss—Beiins
B 3aBUCHMOCTH OT XapaKTEPUCTHK alpPOKCUMUPYeMbIX pyHKIni. [lomydeHnble pe3ynbTaThl IPeaCcTaBIsSIOT
WHTEpEC Ul TEOPETHKOB, Pa0dOTaromMX B 00NAacTH aHalM3a MHOTOMEPHBIX AaHHBIX U MaTeMaTHYECKOTO
MoOJeNupoBaHus. Tema, oOcyxkgaemass B CTaTbe, TECHO CBsizaHa co cTarhsimMu A.A. KoHIomkoBa,
C.b. Creuknna, M.®. Tumana, M.K. ITotanosoii, b. Cumonosa, C. Tuxonosa.

KuroueBbie ciioBa: mpoctpaHcTBo JleGera, Hawmydiee NpUOIMKEHHE C MHOTOMEPHBIM  YTJIOM,
TPUTOHOMETPUYECKUI TMOMMHOM, 00o0OImeHHas mpousBoAHas JlnyBuinsa-Beitns, oOmme MOHOTOHHBIE
MOCIIEJ0BATENBHOCTH.

Basic provisions

Theories of approximation by "angle” of functions of many variables. This approximation method
gave an answer to the topical question about the constructive characteristics of classes of functions
that have a given mixed smoothness. The method was greatly developed and applied in the works of
other mathematicians. Estimating the best approximation by an angle in a multidimensional case is
related to the theory of approximation of functions and the geometry of vector spaces. The problem
of best approximation by angle is related to principal component analysis, machine learning methods
and optimization problems in convex sets.

Introduction

Modern approximation theory of functions of many variables plays an important role in
mathematics and its applications, including data processing, modeling of physical processes and
machine learning. The study of optimal approximations of functions is an important task, since it
allows not only to reduce computing resources, but also to increase the accuracy of solving problems
in various fields of science and technology.

In the context of a growing number of multidimensional problems requiring computational
approaches, the study of angular approximations of functions is especially relevant. Such
approximations provide an effective representation of complex objects with minimal deviations,
which is important for analysis, forecasting and optimization. However, many issues related to the
accuracy and limits of angular approximations remain insufficiently studied.

In this paper, an analysis of the best angular approximations of functions of many variables is
carried out using modern methods of functional analysis. Upper estimates of the best angular
approximations for the generalized Liouville-Weyl derivatives are obtained. The main goal of the
study is to develop a theoretical basis for estimating angular approximations of functions of many
variables and to identify factors affecting the effectiveness of these methods. The following
hypotheses were tested in the study: The best angular approximations for a class of functions of many
variables can be presented with upper bounds that depend on the parameters of the function. This
study lays a theoretical basis for further study of angular approximations and also offers practical
recommendations for their application in real problems.

Let f € L, ([0,2m]™) be the set of measurable functions of n variables f (xy, ..., x,), 27- periodic
in each variable, for which

1
21 21

fll, = j...flf(xl,...,xn)lpdxl wdx, | < oo, 1< p<oo.
0

0
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Let LY, be the space of functions f € L,([0,27]™) such that fOZﬂf(xl, ..., Xp)dx; = 0 for almost
al xq,...,%_1,Xj41,--, X and forall i = 1,2,...,n.

Let Ylil---lim(f)p be the best approximation of the m-dimensional angle of the function f in
variables x; ,...,x; [1],

m
it D = JFIF = D To s 1= 012,
j j=1

where Ty, is a trigonometric polynomial of order at most li]. (li]_ € N U {0}) with respect to Xi
]
andsuch that 7;, € L,([0,2n]"),1<ij<n,1<j<m<n.
J

The work is devoted to obtaining new upper bounds on the norm and best angular approximations
of functions of several variables with a generalized Liouville—Weil derivative through the best
angular approximations of the original functions.

In the one-dimensional case, inequalities for norms and best approximations were studied by many
authors, such as Konyushkov [2], Stechkin [3], Timan [4]. In [5], [6], and [7], the authors obtained
inequalities for the norms and best approximations for the generalized Liouville-Weil derivatives. In
[8], the authors proved the inequality for the best approximation by a twodimensional angle. Our
main goal is to obtain an inequality for the best approximation by an n dimensional angle.

Let o(f) be the Fourier series of the functions f € L, ([0,2r])™ i.e.

o(f):= i i L (1)

Vq1=—00 VYp=—00

where

1
Cvl...vn = (ZT[)n

27T 27T —
j | f t)e = YYide, L dty,
0 0

The transformed Fourier series of a(f) is given by

TPy, _
o(f,A P Pn) = Z Z AV1---VnCv1...vnel(2j=1 vixj+Big) | vy 1B vy, 1B )

V1=—0 Vp=—00
where By,...,8; € R, A = {A,,, v, }v,.v,en IS @ sequence of positive numbers,

Let £ (x,...x,) be the Weyl derivative of the function f(x) of order a = (ay,..., ay), (@ =
0,...,ay, = 0).
Let f(x) € L, and

e ~ ) alibel,

where (ik)* = (iky)%... (ik,)%. If a; = 0 for some j, then this means that x; differentiation is
not performed and the corresponding factor in this product is equal to (ikj)0 = 1.When k; # 0 this
automatically takes place. If k; = 0, then in this case it is assumed to be equal to 0° = 1. With non-
integer numbers « the expression (it)® , where t is a real value, is understood as follows:
(it)* = |t|“exp{? sign t}. Thus the transformed Fourier series (2) is a generalization of the Weyl
fractional derivative.
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Let's determine the difference

Ai/lkl,...ki,...,kn = Akl,...kiﬂ,...,kn - /1k1,...kl- ..... kn*

Let us define a generalized monotonic sequence in the n-dimensional case.
Definition 1. [9,10] A sequence A: = {A,};=; IS said to be general monotone, written A € GM", if
the relations

2k 2k
Yo k1|A1 myky kg knl S C 1 Amy iy ky,. knl Xim nknlA Amy kg kg mnl < C 1 mg ks ks, knl

2kpn_1  2kn

Z z |An 1(A A‘kl My — 1mn| < C |Ak1 kz kn|

Mmp_1=k1 my=

2kq 2kn

=kq mnp= =kn

hold for all integer kq,k,, ..., k,, where the constant C is independent of k, k,, ..., k.

For non-negative functionals F(f,d) and G(f,d) we write that F(f,8) s G(f, §), if there exists
a positive constant C, independent of f and § such that F(f,8) < CG(f,6). If S F(f,6) S G(f,9)
and G(f,6) < F(f, ), then we will write that F(f,§) = G(f, 6).

Research methodology

The research was conducted at the Faculty of Mechanics and Mathematics of the Eurasian National
University, specializing in mathematical research and approximation theory. The results of previous
studies were used in the course of the work, including the works of Potopov, as well as modern
approaches to estimating the best approximations of multidimensional functions. Particular attention
was paid to generalized derivatives in the sense of Liouville-Weyl and generalized monotone
sequences. The research methods included the use of various inequalities from the theory of
functional analysis, which are written as a lemma from below. These methods made it possible to
establish upper bounds for the angular best approximations of functions of several variables.

In this section, we give some notations and lemmas which will be used in the proof of our main

results. Let I = (4, ..., 1,) be an element of n-dimensional space with positive coordinates and a non-
empty set e € e,,. Let

Gi(e) = {k = (ky,..., k) €Z™|k;| < U j Ee,lk;| > 1) & e}

Let us consider the partial sums of the Fourier series of the function f € Lp('ﬂ‘d) in various
variables S;(f,%) = Sy, 1. (f, %) = Xyt - - Djvylst, c5(F)e=V*> is the partial sum over all

variables, Sy, o0 (f, %) = Y, |cty Tbeoeo- - - Do C5(f)€"<V*> is the partial sum over the variable
x;. In a more general case

Ste 00 (f) xX)= Z Cv(f)ei<7,f>

VEIl o pn—le|
jeelLLIxR

is the partial sum over variables x; for j € e. For a given subset e € e, we set
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GED= ) ) G (DT

e€ ep,e+0 EEGi(e)

In particular, for n = 2 [1] we have Ug, 1,)(f, %) = S, 0 (f, %) + Seo 1, (f, X) — Sy,1, (f, %) For
UEZ™ weset p(u) ={v ez [2h71] < |v;| < 2%/}, where [a] denotes an integer a and

Du(f)i= ) calf)ei V.
vep(u)
Lemma 1. [11-13] A sequences {1,,} € GM if and only if there exists C > 0, such that

DI ApISC A I fork < m < 2k,

. Al
(DT m=r | M 1< CU A | +Emeksa

m

) forany k < N.

.....

Zki,i = 1,...n.
Lemma 2. [14] Leta, = 0,0 < a < 8 < oo. Then

QO P <) apy)
v=1 v=1
Lemma 3. (Minkowski inequality,[14]) Let 1 < p < oo and a,, = 0. Then
1 1
(@) (i Bh=1 )PP < Bots Ry ayi)?s

() (T2 (B an)?)? < T (Eher aby ).

Lemma 4. [14] For a function f (u, y) defined on a measurable set E = E; X E, € R,,, where x =
(w,y),u= (x4, Xm), Y = (Xms1,---» Xn), the following inequality holds

1 1
( f [ Fawydy P duyp < f (| 17y P dwpay.
E;, VYE, E; YE;
Lemma 5. [15] Let f € L,(T"), 1 <p <o, m; ENUO(i = 1,2). Then

va+1 2V1+1

Yo _q,, 2’<m—1(f)105||]c_Uz"l—l,...,zkm—1”zoS i i [ Z Z Ds(H)lp-

Vm=km vi=kqy Ssp=2Vm+1 s1=2V1+1

Lemma 6. [14]
Let 1 <p < oo and (1) the Fourier series for f € L,o(T™), then

1
Cullfll, = I Z IDs ()21l < Callf Il

m
SEZ]

generalizing the Littlewood-Paley inequalities to the multidimensional case, where C;, C, > 0 are
independent of f.
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Results of the study

Let us formulate the main results.

Theorem 1. Let 1 <p < oo, 0 <6 <min(p,2), A: = {Ak, k,..kn ki ks kpen DE S€Quence of
positive numbers satisfying A € GM", a; e R,, r; E R, U{0} and S; € R(i = 1,2). If for f €
LY (T™) and

D G110 0Pyt D Bkl Weo i Py

k1=1 kn=1
F D0 Gaaad e o)W s D )
k1=1 kn=1

k1=1 kn=1
then there exists a function ¢ € L} (T™) with the Fourier series o(f, A, 81, B2, ..., Bn) and

[00]
0 0
lolly S 80 AlFIG+ D 1A% ms, 4 1 _yg o(F)p +

V1=2

..........

..........

Vnzl v1=1

And

.....

.....

kq
6 6
+ Z |A£1/12"1‘1.2’”2‘1,...,2"1”‘1IY2V1‘1—1,2m2—1 zmn—1(f)p+---+
Vi=m,q

ki ks
0 0
+ Z Z IA‘glAEZ/12”1‘1,2”2‘1,...,2mn‘1| Yz”l‘l—1,2"2—1—1,...,zmn—1(f)p

v1=1 vy=1
kn
1

kq
+...+Z Z (A1 (A%n. .. (A% 2% o)) Yoy g2y gomeiy (F)p)P,

.....

V1=1 Vn=1
where
E; J—
A L)lzkl,...,zki,...,zkn = Azkl,...,zki+1,...,2kn - Azkl,...,zki,...,zkn

Proof. Let series (3) be convergent, and f € L (T™).We use the following inequality
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k4

/12"1 ~12k2-1  okn-1 = )1(19,1,...,1+ Z | Agl/lgml—z‘l‘_ml | +...+ @)

m1=2

+...+ z | Asnlf’l'm’zmn—z | +

mn=2
S Z Z | A%L(A% . (A Ayt pm=s))) |
mqi=2 mp=2

Using inequality (4), we get
27T 2T g %
11 = {f f [Zkl 1- an=112k1 19kz2-1 zkn—lDlgl,...,kn] dxll sy dxn} =

1
Il ) 5 E”
_ 1o o0
- ” [Zk1=1 an=1Azkl—l'_"'zkn—lDkl,...,kn]

P

—n |22 2

=l [/11, aDf1 1+ Xk 2/12k1 1 Dk1 1.1 1T Xky= 2/112kz 11,401k, 1
oo

'l_z:kn=2’11,1,...,2"71—1D1,1,...,2"n—1 + Zk1=22k2=2Azkl—szz-lwle%kkl,kz.-...l Tt

+XYk= Zan=2/12k1 1 okn- DR 1 T 2 D2 D= 2/12k1 19ka=1 pk3=11 1Dk1,k2,k3, a1t
1

o 2 2
+ .. +2k1=2 . an—Z/lzh —12kz-1 zkn—lel,kz,...,kn] "p

2
& [
<||< 111081 . 1+Zk1—2Dk1,11, A [111 1+Zv —zlA 2"1 2q . 1” +
2
00 n 7]
2 0 £, 10
+eeet Z Dii,. g | M1 T Z |A ”/11,1,,,_,2vn—2| +
kn=2 vn=2
[ee]
+ D Mia+ |A‘g |+ |A£ +
k1 kz L1 11 A 2V1— 2 W1 2171 2,1,..,1
ki=2 ky=2
E
k1 kn 7]
53 st ]
V1=2 'Vn=2

[ee] [ee]
+Z Z Z Dkl.kz,,kn/’{l 11+Z | A% 2V1 2, 41+

ki=2 kz=2  kp=2

Ky k1
V2=2

Vp=2 V1=2 vy=2
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kn—l kn
0
+ -t Z Z | APt ABAY avmea-2gvn-z |

vn 1=2 vn—Z

1
2

V1i=2 V=2 Vp=2

Then we open the bracket and collect the expression of similar indices

I <(A31,.1D71 1+ AT 1 Z Di 1.1+ A 1 Z )

ki=2 kp=2
[ee]
+43,,. 12 Dfy g, +M4,. 12 Z Di kpra Tt A 12 Z Di, 1. Jn T
kn=2 ki=2 k=2 ki=2 kp=2
(o] (o] [oe] [oe]
2
+231,1 Z Z Z Dkl,kz,kg, it AT z z z D¢ ieyten T
k1_2 k2 2 k3 2 k1=2 k2=2 kn=2
kq IS k>
2 ) 0 2
2 . 2
Z Dk1,1, ,1 Z | A® ’12”1 “21,.,1 9 + Z Dl,kz,...,l[z | A 2’11,2”2‘2,...,1 |]9+"'+
k]_ 2 V1= 2 k2=2 V2=2
k‘n [0/0) (o]
2
2 &£q 10 a 2 &1
2 D2y sl ) VAR, s 1P+ D Y DRy a[ Ty | A2 | +
kn=2 Vn=2 k1=2 k2=2

2

V1= 2V22

k1=2 k2=2 kn=2 V1=2 vn—Z
kl ken
&1 &
+onnn + Z | A™L. "Aovy 2 22 un=2 192]|
V1= Vn=2

Next, we collect using similar indexes for all 1
(00}

oo oo

1
hSaall) D ) Dhe il +

k1=1 k2=1 kn=1

(o] (o] [ee} (o] kl
&1 6 Z %

HOD D Z ..... Wl 1A%, 11)2,+

k1=2 k2=1 k3=1 = Vl:

oo oo 00 00 kq ko 2 1
+||(Z Z Z Z sk Z Z | A%1A%220 22 o 02|+ +

: : : = vl—Z VZ_Z

kq ko

ACS 5 S Dhadd Do D 1 e D,

k1 2 k2—2 n— V1—2 V2—2 vn—2
= Jo o tod e, Ho et

€1,€0,mmEn"
Let us estimate J,. Applying Lemma 6, we have J, < CAq 1, 4lIf |l < oo.
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Now let’s estimate J, :

21T 2t 2 ® ® k1 2 p
= {f f [z Z z g | Z | AS 250, 2, o 18]2dxy,..., dx, }P.
0 0 k1=2 k2=1 =

v1=2

Sk

== > 1 several times, we obtain
[ee] (o]

co

k1 5
DD Dl ) 185, 117 =

kn=1 kz 1 k1 2

Using the Minkowski inequality for 2 >

v1=2

£ .29 2

<30 3 3 [ [Pn 2 [
kl 2 kz 1 n=1
(00}

2062

<z ) (2 | Z2s T8t | Dis iy ] 853 2paz 191209 <
k1—2 v1=2

9 2
=< (Z | AT, Y1721, l ( Z | Z | Dicy ey |2)2)9'

kl_vl kz—l kn—l

Now we substitute the obtained inequalities into our main integral, yielding the following
expression

st [ {i 84012, 1|(Z S S e, 5

—V1 k2—1 kn—1

~qf" j(Z | 8920y 1'(2 S S i P

ki1=v1 ky=1 kn_l

Next we use the Minkowski inequality for >

1, Lemmas 5 and 6, we have

Jer = (z | A2 2"121 1|{J2n jzn((z Z Z | Die, e, 'knl))edxl )

dx,}P)7
ki1=v1 ky=1 kn—

—(Z 18582, IO DT ) 1 Dy 128
V1_2

ki1=vq1 ky=1 k3=1

<(z | A%t ﬂzvl 17117, V1 1,0,. o(f)P)e

v1=2

Thus we get

1
~ (Zu1—2|A Azh “1q,.. | V1 1o,. o(f)p)e-
From (3) it follows that J, < co. Then J,

J¢,, can be estimated similarly to /., and we have

1
0 =
~ (ZVZ 1 | Ag 2V2 1 1 | YO,sz_l,...,O(f)p)e" .y
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1
6 6 el
Je, S (Xv,=1 | A871/11,1,...,21'2—1 | Yoo0,..2vm-1(f)p)E.

To estimate J,, .,, we first obtain an upper bound for the following sum. Applying Lemma 3 for
% > 1, we obtain

ky kg

0
2 2 Dbl )y D 1800 K
k: 2=2 n=2

V1=2 vy=2

00
| |
§ § § 0] AE2 €130
( I:ZVZ—Z | likZ: kTL | i A ZA 1).21/1—2 21/2—2’ ..,1 i

V1= =2 kl_vl

"o 0 2
(z Z A82A81,12V1 -2 pv2-2 | ( Z 2 Z |Dk1,k2, wkn l )7)5

V=2 V=2 ki=v1 ky=v, kn=1

(4
2

SN

2
< 193

)

||I_\48

Hence, employing the inequalities derived above, let us now estimate J, ., .
Applying Lemma 4, % > 1 it follows that

2T 21 d d d
o[ 5 -5,
= = n:l

ky
2Dp 1
Z Z A£1A€2/’{2vl 2 21/2 2 w1 |]§]dell deF dx3}p

V12V22

27 21 ®
= {.f f Z Z | A%2A% 250, - 2=z g |X

Vo= 2V12

1
X(Z Z Z | Dy V27 Bl i P

ki1=v1 ky=V, kn=1
[o9] oo

'V2_2 1/1—2
(X) (00}

2T 21 °° P Q 1
X {f f Z | Dk1,k2 ,,,,, kn |2]9dx1, dxz,...,dxn}P)Q

ki=vq kz—vz kn=1
By Lemmas 5 and 6, we get

]£1,£2 (Zv2—12v1—1 | AsZASlszl 12v2-1 | | Yzq’l—1,2v2—1,...,o(f)p)é'
From (3) it follows that J,, ., < . J¢, c.,...,]¢, ¢, CaN be estimated similarly to J, .,

and we have

1
]£1,£3 ~ (Zv3—12v1—1 | A2 A% Azw 11,2va—1 | | Vl 1,0,2V3—1,. o(f)p)e :

6
]sn_l,sn S (231_1:1230,14 |A€nA€n—1j_ 1,1,.,2Vn-1~ 12Vn 1 | Yo 2Vn-1-12Vn— 1(f)p)9

.....
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To estimate J, ., .., We first obtain an upper bound for the following sum.
Applying Lemmas 3 and 4 for% > 1, we derive

oo o8] [o2] 1
2
Z Z Z klrkz' 'kn z z Z I 1_[ Ag ).21/1 221/2 2 Zvn—z |]9 S

k1=2 k,=2 kn=§o V1= 2 Vo= 2 vn—Z i= 1
2ONDIED WO WD I TN
vn—z Vp—1=2 vi=2 kq1=v; k=1 n—l
26 2 -
1_[ A® szl ~25v2-2  oVn-2 |]§]E}§ = (Z Z Z
vn—z Vn-1=2 v1=2
6 2
| 1_[ Asl/lzvl —2pV2=2  oVn-2 | Z z |Dk1,k2, WK | ]7)5
k1=vq kn=vn

Therefore, from Lemma 4 (g > 1) it follows that

e =03, 3 o),

n—2 v1=2

2.p
&40 715 =
. Z | H 82 e 11F)dy.. )P <
vp=2 =1

vn—z V=2 i= K=,
0 1
. Z | Dy, ke | ]§dx1...dxn}p)§
kn=vn

Taking into account Lemmas 5 and 6, we obtain

]8182 Z Z |1_[A /12‘/1 —29V2-2 oVn-— 2| 2V1—17V2-1  oVn- 1(f)p)

vp=2 v1=2 i=1

Cbl»—k

From (3), we get J;, ¢, .., < . By collecting estimates Jo, /e, Je,, -1 )¢, 65,6, WE ODtAIN [} <
co. Hence, by Lemma 6 there exists a function g (x4, x,...,x,) € L}, with the Fourier series

(o] [ee] [ee]
2 § § Azkl—l,zkz—l,...,zkn‘lDkl.kz,---,kn' (5)
kn=1

k1=1 k2=1
and

lgll, = €)1 (6)

We rewrite series (5) in the form of
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o] [o0]

[oe]
Z z z YiewkarinAky kgt (X1 X 500 X)),

k1=1 k2=1 kn=1

Where

.....

Vivg1 = Apgna-1_q for2F271 <v, <22 — 1, (k, = 2,3...),..,,

= Ayla-1,k,-1 4 for 2071 < vy < 2Fa — 1,207 <y, <202 — 1, (ky, ky = 2,3..0),

yreny

VV1,V2,...,1

Vorvgm = Agki=1 ka1 pkn-1 fOr 2471 <y <200 — 1,207 <y, <22 — 1,

2kn=l <y < 2kn — 1(ky, k... iy = 2,3...).

Let us consider the following series

Where
%) %) %)
DN IR T A I
k1=1 k2=1 kn=1
()
oo co 9]
= Z Z b Z )/kl,kz,...,kgA kl'kz'___'knAkl,kz,...,kn(xl’xz’ ""xn)
k1=1 k2=1 kn=1
Al,l,...,l =1
/11/1,1,...,,1 /11/1,1 ..... 1 ki—1 k
AV1.1, 1= :/1 fOI‘ 2 1 SV1S2 1_1, (k1:2,3),
Yvi1,.1 2k1-14, 1
A,y A, kan—1 k
Mgy, = L - n for 21t <y, < 2Fn — 1, (k, = 2,3...),
Yi1,..vn 1,1,.2kn-1
Avivo, 1 Avivo,, 1 —
AV1.V2 ..... 1 —12 - 2 for 2kl <y <200 -1

.....

.....

Since the sequence {Ay, k,..k,} =A € GM", the sequence {Akl,kz,---,kn}k ,,,,, k,=1 Satisfies the
conditions of Marcinkiewicz multiplier theorem, then series (7) is the Fourier series of a function
P (x1,%2,%2) € Ly and [l@ll, < C(p, Dllgll-

Applying (6) and estimates Jo, Je,, Je,s -1 S Jer 600+ 1 Jer,65,06, WE DaVE
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lell, s (A4, 1”f”p+z | A% 25011y 3 | Yy o(F)p +

v1=2

(o]
(7]
+Z 852 s Ve o (Dbt D VAR s 1Yy (P +

1/2 1 vp=1

+ Z Z Anggllzvl -1v2-1 4 1 | Y V1 1,2V2-1,. O(f)p

Vo= 11/11

9
LD S S VS Ny ISR £ AN () )

vp=1 v1=1

Further, we estimate Yk, _;,...,,kn_q (¢), . Using Lemma 5, we derive

Y2k1_1' vreapkn_q ((p)p < ”(P - Uzkl_lr---rzkn—1 ((p)”p

2Vn+1 2V1+1
DI Z 2, 2, Dol
Vn=kn sp=2Vn+1 s1=2V1+1

We consider the series (7)
21?1=121?2=1 . 2?,1:1 Akl,kz,...,knA;‘cl,kz,...,kn (1, X0, X)) =

= Zz‘:lza:l an=1 ykl,kz, ,knA kq,k2 knAkl kz kn (xl’ 22 " xn)’

..........

Where Ak]_ k2 kn(xl, 2" ..,xn) = 0 y if k1 S 2m1 - 1 and kz 2m2 - 1 k < zmn - 1 a|SO

.....

in (_)th_er cases Ak1_,k_2,---,kn (xl,xz,_. .._,xn_) = Akl,_kz,-_--,kn (X1, ,,...,xpn). Since the sequence {Ay, k,,..k.}
satisfies the conditions of Marcinkiewicz multiplier theorem, then

”Z’iolzlzz()z:l' : 'Zlocon=1Akl,kz,...,knA*kl_kz,"_,kn e x 0 x)llp <
[ee] [o'e) [o'e)
S C” Z z e z /12711—1,2712—1'".'2](71—1 D;élkar---rkn ||p
k1=1 ko=1 kn=1

where Dy . . =0, if ky <my, k; <m,,... , ky <m, and in other cases Dy x, , =

.....

By Lemma 6, we get

21 21 2T

Y2m1 1,omz— 1 Zmn 1((p)p ~ {J J J
0

r 1
[Zlo(ol=m1+1 Zlo(oz=m2+1 an—mn+112k1 19kz2=1  okn-1 Dkl,kz,...,k ]deldXZ dxn}p' (8)
It's easy to see

A‘Zkl 12k2 1 an 1 = /121’711 12m2 1 ,2mn= 1+
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k1
E 0 (2]
+ |2‘2V1—1,2m2—1’m,2mn—1 - 2*21/1—2’27’1’12—1‘."‘277117_—1| +
V1= m1+1
kp—1 kn
+ 28 28 — 28 +
| 2mn=1  ovn-1-1vn-1 ~ Aymp-1 ovn_1-2 jyp-1 2Mn=1  ovn—1-1,vn-2

Vn—1=Mp+1 vp=myu+1

+/12mn 1 .2Vn-1-2 3vn- 2| + Z Z |A€1(A€2 (Aen/lzvl 1, zvn—l)))l'

=mq+1 Vp=mp+1

Substituting this estimate into (2), we obtain

Yomi_q,0m2_q1, o pomn_q (@)p <

21 21 21 ® o ®
<{j f ] z z Z (/12m1 1omp-1 2mn1+

k1 mq+1 k2 my+1 kn=mn+1

E (2]
+ |sz1—1,2m2—1,_",2mn—1 - szl—z,zmz—l__,,,zmn—ll +

m1+1

+ g E |/12V1 121/2 1 Zmn 1=

m1+1 Vo= m2+1

0
szl 221/2 1 zmn 1 _Az"l 12v2 2 Zmn 1 +12v1 22v2 2 Zmn 1| +

2 P 1
ot z z 851 (A% (50 s o)) IDR, sy |71ty AP

=mq+1 Vp=mp+1

2T 2T 21 ®
~ (lzml 12m2 1 Zmn l{f f f Z z

kl m1+1 kz myp+1
oo

P 1
. p
Dy, k. ken)2dx1d ;. .. dxp JP

knp=mp+1

21 21 27 °° ® ®
+{f f f Z e z Dlzl,kz,...,kn

kl m1+1 kz m2+1 kn=mn+1

2 1
( Aot st grmes = Ao ymatymnea)812d%, 2. dx, )P +
=my+1
2 21 °° © ©
+{f f Z Z k1.k2, ,kn( Z Z |/12v1 —1,v2-1  pmp-1
kl m1+1 ko=m,+1 knp=my+1 m1+12vlz) =m,+1 .

9 Z_BE -—
21/1 25va=1  omp-1 ﬂ.zvl —1,v2-2  omp-1 +ﬂ.2v1 -2 yva-2. zmn_1|)9]2dx1dx2...dxn}1’ +

2T 2T 2T °°
+{j J j Z Z Di ey

m1+1 ky=m,+1 k3 ms+1

2 1
( z Z 85 (A%, (A% A 0ims pnt)))DT]Zdy doxy. . ity }P

=mq+1 Vpn=mp+1

= L0 +Le+...4+Le, + Lo e+ +L +.oo.+Le,
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We estimate L, as J,, to get

1
0 2m 2m o 2 p =
Lo < Ams-s ymaes_ymn-ilfy oo Lo [Simmtr- - Sionmrmn 1 Dty 2871, Az, ., AP
0
= AZml 1oma—1,., 2mn—1Y2m1—1'2m2—1""'Zmn—l (f)P
Using an estimation method similar to the /., method, we obtain the estimate L.,
2T (2T 21 d d d
2
VTR A D MDD Y T
k]_ m1+1 kz m2+1 kn=mn+1
2P 1
( z |/12V1 1oma=1 omp-1 " /121/1 —2mp-1 zmn—ll)e]zdxldxz dxn}p
m1+1
( z |A«2V1 12m2 1 Zmn—l szl 22m2 1 Zmn—ll
vi=mq+1
2w 2T 2T d 1
(J f oy S Y Dl Bdrdn
kl_vl kz m2+1 n—mn+1
0 1
( |2-2V1 12m2 1 Zmn 1 _szl 22m2 1 Zmn 1| V1 -1 12m2 1,. Zmn 1(f)p)9
Vl—m1+1
In the case where L, , L., and so on L. we estimate as L, .
We estimate L, . as follows
n—-1u<n
2w 2T 2T Oo d d
2
Sn 1,€n {f f f z " Z Dkl,kz,...,kn X
kl m1+1 kz m2+1 kn=mn+1
kn—1 kn
X( Z |/12m1 1 oVn-1-1vn-1 — /12m1 1 oVn-1-2vn-1 — Azml 1 oVn-1-17vn-2
Vp—1=Mp+1 vp=mpu+1
2p 1
+Azm1 1 zvn_l—z'zvn—zl)e]zdxldxz ...dxn}p S
kn—1 kn
S( Z |Azm1 1 Zvn_]_—l'zv-n—l Azml 1 Zvn_1—2’21/n—1 Azml 1 2vn_1—1’2vn—2

Vp—1=Mmp+1l vp=mpu+1
+Azm1 1.2Vn-1722Vn— 2| 2mi_q,. 2Vn-1— 1_1‘2Vn—1_1,(f)p)§'

Similarly, we obtain estimates for L, .

2w 2T 2 °° had
2
81, En {j f f Z Z Dkl,kz,...,kn S

m1+1 ky=m,+1 kn=mn+1
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1
SCY Y A 0 e DI Ay P S

V1= m1+1 vn—mn+1

1
< ( Z Z 855 (A% . A Aurs_ IV or vz, ()P,

=mq+1 Vp=mp+1
Now we coIIect estimates Lo, L, ..., Lg,, Le, 6,0+ -5 Lg, ., » WE derive

Yomi_q,0ma_q,..pmn_ 1(‘P)p ~( 2mi-1 pmz—1,.2Mn" 1Yomi_q,0m2_1,..00mn_q (f)p

.....

0 9
+ZV |/12V1 2m2— 1 Zmn—l _/121/1 12m2 -1 omp-— 1| 2V1-1 12m2 1,. Zmn 1(f)p+ .+

.....

+Z 1=1 Z ,=1 |2‘2V1 21/2 Zmn 1 2‘21/1 121/2 Zmn—l

0 9
/121/1 2V2-— -1 2Mmn— 1 +/12V1 121/2 -1 2mn— 1| 2V1— 1 121/2 -1 -1,. zmn 1(f)p

kn—1 (2] 0
+ +Zvn 1=1 Zvn—l |Azm1 1 2Vn—1’2Vn _Azml 1 2vp—1— 12vn —/12m1 1 2Vp— 12vn 1

..........

..........

.....

The proof of Theorem is complete.

Discussion

In this paper, estimates of the best angular approximations of functions are obtained, generalizing
the previously known results of Potapov [1], and extending them to the case of multidimensional
generalized monotone sequences and generalized derivatives in the Liouville-Weyl sense. In [5], the
one-dimensional case is considered and upper approximation estimates are established based on the
characteristics of functions, such as their smoothness and singularities. In [8], in turn, these results
are extended to the two-dimensional case, which significantly expands the scope of their application.
Based on these theorems, a methodology for multidimensional analysis of angular approximations is
developed, taking into account not only the main parameters of functions, but also their complex
structure in multidimensional spaces. The results obtained show that approximation of functions in
the multidimensional case requires more complex estimates associated with additional parameters,
such as the relationships between variables and the features of their interaction. Thus, the proposed
methods and estimates not only generalize the known results, but also provide a new approach to the
study of angular approximations in the multidimensional case, which is an important contribution to
the development of approximation theory.

Conclusion

In this paper, optimal angular approximations of multivariable functions were investigated, which
allowed for the derivation of upper bounds for these approximations. The main results showed that
the quality of function approximation significantly depended on the characteristics of the functions,
including their smoothness, dimensionality, and presence of singularities. The developed methods
and obtained estimates provided a powerful tool for analyzing multivariate functions, offering both
theoretical significance. Thus, this work made a significant contribution to the theory of multivariate
approximations, opening new opportunities for solving problems in mathematics and related fields.
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