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WITH INVOLUTIVE PERTURBATION

Abstract
Inverse problems for the equation of deflected thermal conductivity with involution are one of the most
relevant research topics in the field of mathematical physics. This study is devoted to the study of solutions of
deviating equations characterizing the process of thermal conductivity, and the development of methods for
solving inverse problems, taking into account their involutional properties. Such tasks are widely used in
practical applications such as studies of thermal properties of materials, problems of reverse distribution, and
engineering tasks for managing thermal processes. The equations of deflected thermal conductivity with
involution are a general modified version of the problem of thermal conductivity, which allows us to more
accurately describe various physical processes. In such equations, higher sequences of time derivatives or
additional involutive terms are introduced, which complicates the model, but brings it closer to real processes.
The theory of inverse problems includes important questions in the search for solutions to the equations of
thermal conductivity. By determining unknown coefficients, initial or boundary conditions based on actual
data, these tasks allow a deeper understanding of thermal processes. The specificity of deviating equations is
due to the need to preserve the stability and uniqueness of their solutions. The purpose of this work is to study
inverse problems for equations of deflected thermal conductivity with involution, and to develop analytical
methods for their solution. The paper considers the issues of setting inverse problems, studying the conditions
for their correct formulation, proving loneliness and stability of solutions. In addition, effective methods for
solving problems are proposed. The novelty of the work lies in the presentation of a new formulation of inverse
problems for equations with involution and the study of their analytical solutions. These models allow us to
describe specific physical phenomena, such as the thermal conductivity of complex materials or changes
caused by external factors. In addition, the results of the study contribute to improving the accuracy of the
model in solving many engineering and scientific problems. The results of the work make a significant
contribution to the development of the theory of inverse problems, as well as to the construction of new
mathematical models of thermal conductivity processes. The results of the research can be used in scientific
research, engineering reports and optimization of technological processes. A class of inverse problems for the
equation of deflected thermal conductivity with involution is considered using four different boundary
conditions. The solutions were obtained in the form of series classification using sets orthogonal to each report.
The completeness of the solutions received was also discussed.
Keywords: Inverse Problems, Heat Equation, Involution Perturbation, Boundary Condition, Equation.
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KEPI ECEIITEP KJIACHI YIIIH HHBOJIOHUSAJIBIK AYBITKYbI AP
KBLTY OTKI3I'IUTIK TEHAEYI

Anoamna

WuBonronmscel 06ap aybITKbIFAH JKBUTy OTKI3TINITIK TEHJEYIHEe apHalFaH Kepi ecenrTep MaTeMaTHKabIK
¢u3nKa canacelHAArbl ©3€KTi 3€pTTeYy TaKbIPBINTAPBIHBIH Oipi Oombinm TaObUIagsl. byn 3eprrey sxbuty
OTKI3TIIITIK MPOLECIH CUNATTANTBIH ayBITKBIFAH TEHJEYJICPAiH MICHIIMIEpiH 3epTTeyre >KoHE OJaplblH
WHBOJIIOIMSIIBIK KACHUETTEPIH €CKepe OTBIPBIN Kepi ecenTepii IIelry dJiCTEMECiH JaMbITyFa apHallFaH.
MyHzali ecenTep NpaKkTUKAJIbIK KoyigaHOanmapia KEHIHEH Ke3Jeceli, MbICajbl, MaTepHaapAblH KbLTY
KAaCHETTEpiH 3epTTey, Kepi TapaTy Macelesiepi, KoHE >KbUIYNBIK MpouecTepAi 0acKkapyAarbl WH)KEHEPIiK
ecentep. MHBOMONMSACH 0ap aybITKBIFAH JKbUTY OTKI3TIMITIK TEHJAEYJepi — JKbUTYy OTKI3TIIITIK MaceleciHiH
JKQIbl TYPJCHIIPUINCH HYCKACHI, OJI OpTYpJl (U3MKANBIK IPOIECTEPAl JJIPeK CHUIlaTTayFa MYMKIHJIIK
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Oepeni. MyHaii TeHIeyIepe YaKbITTHIK TYBIHIBIIAPABIH XKOFapbl PETTUIIN HeMece KOChIMIIIa HHBOJIOTHBTI
MYIIIeNIep eHri3iieni, Oy1 Moaenbai KypAeIeHaipeni, Oipak HaKTHI poIlecTepre kakpIHaaTaasl. Kepi ecenrep
TEOPUSCHI JKBUTy OTKI3TIMITIK TEHACYJICPIHIH IIENIIMIH Ta0yIarbl MaHBI3IbI Maceienep/li KaMTuabl. HakTel
JepeKTep Herizinae Oenrici3 ko3 pUIMeHTTep i, 6acTanKpl HeMece METTIK MAPTTapAbl aHBIKTAY apKbLUTBI Oy
ecenTep JKBUIYNBIK TPOLECTepAi TEPeHIpeK TYCIHyre MYyMKIHIIK Oepefi. AYBITKbIFaH TEHICYIepIiH
€PEeKIIeNiri oNapAblH MIeUTiMAEPIHIH TYPaKThUIBIFBI MEH OipereillliriH cakTay KaKeTTUTITiHEH TYbIHIANIbI.
By KyMBICTBIH MakcaThl — HMHBOJIOLMSICH Oap aybITKBIFAH JKbUTYy OTKI3TIIITIK TEHJAEyJepi YLIiH Kepi
€CenTepi 3epTTIey, ONapAbl MIEHIYAIH aHATUTHUKAJIBIK SHiCTepiH mambITy. JKyMbICTa Kepi ecemTepii Koo,
OJIapJIBIH JYPHIC KOWBUIBIM MAPTTAPBIH 3€PTTEY, MICMIIMACPIiH JKAJFBI3/IBIFBl MCH OPHBIKTBUIBIFBIH JIOJIEIICY
Mocenenepi KapacTeipbuiapl. COHBIMEH KaTap, ecenTep/i ey JiH THIMAL 9IicTepl YChIHBIIaAbL. JKYMBICTHIH
YKaHAJBIFbl — MHBOJIIOLMSICHL Oap TEHACYJIEp YILUiH Kepi ecenTepiiH jkaHa KOMBUIBIMBIH YCBIHY JKOHE OJIapblH
AHAIMTUKAIBIK WICNIiMAEpiH 3epTTey. bynm mopempaep HakThl (M3MKANBIK KYOBUIBICTApAbl CHIIATTayFa
MYMKIHIIK Oepeai, MbIcaibl, Kypaeli MaTepuanaapAblH JKbUTY OTKI3TIIITIrT HeMece ChIPTKBI (haKTopiapaby
ocepineH OonateiH e3repictep. COHBIMEH KaTap, 3epTTEY/iH HOTHKENepi KONTereH NHKEHEPIIK jK9HE FhITBIMU
ecenTepIi MeNTy Ke3iHe MOIEbIIH ISJIITiH apTThIpyFa bIKNaI eTesi. JKyMBICTBIH HOTHXKeNepi Kepi ecentep
TEOPHUSCHIH JTAMBITYFa, COHAANW-aK XbUTy OTKI3TIIITIK MPOIECTEPiHIH KaHA MaTEeMaTHKAIBIK MOJEIbIEPiH
KYpyFa eleyi ylec Kocaapl. 3epTTey HOTIKeNepi FhUTBIMU-3ePTTEY KYMBICTAPBIH/AA, HHKEHEPIIIK ecenTeple
KOHE TEXHOJIOTHSUIBIK MPOLIECTEP Il OHTAIaHABIPYAa KOJJAaHBUTYbl MYMKiH. IHBOMOIMSICEl Oap aybITKBIFaH
KBUTY OTKITIIITIK TEHJEYiHEe apHAIFaH Kepi ecenTep KJIAchl TOPT TYPIi MIeKapaiblK MApTTapblH KOIJaHy
apKbUIbl KapacTeipeuianbl. Llenrimaep opOip ecemke colikec OpPTOrOHAN OOJATHIH JKUBIHIAPILI KOJJIaHa
OTBIPBIT KaTapra KIiKTey TYpiHAe allbIHABI. AJBIHFAH HICIIIMACPAiH XUHAKTHUIBIFBI 13 TATKbIIAHIbI.
Tyiiin ce3aep: kepi ecernrep, )KBUTYOTKI3TIMITIK TEH/LY1, HMHBOJIOIUSIIBIK aYBITKY, IIETTIK MAPT, TEHIEY.
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YPABHEHHME TEILJIOIMPOBOJHOCTHU C HHBOJKOIUOHHbBIM BOSMYIIEHUEM
JJI51 KIACCA OBPATHBIX 3AJIAY

Annomayus

OOpaTHble 32/1a4¥ TS OTKIIOHSFOIIETOCs YPaBHEHUS TETUTOTPOBOTHOCTH C MHBOJIOIUEH SBIISIOTCS OMHON
W3 aKTyaJbHBIX TEM HCCIIEIOBaHWH B OONacTH Maremarmueckoil ¢usnku. JlaHHas pabota mocBsIeHa
WCCIIEIOBAHNIO pEUIeHUH YpaBHEHWH OTKJIOHEHHH, OIMUCHIBAIONIMX TPOIECC TEIUIONPOBOJAHOCTH, U
pa3paboTKe METOAMKH pPeIIeHrs 00paTHBIX 33/1a4 C YI€TOM X WHBOIIOIMOHHBIX CBOUCTB. Takue mpooieMsbl
pacIpOCTpaHEHbl B MPAKTUUECKUX MPUIOKEHUSIX, TAKUX KaK MU3yUYE€HUE TEPMUUYECKUX CBOMCTB MAaTepHasOB,
npobaeMbl 00paTHOTO paclpoCTpaHEHUs] OMUOKW ¥ WH)KEHEPHBIE MPOOJIeMbl YIPABICHUS TEPMHYCCKHUMHU
nporieccamu. OTKJIIOHEHHBIC YPaBHEHUS TEIJIONPOBOJAHOCTH C WHBOJIIOIMEH MPEICTABIISAIOT COOOW OOIIMi
MOaU(UIIMPOBAHHBIA BaPHAHT 33J]a4d TETUIOTIPOBOIHOCTH, TIO3BOJISIONINN OOJIee TOYHO OMUCATh Pa3INIHbIC
¢usnydeckue nporiecchl. B Takue ypaBHEHHs BBOJSTCS ITPOU3BOHBIE TIO BpEMEHHU 00Jiee BEICOKOTO MOpsIKa
WIN JOTIOJHUTENbHBIE WHBOJIOTHBHBIC WICHBI, YTO YCIOXKHIET MOJIENb, HO MPUOIIIKAET €€ K peabHbIM
mporieccam. Teopus oOOpaTHBIX 3a7ad CBA3aHA C BaXXHBIMH MpoOJeMaMu pelIeHUus YpaBHEHUN
TeIIonpoBoAHOCTH. llyTeM ormpeneneHns HEW3BECTHBIX KOI(D(DHUIMEHTOB, HAYaNbHBIX WM TPAHUIHBIX
YCIIOBHH Ha OCHOBE PEAbHBIX JAHHBIX 3TH 3aJauyd IO3BOJISIOT TIIyOXe IMOHATH TEMJIOBBIE MPOIECCHI.
CBocobOpasue auddepeHIManbHbIX YpaBHEHUH BO3HUKACT U3 HEOOXOIUMOCTH COXPAHEHHUS YCTOHYMBOCTH U
€JIMHCTBEHHOCTH WX perieHnid. Llenpro maHHOW paboOThI SIBISIETCS HWCCIIEOBaHUE OOpAaTHBIX 3ajad s
NEBUAIMOHHBIX YPaBHEHWH TETUIONMPOBOJHOCTH C MHBOJIOIMEH, pa3paboTKa aHAJIUTHYECKHUX METOJIOB HX
pemeHus. Pabora mocesiieHa mpoOiieMaM TOCTAHOBKM OOpaTHBIX 3aja4, UCCICIOBAHUIO YCIOBHH HX
KOPPEKTHOM IOCTAaHOBKH, J0KAa3aTENbCTBY €IMHCTBEHHOCTM M YycToWumMBOCTH peuieHuidl. Kpome Toro,
npenaratoTcs 3¢ GeKTUBHBIC METObI penieHus npobiem. HoBru3Ha paGoOThI 3aKTFOYAETCS B MPEICTABICHUN
HOBOU CepUH 0OpATHBIX 3aJ1a4 JJIs YPaBHEHHIA C HHBOJIIOIIMEH U HCCIICIOBAHUN UX aHAJIUTHUECKUX PEIICHUH.
OTH MOJENH TIO3BOJISIIOT OIKCHIBATH pEabHbIC (U3UYECKHUE SIBIICHUS, HAIpUMEp, TEIUIONPOBOTHOCTH
CJIOKHBIX MAaTEpPHaJiOB WM W3MEHEHUs, BhI3BaHHbIE BHENMIHMMH (akTopamu. Kpome Toro, pesynbTaThl
HCCIIEAOBAHUMA CITOCOOCTBYIOT TOBBIIMICHHUIO TOYHOCTH MOJENH TPH PEIICHHH MHOTHX HWH)XCHEPHBIX M
HAYYHBIX 3a/la4. Pe3ynbraTel paboThl BHOCST CYIIECTBEHHBIN BKIJIAJ B pa3BUTHE TEOPUHM OOpaTHBIX 3a/1a4, a
TaKkK€ B CO3JaHUE HOBBIX MATEMAaTUYECKUX MOJENEH MpOLECCOB TEIUIONPOBOAHOCTU. Pe3ynbpTaTh
HCCIICIOBAHUNA MOTYT OBITH HCIIOJIb30BaHbl B HAyYHBIX HCCIICIOBAHUSAX, HHXCHEPHBIX OTYETax U
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ONITUMHU3AIUN TEXHOJOTHYECKUX TPOIECCOB. PaccMOTpeH Kiace OOpaTHBIX 3aday s JCBHATOPHOTO
YPaBHEHHUS TETLIONPOBOIHOCTH C HHBOJIIOLUEH C UCTIONB30BAHUEM YETHIPEX PA3IIHUHBIX IPAHUYHBIX YCIIOBUI.
Perirenust ObUTH MOMYYECHBI B BUJC PAHTOBOW KJIACCH(DUKAIIMK C UCIIOIBb30BAaHHEM HAOOPOB, OPTOTOHATBHBIX
Kaxa0My oTuery. OOCyKaanach TakKe MOCIeA0BATEILHOCTh PEIICHUI.

KiawueBble ciaoBa: oOpaTHble 3ajaud, YpaBHEHHE TEIUIONPOBOJHOCTH, OTKIIOHEHHE WHBOJOIINH,
TpaHWYHbBIC YCIIOBHUS, YPABHCHHE.

Main provisions

Equations involving an unknown function and its derivatives, taken generally at different values
of the argument, are called nonlocal differential equations. Equations with an involutive shift of the
argument, a special case of nonlocal differential equations [1]. The transformation S is called an

involution if o (t) = a(a(t)) =1. Differential equations with an involutive shift in the unknown

function or its derivative are known to be model equations with a variable shift of the argument. In
general, such equations can be classified as functional-differential equations. This article considers
an inverse problem for the heat equation with an involution, subject to Neumann boundary conditions.
Theorems on the existence and uniqueness of the solution to this problem are presented. It is known
that inverse problems in mathematical physics include problems of determining coefficients or the
right-hand side of a given differential equation.

Introduction
Problem statement
Shall now proceed with the problem statement.

Q={-n<x<m 0<t<T} |e] <1located in a rectangularregion
ue(X, 1) — Uy (%, 1) + eugy (=%, 1) = f(x), (x,)eQ 1)
consider the linear heat conduction equation.

Inverse problem with Neumann boundary conditions
The solvability problems of the following inverse problem are studied 2 area (1) equation and

u(x,0)=9(x), ux0) = e, uxT) = ¢x), x € [-m,1] 2)
Condition and

u(—mt) =0, u(mt) =0, te[0,T] (3)

Determine the functions U(X,t) and f (X) that fulfill the homogeneous Neumann boundary
condition.
Here, (o(x) and w(x) are given sufficiently smooth functions.

In the systematic solution of the inverse problem, we denote the functions u(X,t) and f (X)

belonging to the class as U(X,t) € C; (Q),

Research methodology
Solution Method
We seek a solution to the inverse problem in the form of a series expansion using a system of

orthogonal basis functions on L,(-7,7) . To find the system of functions, we solve the corresponding
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homogeneous equation with boundary conditions given by equation (1) using the method of
separation of variables.

Spectral Problem

Using the method of separation of variables, the inverse problem is reduced to the following
spectral problem:

X"x) —eX"xX)+ X)) =0, X'(—m) =X'(m) =0 4)

(4) the eigenvalue problems are self-adjoint and therefore have real eigenvalues. The
corresponding eigenfunctions form an orthogonal basis on L2(—7r, 7r) . The eigenvalues [2]

M = (1= K2, Ao = (1 + &) (k+3)? (5)
will be the eigenvalues, and the corresponding eigenfunctions are defined as follows:
Xo =1, Xk = coskx, keNX,, = sin (k + %) x, keN (6)

(6) The function is complete and orthogonal for L, (-7, 7).
Existence of a solution:
Solutions of the inverse problem U(X,t) and f(X) can be represented as series expansions using

the corresponding set of eigenfunctions. Using the orthogonal system (6), functions u(x,t) and

f (X) can be written as follows
u(x ) = o Ui (Dcoskx + + T wep (Osin (k +3) x (7)

f(x) = 2o fric cos kx + Ti, fesin (k+3) x (8)

Here, Uy, (t),Uy (1), Ty, f, are unknown coefficients.
Substituting functions (7) and (8) into equation (1), we obtain the following equations U, (t),

Uy (t) and constants f,,, f,, .
ui(® + (1 — e)k? - ug(t) = iy 9)

W) + (L4 8) (k+2) -1 (®) = B (10)

By solving this system of equations and applying condition (2), we can determine the values of
the unknown constants C,, , C,,, f,., f,,,

f11( — — 2
1-¢ k t

ug(t) = m

2
uzk(t) = fz—k12 + CZke_(1+8)(k+%) t.
a+e)(k+3)

Let's say that the coefficients ¢, ,y;, ,1 =1,2 are respectively (p(x) and t//(X), is expanded into
a series, namely

1 gl
Ok = —J @(x) cos kxdx
T T
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= [ o0osin(1c+3)xd
Par = — TIcpx sin > ) xdx

Pk = %f_}p(x) cos kxdx

Yo = %.[:Lp(x) sin (k + %) xdx

Then condition (2) leads to the following expressions:

fik B
A=K + Cik = Q1k
f1c —(1-e)K?T _
-0k + cixe = Y1k

fox

+ =
(1+¢) (k+%)2 e

2

f _ 1
2k e a+e)(k+3) T _ .

(1+£)(k+%)

By solving this system of algebraic equations, we obtain the following expressions:
@1k — W1k
1— e—(l—s)kZT

Cik =

fix = (1 — &)k*(@1x — C1x)
©2x — Pk

1— e—(1+s)(k+%)2T

Cok =

1 2
fac = (1+2) (k+3) (0= e

@1k — Uik
1— e—(l—s)kZT

fic = (1 = ©k*(@1x — )

2

1 @2x — Yok
fac = (1+8) (k+3) (@ —

1— e—(1+s)(k+%)2T

From this, for the coefficients U, (t), U, (t) we obtain the following equalities:

P1x — Y1k n @1 — W1k e-(1-OK%t _

Ugk(t) = @1k — 1 — e~ (1-9)K2T 1 — e~ (1-9K2T

Pk — Lplk (1 . e_(l_s)th)

= P~ 1— e—(l—s)sz
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@2x — Yok P2 — Yok - K h)
Uz (V) = @2 = —+ ——e (re)(keg) € _
1— e_(1+£)(k+7) T 1— e_(1+s)(k+7) T
— 1 2
— P2k llJzk1 _ (1 _ e_(1+£)(k+7) t)
1— e_(1+£)(k+7) T

Now, substituting functions Uy, (t), U, (t), f,, f,, into(7)and (8), we obtain a formal solution
to the inverse problem.

u(x,t) = Z [(plk 7 _(p“i(:_gi; (1- e‘(l‘g)kzt)] coskx +
k=0 €

[00]

— 142 1
+ z O — P2k lIJzkl)2 <1 _ e—(1+£)(k+§) t) sin (k N _) <=
T

k=1 1— e_(1+8)(k+5 2

o

N @1k — Y1k —(1-g)K2
= Z (1, COSKxX — T GooeT (1—e (=9 t) coskx +
k=0 kot~ €

c 1
+Z PokSin (k + E)X -

k=1

B Z P2k — Yok )2 <1 _ o te)(kt) t) sin (k + E) <=
T

k=11 — e—(1+s)(k+%

_ N @1k — Pk —(1-8)K2t
= (%) kZ: ot (1—e ) coskx
o

Ie) _ 2 1
_Z P21k — Yok _ (1 _ e—(1+£)(k+§) t> sin (k + E) "

= e—(1+s)(k+%) T
and

[0e]

f(x) = Z [(1 ) (g — — 2k~ Wk )] coskx +

_ a-(1-8)k2
= 1—¢e (1—-¢)K2T
- 1,2 - 1
+Z (1+s)(k+—) (@ — — 22K ¢2k12 ) sin(k+—)x
= 2 1— e—(1+s)(k+§) T 2

From the obtained series, when k — oo, the expression's

-(1-g)k?t_
& Tl e~ (19K (t-T) i
1—e—(1-8)K2T Ce = © If k—>o0,t-T <0,
(1—g)k? .
W—)OO if k>0, T>0
1—e™\17
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both the function U(X,t) and the function f(X) have first terms that form divergent series.
Therefore, it is necessary to require that the equality @, —V¥;, = 0,k =0,1,.... holds. To ensure that
these equalities hold, it is sufficient to require that the functions (D(X) and W(X) are odd. If this is the
case, then...

0

1 (" 1
@1k = —f @(x) coskxdx = —f @(x) coskxdx +
T _q T

—Tt

T

1 1"
+—f @(x) cos kxdx =—f @(—x) coskxdx +
TJo TJo

1 T
+Ef @) coskxdx =0, k=0
0

Indeed, if that is the case, then

T

1 (™ 1 (0 1
©1x = —j @ (x) coskxdx = —j ©(x) coskxdx + —f @(x) coskxdx
m)_, m)_, ),

Further, after substituting X =—t, for the first integral
1 (° 10
—f @(x) coskxdx = —j @(—t) cosk (—t)d(—t) =
™) _, ™) _q

1 1 1 T
= T‘[fo @(—t) cosktdt = —;fo @(x) cos k xdx.
Thereis ¢, =0.

Accordingly, ¥, =0,k =0,1,.... is shown,
Then, the formal solution to the problem is as follows

[0e]

u(xt) = ex) — Z Patc ~ Wai )ZT <1 - e_(”E)(k%)zt) sin (k + 1) X

k=11 — e—(1+s)(k+% 2
and
00 1 2 _ {
F(x) = Z (1+¢) (k+ —) (g — —P2K ‘“2“1 ) |sin (k + —)x
= 2 1— e_(1+8)(k+7) T 2

Convergence of a series
To establish the correctness of the obtained formal solutions, we must demonstrate the uniform

convergence on the domain Q of the series involving the functions U(X,t)and f(X),, as well as

the derivatives of U,, (X,t) and Ut(X,t). To this end, we require the following conditions:

o (-7)=9"(x)=0, i=0,2,

46




Abaii amvinoazer Kaz¥I1Y-uiy XABAPIIBICHI, « Dusuka-mamemamura evlaimoapsly cepusicol, Ned(88), 2024

y"(-z)=y"(7)=0, i=0,2

Consequently, C;k, C2k can be expressed as follows:

3 3
e g
Cik = 1 — e-(1-9)k2T|3
3) 3)
_ Pk — Wik
Ck = 2 1 3
1— e_(1+£)(k+5) T (k 4 7)

here,
3 _ 1 " " 1
P = @ (x) cos |k + > xdx

—T

1 T
cpgi) = n] @' (x) sin k xdx
—Tt
(3) " 1
qJ (%) cos (k + )xdx
—Tt

(3) = j P’ (x) sin k xdx

From this, it follows that the functions U(X,t) and f(X) can be expressed as follows:
ux,t) = e(x) +

1 2
© —(1+e)(k+5) t 3) 3)
+ 1-e ( 12)2 Puic — 13k sin<k+%>x
fo11 = e Ora(eg) T (k + 1)
21 — e—(1-9K?t (pg?l’() - ¢(3) )
_ kz L (P cosiex

and
3) 3)
1+¢ 1
f(x) = =" (%) + £ (—x) + E P “ Pk sin <k + E)
(k + 2) 1— e—(1+£)(k+§) T

001—8 (PS() —4’(3) "
_Z - [ -0k coskx

k=0

»

To investigate the convergence of these series, we employ the following estimates for u(x,t) and
f(x)
lux, | < [ +
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© (3)| + lIJ(3) © (3) (3)
and
1601 < lo" GOl + lo" (=) + ¢y [ [P + w2 + 21 :
k=1 k+§)
+CZ<|(p(3)| +|¢(3)| + )
k=0

Here, C is some positive constant.

Here, we have used the inequality 2ab <a®+b? for estimation f(x). For the function U(X,t) in the

®,,0 i_
k ’WI I

is guaranteed. This condition is satisfied if we consider @"(X) and y"(X) € L,(-7, ) . Additionally,
for trigonometric series, the following series converge according to Bessel's inequality:

estimate, if the terms of the series @, 1,2 are bounded, then the convergence of the series

Z|@13)| <Clle"®I,_ .., =12
Z|¢(3) <C ”LIJ”’(X)H%Z(_HJT)’ i=1,2.

Consequently, according to the Weierstrass M-test, the series u(x,t) and f(X) converge
absolutely and uniformly on the domain Q . Similarly, the series U(X,t) obtained by term-by-term

differentiation of the series U,, (X,1) and U,(X,t) its derivatives can be shown to converge in a similar
manner.

Results of the study
Main Results
Let us formulate the main result related to problems (1)-(3).

Theorem 3.1. Let (p(X),l//(X) be odd functions, gp(x) w(x)eC?[-x, 7], ¢"(X)

¢"(X), v"(X) e L(-7,7) and o (£7) =" (£2) =0, i=012.
Therefore, the fact that the inverse problem (3.1)-(3.3) has a unique solution can be expressed as
follows:

ux, ) = @(x) — Z P2k — Wok )2 <1 _ e—(1+s)(k+%)2t> sin (k + %) «

= e—(1+s)(k+% T

® 2

f(x)=z (1+s)<k+1) (o — — 2k~ W2k, sin(k+%)x

= 1— e—(1+s)(k+%) T
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here
=) o0osin(ic 3w
(pzk—ﬂ_ncpx sin 2xx
=) oosin(ic )
lllzk—n_nllJXSIH ZXX

To prove the theorem, it is necessary to verify that the conditions of the problem are satisfied.
Let's take the next one

u(x,0) = @(x) —

_ z Pk — Wax = (1 — e_(1+‘°‘)(k+%)2'0> sin (k + 1) X = @(x)
)T

k=11 — e—(1+s)(k+% 2

ux,T) = ¢(x) -
- z Pak ~ Wak - <1 - e_(1+£)(k+%)2'T> sin (k + %) X =

k=11 — e—(1+s)(k+%) T

= @(x) — kZ:(pzksin (k + %) X+ kZ.:;LIJstin (k + %) x=@x) —

—p(x) + i Warsin 1+ %) X = (%)
k=1

Therefore, the initial and final conditions of the redefinition are satisfied.

Conclusion
Moreover, according to the theorem's condition, (p(ﬂ) = (0(—7[) =0, therefore,

u(m ) = ) -

[ee] _ 1 2. 1
_ P2k L|Jzk1 i <1 _ e_(1+£)(k+5) t) sin (k n _) X _
=1 e_(1+8)(k+7) T 2

x=1
=¢@(mM=0
u(-mt) = @(x) -
- i Pak ~ Wak ~ <1 - e_(“?’)(k%)z't) sin (k + 1) X =
1 e okag) T 2 e

=¢(-m) =0

that is, the boundary condition is also satisfied.
The theorem has been proven.
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