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Abstract

Nonlinear equations essentially describe physical problems. Solitons, which are localized in space and time
and propagate in a nonlinear medium, are the special specific solutions to some of these equations. The soliton
remerges after a fully nonlinear interaction, retaining their identities with the same speed and shape. It has
remarkable stability properties. Stability plays an important role in soliton physics. The nonlinear Schrodinger
equation, one of the soliton-type nonlinear equations, is notable for its significance in the theory of nonlinear
waves, specifically in nonlinear optics and plasma physics. The investigation of nonlinear Schrodinger
equation generalizations is currently a pressing area of research. This work examines the coupled generalized
nonlinear Schrodinger equations. These equations yield classical nonlinear Schrodinger equation in some
reductions. As a research method, we use the bilinear Hirota method, which is one of the effective methods for
solving nonlinear equations. Dispersion relations are derived and one-soliton and two-soliton solutions are
obtained. The figures depict the dynamics of soliton solutions.

From this research, the results obtained may be useful for a better understanding of the nonlinear wave
phenomena in any varied instance where the coupled model considered is applicable.

Keywords: Schrodinger equation, dispersion, dynamics, one soliton, two solitons, Hirota method,
nonlinearity, solution, bilinearity, wave.
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Anoamna

ChI3BIKTBI €MeC TeHJSyNIep Heri3iHeH (HM3MKaNbIK ecenTepi cumartaiiipl. KeHiCTiK meH yakpITTa
JIOKaNM3alMsIIaHFaH JKOHE CBI3BIKTHI €MeC OpTajia TapallaThlH CONUTOHNIAP OChI TEHJEYJEPiH KehOipiHiH
apHaibl crielu(UKaIIBIK mermiMaepi 00bin Tadbuiabsl. COIUTOH TOJIBIK ChI3BIKTHI €MEC 9PEKETTECYACH KeHiH
KaiiTa maiijma Oombir, OipAei >KbUIAAMIBIKICH JKOHE MIIIIHMEH COMKECTIKTepiH cakTaimbl. On kepemer
TYPaKTHUTBIK KacueTTepiHe ue. TypaKTBUIBIK CONMUTOHIApP (hM3MKACHIHIa MaHBI3bI peil aTKapaiasl. COTUTOH
THUITI CBI3BIKTBI €MEC TEHACYJIEePAiH Oipi 00BN TaOBLIATHIH CHI3BIKTHI eMec LlpeauHrep TeHIEYI ChI3BIKTHI
e€MeC TOJIKBIHIAp TEOPHACHIHAA, ocCipece CBIBBIKTHI €MeC ONTHKana JKoHe Irla3Ma (U3HKAChIHJA
MaHBI3IBUIBIFEIMEH epekienernesi. Cr3bIKThIK eMec lllpeawHrepniy TeHIeynepiH >Kalmbuiayabl 3epTTey
Kas3ipri yakpITTa 3€pTTEYIIH ©3€KTI cajachl OONBII TaObUIA[BI. By KYMbIC JKYNTaJFaH >KalNbUIaHFaH
ce3BIKTHI eMec [lpeaunrep Tenaeynepid 3eprreiimi. by TeHaeynep keibip KpicKapTy/apia KiIacCUKaIbIK
cI3bIKTHI eMec Hlpeannrep Tennaeyin Oepeni. 3epTTey oAici peTiHAe CHI3BIKTHI eMeC TeHACYNEpi MemyIiH
TAIMII 9MICTEPiHIH Oipi OOJIBIN TAOBUIATBHIH OHMCBI3BIKTBI XHUPOTAa SICIH KOJgaHambl3. JIMCIIEpPCHSIIBIK
KaTblHACTAP aJIbIHBIN, OIp COJUTOHMABI JKOHE €Ki COJUTOHABI Imenrmiaep Tabbutaasl. CyperTep COJUTOH
HIeIIiMIEepiHIH JUHAMHUKACHIH OeiiHeneiai. Ochl 3epTTeyle allblHFAaH HOTIKENep KapacThIPhUIATHIH
KYINTAIFAaH MOJENh KOJJIAHBUIATBIH K€3 KEITeH OpTYpidl JKarjgailapa ChI3BIKTBIK €MEC TOJIKBIH
KYOBUTBICTAPBIH JKAKCHI TYCIHY YIIIiH ITaiiaaibl 00Jybl MYMKIH.

Tyiiin ce3nep: Lllpenunrep teHaeyi, aucnepcusi, TMHaAMUKa, Oip COJMTOH, €Ki COJIMTOH, XHPOTa 9ici,
CBI3BIKTBIK €MEC, IICIIIM, OUCHI3BIKTHIK, TOIKBIH.
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COJIMTOHBI B CBSI3BAHHBIX OBOBIIIEHHBIX HEJTUHEWMHBIX YPABHEHUI
HIPEJIUHI'EPA

Annomayus

Henunelinsie ypaBHEHUs, IO CYyTH, OMUCHIBAIOT Pu3ndeckue mpodiaempl. COTUTOHBI, IOKATH30BaHHBIEC B
MPOCTPAHCTBE W BpPEMEHH M PACIPOCTPAHSIONINECS B HEIMHEHHOW cpene, SABISIOTCS OCOOBIMHU
CHeU(PUUESCKUMHU PEIICHUSIMH HEKOTOPBIX M3 3THX ypaBHeHUH. COJHMTOH BOCCTAHABIMBACTCS TOJHOCTHIO
MOCJIe HETMHEHHOTO B3aUMO/ICHCTBHSI, COXPaHsIs CBOK0 UJCHTHYHOCTh C TOW e CKOPOCThIO U (hopmoii. OH
o0yamaeT 3aMedaTeIbHBIMH CBOMCTBAMH YCTOWYHBOCTH. YCTOHYHMBOCTh WTPAET BAXKHYIO POJb B (pr3mKe
conutoHoB. Henuneitnoe ypaBuenue lllpeaunrepa, oMHO U3 HEMMHEHHBIX YpaBHEHWUU COJMTOHHOTO THIIA,
MIpUMEYaTeNIbHO CBOEH 3HAUMMOCTHIO B TEOPUHU HEIMHEHHBIX BOJIH, B YACTHOCTU B HEJIMHEWHOW ONTHUKE U
¢m3uke mia3mel. MccnenoBanme o0oOmeHwii HenrHeitHOTO ypaBHeHus LllpenuHrepa B HacTosmiee Bpems
SIBIIIETCS] aKTyaJIbHOM 00JIacThIO MccliefoBaHmil. B 3Toit pabote paccMaTpuBaroTCs CBsI3aHHBIE 0000IIICHHBIE
HenuHelHbie ypaBHenus llpegunrepa. OTH ypaBHEHHS HAlOT KJIACCHUECKOE HEJIMHEWHOE YpaBHEHHE
[Ipenuurepa B HEKOTOPHIX PEAYKIMIX. B KauecTBe METO/la UCCICAOBAaHUS IPUMEHEH OWIIMHEHHBIA METOJ
XUpOTHL, KOTOPBIN SBISETCS OAHUM U3 J(PQPEKTUBHBIX METONOB pEIICHUS HEIWHEHHBIX ypaBHEHHIL.
BI)IBOI[SITCS[ AUCTICPCUOHHBIC COOTHOIICHHA U IMOJTYYCHBI OJHOCOJIUTOHHBIC U IBYXCOJIMTOHHBIC PCHICHU. Ha
PUCYHKaX MpEACTaBJICHA JUHAMHKaA COJIMTOHHBIX peHICHHfl. HOJIy‘ICHHLIG B XO0A€ AAaHHOI'O HCCJIICAOBAaHUA
Pe3yNIbTaThl MOTYT OBITH TOJE3HBI IS JYUIIEro NMOHUMAaHWs HEJIMHEWHBIX BOJHOBBIX SBICHHH B JHOOBIX
Pa3IMYHBIX CIIyYasiX, 1€ IPUMEHUMA pacCMaTpUBacMas CBSI3aHHAsI MOJIEIb.

KuaroueBsle cioBa: ypasaenue [lpenunrepa, nucrnepcusi, AMHAMHUKA, OAWH COJTUTOH, JIBA COJTUTOHA, METOJ
XUPOTHI, HENMMHEHHOCTD, pelIeHUe, OMITNHEHHOCTh, BOJIHA.

Introduction

Almost every model of mathematical physics is the result of some approximate description of real
physical phenomena. The purpose of approximations is to study the main interactions that determine
the main contribution to the physics of the process, as well as to clarify the fundamental connections
between phenomena. There are numerous physically valuable nonlinear equations, as the Korteweg-
de Vries equation, the nonlinear Schrodinger equation, the sine-Gordon equation [1-8]. In the last
decade, a significant amount of work has been done on nonlinear equations [9-15].

In this work, we consider the coupled generalized nonlinear Schrodinger equations [16-18]

iq; + qxx + 2(alp|? + clq|? + bpq + bpq)q = 0, (1)

ips + Pax + 2(alp|? + clq|? + bpq + bpq)p = 0, (2)

where a and ¢ are real constants, b is a complex constant, ¢ and p are slowly varying pulse
envelopes. In case, b = 0, a = c then (1)-(2) reduce to the Manakov system [19]. And also, if b = 0,
a = —c then (1)-(2) reduce to the mixed coupled nonlinear Schrodinger equation [20]. The equations
(1)-(2) were investigated by Darboux transformation in [16].

The main goal of this work is to get soliton solutions of the coupled generalized nonlinear
Schrodinger equations by Hirota’s bilinear method [14,15]. A solitary wave with structural stability
that travels over a nonlinear medium is called a soliton. Solitons behave like particles (particle-like
waves) in that they do not break down when they interact with one another or with external
disturbances; instead, they keep moving while maintaining their structural integrity. With the help of
this property, data can be sent without interference over great distances. In addition, unlike harmonic
waves, classical solitons, in addition to energy transfer, also transfer matter (shift in the direction of
their movement over a finite distance).
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Research methodology

Bilinear form

Numerous nonlinear equations have been solved using the Hirota method, a direct analytical
technique for obtaining the soliton solutions. Once the bilinear form of the nonlinear equations was
given, multi soliton solutions can be derived through the truncated formal perturbation expression at
different levels. In this section, we apply the method to obtain soliton solutions for equations (1)-(2).

Introducing the dependent variable transformation

q= g

f’

m

p=—r

f

into (1)-(2), the bilinear form can be derived as follows:

[lDt+DJ%](gf) =0 (3)
DI(f - f) — 2(alm|? + c|g|* + bmg + bgm) = 0, 5)

where g, m are complex functions, fis the real one and D, and D;are the bilinear differential operators

defined by
a a.,0 0 ,
DEDI(f(x,0) - 9(x,0)) = (= = ) (o = D (F (x,£) * g, ') xmsomts

where [, n are positive integers.
Soliton solution

To get the N-solitons of the equations (1)-(2), we expand g, m and fin respect of a formal expansion
with the parameter ¢ as below:

g=¢cg,+e3gs+e%gs+..., (7a)
m=emy +&3mz + e5ms+..., (7b)
f=14+¢&*,+efo+.., (7¢)

whereg;sand m;s (j = 1, 3, 5,...) are the complex functions, and fas (n=2,4,6,...) are the real
ones, to be determined. Substituting expression (7) into (3)-(5) and gathering the coefficients of the
same power of &, we have

et [iD + Dy](g1-1) =0, (8a)
£ [iD; + D, ]J(m;-1) =0, B (8b)
g% Di(f 1+ 1'f2)—2(a|m1|2+c|g1|2+bm1§1 +b91§1) =0 (8¢c)
€3 [iDe+Dyl(gs 1+ 91 f2) =0, (8d)
€3 [iD, +DyJ(m3-1+my-f,) =0, (8e)

et Di(fu-1+fo- fo +1-f) — 2(a(mgmy + mymy) +_C(93E + 9153) +b(msg, +
mig,) +b(gsmy + g1m3)) =0 (8
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Equation (1)-(2) has one-, two-, and N-soliton solutions, which we may find by using expression
(8) and symbolic computation.

Results of the study
One soliton solution
To get the one soliton for equations (1)-(2), we choose

g=¢egi,m=emy,f=1+ef 9)

Substituting expressions (9) into bilinear forms (3)-(5), setting € = 1, we solve the bilinear system
recursively and obtain one-soliton solution as

aef1
1= Treoritnry (10)
__ Be®t
P etioire’ (1)

a|B|?+c|a?*+bpa+baf
(k1+kq)?
Figures 1-3 illustrate the graphs of the one-soliton solutions (10)— (11).

where e? = and 6, = ¢, t + kyx with dispersion relation ¢; = ik?2.

t=0 t=3
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Figure 1. Dynamics of the one-soliton solutions' q and p with parameters
kiy=1+ia=Lb=Lc=La=1 =2

0.0 |-~

P2

-5

Figure 2. 3D plot of the two-soliton solutions q Figure 3. 3D plot of the two-soliton solutions q
with parameters with parameters
ki=14+a=Lb=%Lc=%La=1,=2 ki=14+ia=Lb=Lc=La=1,=2

Two soliton solution
As in the previous section, we truncate g, m and f perturbation expression with respect to the
parameter € as

g=¢cg1+e3gs, m=emy+e3my, f =1+ &%f, + £2f,. (12)
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Substituting expressions (12) into bilinear forms (3)-(5), solving the bilinear system recursively,
and, setting € = 1, the two-soliton solution can be derived as follows:

a1691+a2691+691+92+91+51+691+92+92+52

q= (13)

1401+01+01 4 002+01+92 4 001+02+03 102402 +04 4 01+01+62402+s

ﬁ1€61+ﬁ2€61+€91+92+61+l‘1+€91+92+62+L2

p = (14)

14€01+01+01 4 02+01+02 4 001+02+P3 4 002+02+04 4 01+01+02+02+s

were
e®1 = a|B1|?+c|aq|>+bB1ai+bas By o2 = aB1Bz+cayay+baifr+baszfy
(k1+k1)? ’ (kp+k1)? ’
e¥3 = ap1fr+ca @z +baz fi+basf, ePs = a|/32|2+6|0-’2|2+bﬁ20-’_2+ba2ﬁ2
(k1+k3)? ’ (kz+kz)? ’

8, ‘11(i(Cl—Cz—a)+(k1—k2—k_12)2) e¥2 4 0‘2(i(Cz—C1—a)+(k2—k1—k_12)2)
i(ci+eo+c)+(kq+ky+ky) i(ci+c+c)+(ki+ka+ky)

8 — ‘11(i(Cl—CZ—EH'(kl—kz—k_z)z) oPa 0‘2(i(Cz—C1—G)+(k2—k1—k_2)2)
i(c1+c2+6)+(k1+k2+k_2)2 i(c1+c2+§)+(k1+k2+k_2)2

oli — ,31(i(C1—C2—a)+(k1—k2—k_12)2) 02 ﬁz(i(Cz—C1—C_1)+(k2—k1—k_12)2)
i(crtepten)+(kqy+kotky) i(crtcpten)+(ky+ky+ky)

ol — ,31(i(C1—C2—E)+(R1—k2—k_2)2) o4 ﬁz(i(Cz—C1—E)+(k2—k1—k_2)2)

_ —2 _ —2
i(C1+C2+C2)+(k1+k2+k2) i(C1+C2+C2)+(k1+k2+k2)

e(plj

e

e(p3

e

2

egol

3

e§03

3

a (e’“zﬁl +el1p, + el2p, + eaﬁ’z) +c (6‘5251 +e5a, + eS2a, + 35_1a2)
+

(ky+ky + 7 +75)
5=y b (e’“zﬁl +ela, + el2ay + eL_laz) + E(e‘szﬁl +e%1p, + e%2p, + 85_1,82) ~
(ki +ky + T + 1)
3 2914 P4 (ky + ky — ky —ky)? + 2eP11Pa(ky — ky — kq +ky)?

(k1+k2+k_1+k_2)2

with 6; = ¢;t + k;x and dispersion relations ¢; = ika (J =12).
Figures 4-6 present the graphs of the two-soliton solutions (13)-14).
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Figure 4. Dynamics of the two-soliton solutions q and p with parameters
ki=1+ik,=1—-i;a=1Lb=1c=1La,=1; 1 =35 a,=2; B, =55,
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Figure 5. 3D plot of the two-soliton solutions q Figure 6. 3D plot of the two-soliton solutions p with

with parameters parameters
ki=1+Gk,=1—-i;a=1Lb=1c=10 = ki=1+Gk,=1-i;a=1Lb=1c=10a =
1; Bl = 3.5; a, = 2; ﬂz = 5.5, 1; ﬂl = 3.5; a, = 2; ﬁz = 5.5,

Conclusion

In this work, we investigated the coupled generalized nonlinear Schrodinger equations. This
system has many applications in plasma physics and ocean waves. In some cases, the coupled
generalized nonlinear Schrodinger equations can be reduced to nonlinear Schrodinger equations
arising from various fields, such as quantum field and nonlinear optics.

To obtain a soliton solution we applied Hirota’s method. This approach provides a direct method
for finding N-soliton solutions to nonlinear dispersive equations. We got bilinear equations and
constructed one soliton and two soliton solutions for the coupled generalized nonlinear Schrodinger
equations. The dynamics of the soliton pulses have been presented in Figure 1 with the help of the
Mathematica package software by selecting appropriate values for unknown parameters. Propagation
of the optical solitons, generated via the balance between the group velocity dispersion and nonlinear
effect, has potential applications in the nonlinear fibers. The presented methods can be applied to
obtain new solutions for other nonlinear equations.
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