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Abstract

The Cauchy problem is considered about the dynamics of a thermoelastic rod by the action of different
force and heat effects under arbitrary initial conditions. Using the Green's tensor of the thermoelasticity
equations, an analytical solution to the problem was obtained, allowing one to determine the deformations,
stresses, and temperature in any cross-section of the rod and at any time, if its initial state and the acting force
and heat sources are known. Numerical calculations of temperature and displacements under the action of
pulsed concentrated force and heat sources are given. Calculations of the solution of the Cauchy problem under
the action of regular force and heat sources distributed along the rod are performed. The developed program
allows one to study thermodynamic processes in rods with various physical and mechanical parameters under
the action of distributed, concentrated, and pulsed heat and force sources, described by singular generalized
functions.

Keywords: thermoelastic rod, Cauchy problem, method of generalized functions, Green's tensor,
displacement, temperature, heat flow.

H.)K.AitnakeeBal??
'Akanemux V. A JKonnacGexoB aTbIHIarbl MeXaHHKa sKoHEe MAIIMHATaHy UHCTUTYTHI, AMaThl K., Kazakcran
2Hapxo3 Yuusepcureti, Anmarsl K., Kazakcran
$ MaTemaTuka ’oHe MaTEMAaTHKAJIBIK MOJIENIbICY MHCTUTYThI, AJIMaTH K., Kazakcran
KOIIN ECEBIHIH TEPMOCEPIIIM/IIK O3EKIIEHIH IMHAMUKACBIH
KAJIIBIVIAHFAH ®YHKIIUAJIAP 9JIICIMEH HIELITY

Anoamna

By xympicta Tepmoceprimaik e3ekmieHiH Ko ecebiHiH Ke3 KeNTeH KYIITIK KOHE JKBUTYJBIK dcepiep
MeH OacTarnkpl mapTTap Ke3iHJe KapacThIpbliaasl. TepMoynpyrTik TeHaeyaepain [ puH TeH30pbl KoMeTiMeH
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Oacrankpl Karainap MeH KYIITIK JKOHE JKbUTYJIBIK Ke3jep Oenrinmi Oonca.ApHaiibl Ha3ap HMITYJBCTIK,
LIOFBIPJIaHFaH KYIITIK JKOHE JKBUIYJIBIK KO3/Ep OCEpiHIeri TeMIlepaTypaHbIH Tapailybl MEH BIFbICYBIHBIH
caHsbIK ecenrteyyepine OenminreH. COHBIMEH Karap, ©3€KIIeHIH OOHBbIMEH KYIITep MEH JKBUIy KO3AepiHiH
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Tapaybl MEH TYPaKThl QYHKIHsUIAp TYpiHIe OeiHTeH XKaFaainap OOMbIHIIa ecenTeyep KYpriziiani. ApHailbl
Ha3ap UMITYJIbCTIK, HIOFBIPIaHFaH KYIITIK KOHE JKbUTYJIBIK KO3JIep 9CepiHIeri TeMIepaTypaHbIH Tapaybl MEH
BIFBICYBIHBIH CaHABIK ecenTeynepine OeminreH. COHbBIMEH KaTap, ©3€KIIeHiH OOHBIMEH KYLITEP MEH KBLTY
KO3JICpiHiH Tapallybl MEH TYpakThl (QYHKUMsUIap TypiHAe OeNiHTeH jkarfaiaap OoWBbIHIIA ecenTeyiep
JKYPTi3uImi.
Tyiiin ce3nep: Tepmocepmimii o3ek, Komm ecebi, xanmpuianrad GyHKIHS 9J1ici, [|'piH TEH30pbI, OpBIH
aybICTBIPY, TEMIIEPATypa, )KbLTY aFbIHbI.
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SMHCTUTYT MaTeMaTHKK U MATEMATUIECKOTO MOJIEINPOBanus, r.Anmarsl, Kazaxcran
PEIIEHUE 3AJIAYHU KOIIU TMHAMUKHU TEPMOYIIPYT'OI'O CTEPKHS
METO/J0M OBOBIIEHHBIX ®YHKIIUIA

Annomayus
PaccmarpuBaercs 3amava Komm nmuHaMHKH TEpMOYNPYToro CTEp>KHS TPH MPOU3BOJIBHBIX CHIIOBBIX U
TEIUIOBBIX BO3ACUCTBHUAX M HAYANBHBIX YCIOBHsX. C momombto TeH3opa ['puHa ypaBHEHUI TepMOYIIPYyrocTu
OBLIO TIOJTYYEHO aHAIMTHYECKOE PELICHUE 3a7aull, TI03BOJISIONIEE ONPEIeIUTh AeopMalri, HAPsHDKEHUS 1
TeMIepaTtypy B JIOOOM CEUYEHHH CTep)KHS M B JIOOOH MOMEHT BPEMEHH, €CIH M3BECTHBI €ro HadalbHOE
COCTOSIHUE W JCHCTBYIOIIME CHJIOBBIE W TEIUIOBBIC HCTOYHHKH. I[IpHBeneHBI YHMCICHHBIE pPacUeTh
TEeMIeparypbl, TEPEeMEHICHUH MpHU ACHCTBUM HMMITYJIbCHBIX COCPEJAOTOYEHHBIX CHJIOBBIX M TEIUIOBBIX
UCTOYHMKOB. [IpoBesieHbI pacueTs! penieHus 3ana4 Komm mpu neldCTBUM paclpeeIeHHBIX BIOIb CTEPIKHS
CHJIOBBIX M TEIUIOBBIX HCTOYHMKOB PEryJIsipHOTro Bujaa. PaspaboranHas mporpamMmMa MO3BOJISIET UCCIIENOBATH
TEPMOJMHAMUYECKHE MPOLECCH B CTEPXKHAX C Pa3IMYHBIMU (PU3UKO-MEXAaHHMUECKHMMHU MapaMeTpaMu Hpu
JICHCTBUY TETUIOBBIX U CHJIOBBIX HCTOYHHUKOB KaK pacrpeelieHHbIX, TAK U COCPEJOTOYCHHBIX, M IMITYJIbCHBIX,
OTIMCHIBAEMBIX CHHTYIIAPHBIMU 00OOIIEHHBIMH ()yHKITHSIMH.
KiroueBbie ciioBa: TepMOYNpyruil crepkeHb, 3agada Ko, mMetos 00OOMEHHBIX (YHKIWH, TEH30p
I'puna, mepeMenieHue, TeMnepaTypa, TEIUIOBOH MOTOK.

Main provisions

Using the method of V.S.Vladimirov, a solution to the Cauchy problem for the equations of
uncoupled thermoelasticity in the space of generalized functions of slow growth is constructed.
Determination of the thermal stress state of a thermoelastic rod under the action of local and
distributed force and thermal effects. The equations of mechanics of a deformable solid, methods of
mathematical physics and the theory of generalized functions were used for the study. Analytical
formulas for calculating the temperature, displacements, stresses and deformations of a rod under the
action of local and distributed external force and thermal effects are constructed. The result of the
conducted research is numerical calculations of the temperature and displacements of the rod under
the action of pulsed concentrated force and heat sources.

Introduction

The development of theory and methods for solving thermoelasticity problems is crucial for
numerous branches of technology and applied sciences. These problems emerge in the creation of
new designs for steam and gas turbines, jet and rocket engines of high-speed aircraft, nuclear reactors,
and mining equipment. Elements of these structures operate under uneven and non-stationary heating
conditions, causing changes in the mechanical properties of materials and the emergence of
temperature gradients. This results in unequal thermal expansion of individual parts of the structures
[1-8]. Some materials become brittle when subjected to stress from a sharp gradient in a non-
stationary temperature field and cannot withstand thermal shock. Repeated thermal stresses can lead
to the destruction of structural elements, making the study of temperature field effects on the stress-
strain state of structures essential. Rod elements are widely used across various technological fields.
Numerous examples of loaded structural members include supports for structures, buildings, and
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bridges. In real conditions, dynamic loads can act on rods, causing vibrations that significantly impact
the reliability of these rod elements and, consequently, the overall structure's reliability. An unsteady
temperature field induces a time-varying deformation field in rod structures, affecting their strength
and reliability during operation. Determining the thermally stressed state of rod structures,
considering their mechanical properties (particularly elasticity), is a significant scientific and
technical challenge. Mathematical modeling methods enable the study of physical processes within
structures and their elements, allowing for the determination of dynamic characteristics during the
design stage. This modeling provides a basis for predicting product behavior under specific operating
conditions. Here the generalized solution to the Cauchy problem for thermoelastic rod is constructed
under the action of nonstationary force loads and various types of heat sources by use the model of
uncoupled thermoelasticity and generalized functions method. This method allows translating the
initial boundary value problem for the system of thermoelasticity equations with initial conditions
into the solution of the system of differential equations in the space of generalized vector-functions
with a singular right-hand side. It contains singular generalized functions of the form of simple and
double layers, the densities of which are determined by the initial conditions. The convolution of the
Green's tensor of these equations with the right-hand side gives a solution in the space of generalized
functions, and their regular integral representation gives a solution to the posed boundary value
problem. Here, the Green's tensor of thermoelasticity equations was used, previously constructed
in [9]. Regular integral representations of generalized solutions are obtained for given initial
temperature, displacements and velocity of the rod. Using the Mathcad-15 program, numerical
calculations of the Green's tensor for a system with dimensionless thermoelastic parameters are
carried out. Solutions to Cauchy problems under the action of force loads and heat sources distributed
along the rod are given.

Research methodology

Determination of the thermal stress state of a thermoelastic rod under the action of local and
distributed force and thermal effects. The equations of mechanics of a deformable solid, methods of
mathematical physics and the theory of generalized functions were used for the study.

Statement of the Cauchy problem for the equations of uncoupled thermoelasticity

We consider a thermoelastic rod, the equations of state of which have the form [10,11]:

pCZU,XX —PUsy _7/‘9'x +pF1(X,t):0 (1)

0, —k 0, +F, (x,1)=0

IXX

Where x e R*,t > 0. Here p is the mass density, c is the speed of propagation of elastic waves

in the rod, vy is the thermal conductivity coefficient, x = —the thermal diffusivity coefficient,
pC

u(x,t)are the longitudinal movements of the sections of the rod, @(x,t)is a relative temperature ,

F,(x,t)is longitudinal component of external force per unit length; F,(x,t)is a quantity

characterizing power heat source. Here and below, partial derivatives are designated:
ou; ou .

U =u, U, =6, u,=o,ul]— u,=0ull— (i=12).

1 2 X X4 Ox it ti ot ( )

The thermoelastic stress in the rod is determined by the Duhamel - Neuman law:

o = pc’u,, 0 (2)
The initial conditions are known:
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u(x,0) =uy(x), U, (x,0)=Vy(x), O(x,0)=6y(x),

2/pl 2/pl 2(pl 3)
Ug(X) € C*(R7),6,(x) e C(R),vy(x) e C(RY),
where c"(R?) is the space of functions differentiable up to the n-th order on R".
We consider the Cauchy problem, the solution of which allows to determine the state of the rod at
any time if its initial state and the operating power and heat sources are known.
It is required to find solutions to equations (1) with initial conditions (3), which satisfy the radiation
conditions:
u(xt) >0, O(xt) >0at |X| >0, Vt, (4)
under the action of arbitrary forces and heat sources : F (x,t) = L,(R"),at j=1,2.
Statement of the Cauchy problem in the space of generalized functions
To solve the problem we use the method of generalized function which V.S. Vladimirov used by

solving the Cauchy problem for wave equations [12,13]. For this the following regular generalized
functions are introduced:

(%) =uHH®), It =0 HHE), F;(xt) =F(xDHE), j=12. (5)

where u(x,t), 8(x,t) are the solution to the Cauchy problem (1)-(4); H (t) is the Heaviside step-

function: H (t)=1fort>0, H (t)= 0 for t <0. That is, we define by zero the solution of the Cauchy
problem outside the domain of definition (for t <0). And let us consider the action of the differential
operator of system (1) on these functions in the space of generalized functions p'(r?) [12,13].

To do this, at first we find generalized derivatives of these functions :

N 2.A 2
‘Z‘: _ %‘: H (©) + U, ()3 (1), ‘Zt“ ‘Zt H (£) + Vo ()5 () + Uy (X)5'(1),
% S H@©) + (50
al_du az ] az ae ae 329 529
- x H{), — v H(t), H{t), — = H(t).

Here d(t)is a singular ¢ -function. Then system (1) will D (R )take the form:

€%l —Uy —70,5 +FL (X DH (1) = —Vo (X)S(t) — Ug (X)5'(1), ©
O, — 20, +F, (X, D)H (1) = 726, (X)5 (1),

7= Z. These equations include the initial conditions as singular mass forces and heat sources.
P

Next we denote
Rt =RXDHE), F(xt)=FxH(),

Gy (X, 1) = Fy (X, 1) + Vo (X) 3 (t) + o (X)5'(1), (7)
G, (x,1) = B, (x,t) — x 26, (X) S ().

The solution to this problem in the space of generalized functions has the form of tensor-functional
convolution (*):
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G(x,t) =u(x,t)H (t) =UX (x,1) *G, (x, 1), ©
A(x,t) = O(x,)H () =UX (x,t) =G, (x,t), k =1,2.
Where Uﬂ-‘(x,t) is the Green's tensor of equations (1), which describes thermoelastic waves

generated by concentrated pulse sources. Everywhere over the same indices in the product, the
summation is from 1 to 2 (tensor convolution).

As is known in the theory of generalized functions, the solution to differential equations is unique
in the convolution algebra with the Green's tensor of these equations.
Green's tensor of the equations of unbound thermoelasticity

Green's tensor Uij (x,t) is a matrix of fundamental solutions of system (1) under the action of a
pulsed concentrated force and a heat source of the form:

F=56(x)51)5), F,=6(x)51)s), j=12 9)

where (5iJ is the Kronecker symbol. When j =1, a power source operates. At j =2 a heat source
operates. The Green's tensor satisfies the following radiation conditions:

Ul(x,t)=0, t<0,
Uij (x,t) >0, t— o0 g VxeR. (10)

Uij (x,t) >0, |X| — oo i Vt >0
The Green's tensor was constructed in [14], it has the following form:

oY %y az ox
Ul (x,t) = sk 8tl 5) 621 87— 5] ¥, (1) 5(x) + 537 82
(11)
2 2
Uj; =0, u§=c223(x,t)+c28222—@, j=12
d at
k k () ||
Zl(x,t)=EH(ct—|x|){c—2{1—ek J+t—?:|l
c2 x2 x2 2
SRPTIRPUTTRY B o) CLMCR T B SR PR TPty
X, t t _ , Y -4
2(>()£ﬁr£ﬁrs &2
C C
%:—%H (Ct—|X|){ek( ) —1}, %:C%H(ct—lxl)sgn x{ek( <) +1},
) C2 ><2 2
9%, _ AH(Y) e*C?‘tGTT ke X Ie ake X
ox k
Y, k (ld—ct) xet)
e —C—25( X))+ = Hct=|x)s(x) || e Ll+=H(ct—|x]e :
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5 CZT X2 5 CZT X2
2 4 it Tk 2 Py KT ake
O pn()lCie K8 Mg, SCewter Ml
at k o T k Jr
X2 X2
t @ k 4kt 2 2 4kt
_AH (t) e k € C2 X_2 _|_X_ze—
K/t 4t 4kt? Jt
, 2|, 2 , - ,
a AH t —t ek 4kt X e 4kt X
Zzzz ()ek J.———ldr —_[———ldr-
OX 2k 0 TNT 2kt Oz'\/; 2kt

With knowledge of the Green's tensor, it becomes feasible to formulate a solution to system (7)
for any sources using a tensor-functional convolution (8).

In equation (8), the convolution is performed componentwise in accordance with the definition of
convolution in the space of generalized functions [12,13]. For regular sources described by locally
integrable functions, this formula can be expressed in integral form

u; (6t = Uk (x—y,t=2) * R (v, 7)dydr  j,k =12, (12)
R2

Solution of the Cauchy problem for determining the thermal stress state of a thermoelastic rod
under the action of distributed force and heat sources. The method of generalized functions was
used for the study.

Solutions to the Cauchy problem

To obtain an integral representation of the generalized solution, we take convolutions (8) taking
into account (7), using the properties & of the functions and its derivative (variable x under the
convolution sign means incomplete convolution with respect to x only):

a(x,t) = u(x,t)H (t) =Ui (x,t) * F (x,t)H (t)+ljll(x,t)>:uo(x)+
(13)

+§ljll(x,t)*uo(x)+0f(x,t)* F, (%, D) H (1) + U2 (x, ) * 16y (X)
O(x,t) = O(x, t)H (t) =U 2 (x,t) * F, (x,t)H (t) + U2 (x,t) * 26, (x) (14)

Note that all initial conditions of the Cauchy problem are included in the right-hand side of
relations (13), (14). Since the functions included in the right side of equations (13), (14) are regular,
these representations of the solution can be written in the following integral form.

Let us formulate the following theorem.

Theorem. If the functions F, (x,t),F,(xt)are integrable on R? and uy(x),vy(x),8y(x) are

continuous on R, then the solution to the Cauchy problem for the equations of uncoupled
thermoelasticity has the form:

t [e'e) ©
G t) =H®[d7 [ Ui (x=y, )R (y,t=7)dy+H(®) [ Ui (x=y,2)ue(y)dy +
0 —0 —0
+H(t)§ [ Ui x=y.0)up(n)dy + H() [ UR(x -y, 2)Fy(y.t—2)dy + (15)

+x 7t [UZ(x=y,7)6(y)dy,

—0o0
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O(x,1) = H(t)jdr j UZ(x—y, )R (y,t—2)dy + & TH (1) I UZ(x—y,7)65(y)dy. (16)
0 —0

Using the Green's tensor representation (11) and G, (x,t), G, (x,t) (7), the solution to the
Cauchy problem has the form :
u(x,t)=U/ *G, =

Zl *G =

:511,(—1%1*@]_51 +G, 5“8621*6 ~3) 35 (t)5(X) %G +5)7

_1821 8221 [822 azlj —
_{L ot ox? j 23()}*61 ox  oOX i
0%, % 2 5[ 0%2 0% ), g
{( T ale}m)}*ﬁ”(a—xz‘ )
2
{(K_l—azl—a zlJ—zg(t)}jVo(X)—K_W[@_821j*90(x)+

ot ox2 oX  OX )x

2
+6t{£ _1852»[:1 0 Zl} Tt )}’:Uo(x)v

_9Y,
ox

ox?

%z, %%

O(x,1) =UJ *G; =c®Z3(x,1) *G, +C* =2 %G, ——2 %G, =

(17)

2
o5, o, Jocacs
X

) 0%z
2 20 2 2
c2,(x,t)+cC

[ 30 8x2 ot?

* _ 2
J F, (X, t)H (t) (c 25(x,t)+c =Z ol

Let us introduce the notation:

e —¥a (1), f2(xt)= _z=
ot ox? 23( ) (1) Ox OX
T
Then the integral representation (15, 16) has the following form:

f1(x,t) = &

f3(x,t) = ¢? 2i(x,t)+c

o0

u(t) =HO [dr [ {FUx—yt=D)FR(y,7)+7F2(x—y,t =) * Fp(y, 1)} dy +
0 -

FHE) [ {F100-y, 0¥ () = 577 £ 2= y,006 (y) + 8, FLx = y,0)ug (y) fdy

O(x,t) = H(t)jdrjfs(x Y.t —2)F, (y,7)dy — Kle(t)jfs(x y, )6 (y)dy

0 —o0
Note that formulas (15,16) can also be used under the action of smgular sources Fl (x,1), F2 (x,1),
only in this case the convolutions must be taken according to the rules of convolutions in the space
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of generalized functions [12,13]. It's worth noting that formulas (15) and (16) remain applicable even
when singular sources F, (x,t), F, (x,t) are present. However, in such cases, convolutions must be

calculated here to the rules governing convolutions in the space of generalized functions [12,13].

Results of the study

The result of the conducted research is solutions to the Cauchy problem under the action of
distributed power and heat sources, numerical calculations of the temperature and displacement of

the rod under the action of a pulsed concentrated force and heat sources.

Numerical calculations of the Green's tensor
A program for computing the Green's tensor U/ (x,t) has been developed in the Mathcad 15

system. Below (Figure 1) there are the calculations of the components of this matrix for the following
dimensionless coordinates thermoelastic parameter: p=1, c=1 y=1, x=2.

Z T

2 T

ULt ) . U1(xn, 1)
U11(5, tn) T T U11(xn, 2)
- U11(xn, 10) : [ ] .

U11(10,tn) gl——- —-

oF——

| | |
-1
0 10 20 30 40 ~-10 0 10
tn XN
a b
T T T T 20 T T T T
lO—I! ) -
vl 10F e e -
uLa(t,t) I 2" U12(xn, 1) 1 .
—_— : —_— | i
, '
U12(10,tn) 5[ %, ] U12(xn, 2) o#mmu.---] I .
e N - : |
U12(20, tn) T - U12(xn, 4) - |
' eI —10[ e -
o | =
| | | | ~20 | | | | |
0 20 40 60 80 100 -4 -2 0 2 4
tn Xn
Cc d
10 T SR Jer ) S T T T
_.-";_'__._—— 4k ]
.'..-"’.
221t | o | u22(xn, 1) ok e .
u22(2,tn) | & u22(xn,2) [ ,-”'f
IR o PR oF il -
uz2(4,m) L i U22(xn, 4) IR ;'J,J'
N 9l " —
; ? i
I I I I _4 1 1 1 1
0 20 40 60 80 100 210 0 10 20 30 40
tn Xn
e f

Figure 1(a-f). Green's tensor components Uij(xn,tn) —U/ (x,t)in a fixed
point and at a fixed time

14




Abaii amvinoazer Kaz¥I1Y-nuiy XABAPIIBICHI, « Qusuka-mamemamura sviavimoapsly cepuscol, Ne2(90), 2025

Figures 1 (a-f) depict the evolution over time of the respective components of the Green's tensor
at a specific point in the medium (x=xn) and at a fixed time point (t=tn). The discontinuities observed
in the displacement graphs correspond to the arrival of the elastic shock wave at point xn at time
t=xn/c, t=xn/c.

Solutions to the Cauchy problem under the action of distributed power and heat sources

Let us construct solutions to the Cauchy problem under the action of various power and heat
sources of a regular form.

Cauchy problem 1. Let the following force be applied to a segment [-L,L] of the rod:

F(xt)=AXDH(L-|X)), F,(x,t)=0.
The initial conditions are zero. Then , using formulas (15), (16), Theorem 1, we obtain the
displacement:
t L
u(x,t) =UL(x,t)* AXx, )H (L —|x)) = H(t)jdfjuj(x—y,r)A(y,t—f)dr.
0 -L

Next follows from (2):

0y (x,1) = pc’u,, = pcUy, (x,1) ¥ F(x,1) = pc’U  (x, 1) * —aFla(X’t—) -
| X

= pC?U; (X, t) * (A, t)H (L= [X))),, =

= pc?U(x,t) * A, 1) {S(L+X)—S(L—x)} + pc®U (x,t) = (A, H(L—|x])) =

= pc?H (t)tj{Ull(x+ L,7)A(-L,t—7)~UX(x~L,0) A(L,t—7)}dz

L t
+pC’H (1) [ dy [US (x—y, 7)A(y,t-7)d.
-L 0

Cauchy problem 2. Let a heat source act on the segment [-L,L]:
F(xt) =0, F,(x,t) = A(x,t)H (L —|x]).
The initial conditions are zero. Then

t L
u(x,t) =UZ(x,t) * A, H (L —|x)) = H (t)jdr j UZ(x—y,7)A(Y,t —7)dy,
0 -L

t L

O(x,t) =UZ(x,t) * A(x,t)H (L —[x) = H (t)jdr j U2(x—y,7)A(y,t —7)dy.
0 -L
o(x,t) = pc’u, —y0 =

= pc’H (t)j{uf(x+ L, 7)A(-L,t—7)-UZ(x-L,7) A(L,t-7){dz +
+pCH (1) [ dy[{UL (x=y,7) = U7 (x=y,2)} A(y,t-2))dz.

Cauchy problem 3. Initial conditions are zero. Let a force be applied on a segment of the rod:
F(x,t) = A(X)H (L—|x])H (t), F,(x,t) = 0. This solution:

L t
u(x,1) =U3 (1) * AOGHH (L= [x)) = H(t) [ A(x—y)dy [Ui(y.7)dx,
0

-L
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t
o(x,t) = pc’H (t)j{ull(x +L,7)A(-L) —Ul(x - L,T)A(L)}dr +
0

L t
+pC?H (1) [ A(x—y)dy [UL(y,7)dz
0

-L

Cauchy problem 4. Let a heat source act on the segment [-L,L]:
F(x,t) =0, F,(x,t) = A()H (t)H (L —|X|) . The initial conditions are zero. In this case

t L
u(x,t) =UZ(x,t) * A(x,t)H (L —|x) = H (t)Idr j U2(x—y,7)A(y)dy,
0 -L

t L
O(x,t) =UZ (x,t) * A(x,t)H (L — X)) = H (t)jdf j U2(x—y,7)A(y)dy
0 -L
o(x,t) = pcu,, —y0 =

t
= pc?H (t)j{uf(x +L,7)A(-L) U2 (x — L,r)A(L)}dr +
0

L t
+pcPH () [ Ay [{UZ (x—y.7) = U3 (x— y,0) 7.
-L 0

With the joint distribution of power and heat sources of this type, the solution will be the sum of
the corresponding solutions for each of them.

Discussion

In this study, a generalized solution to the Cauchy problem for a thermoelastic rod subjected to
nonstationary force loads and heat sources has been constructed using the model of uncoupled
thermoelasticity and the method of generalized functions. This approach has proven effective for
addressing the complexity of initial-boundary value problems arising in nonstationary thermal
environments, where classical methods may face difficulties due to the presence of singularities and
discontinuities. The main advantage of the proposed method lies in its ability to handle singularities
analytically by introducing generalized functions such as simple and double layers. These functions
rigorously incorporate the effects of initial temperature, displacements, and velocity conditions into
the mathematical model. The use of the Green’s tensor, previously developed in [9], allows for a
systematic representation of the solution in both singular and regular (integral) forms, making it
suitable for further numerical implementation. The numerical realization of the Green's tensor in
Mathcad 15 for dimensionless thermoelastic parameters has shown that this approach is not only
theoretically sound but also practically applicable. The solutions obtained for distributed force and
thermal loads along the rod demonstrate how transient thermal effects interact with mechanical
responses, particularly in cases involving sharp temperature gradients and time-dependent boundary
conditions. These results contribute significantly to the understanding of the stress-strain behavior of
rod structures under unsteady thermal loading. In engineering practice, such findings are critical for
the design and safety assessment of components operating in thermally dynamic environments—such
as turbine blades, reactor components, or high-speed mechanical systems—where repeated thermal
and mechanical loads may otherwise lead to failure due to fatigue or thermal shock. Future work
could extend the current model to coupled thermoelasticity, consider nonlinear material behavior, or
include additional physical effects such as damping or viscoelasticity. Moreover, applying the method
to more complex geometries and three-dimensional structures could further expand its applicability
to real-world engineering systems.
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Conclusion

The derived formulas and the implemented program enable the investigation of thermodynamic
processes in rods subjected to diverse heat and power sources, whether distributed, pulsed, or
concentrated, described by singular generalized functions. The outcomes of this study, along with the
computer program, offer a means to evaluate the strength and reliability of rod structures throughout
operation. These structures find applications in mechanical engineering as well as in the construction
of above -ground and underground structures, including building supports, columns, and similar
components.
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