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THE CONVOLUTION IN ANISOTROPIC TRIEBEL-LIZORKIN SPACES
Tleukhanova N.T.*, Sadykova K.K.*

L L.N. Gumilyov Eurasian National University, Nur-Sultan, Kazakhstan

Abstract
In this paper, we investigate the boundedness of the norm of the convolution operator in

anisotropic Triebel-Lizorkin spaces. The Triebel-Lizorkin spaces are based on the Lorentz spaces qu . In the anisotropic
case, we take the anisotropic Lorentz space L, as the base. The main goal of the paper is to solve the following problem:

let f and g be functions from some classes of the Triebel-Lizorkin space scale. It is necessary to determine which
conditions on the parameters of the spaces from f and g are taken and study which space belongs to their convolution

f *g. Ananalogue of the O'Neil theorem was obtained for the Triebel-Lizorkin space scale Fp‘:q ,where a0, T, P, q

are vector parameters. Relations of the form Frl;" * thf S Fp‘i" are obtained, with the corresponding ratios of vector

111 1 11 11 . i
parameters a =p+7vy, 1+ —=—+ =—+—, —=—+—. The research method is the functional spaces theory

p rhiz p viag &
and inequalities of functional and harmonic analysis.
Keywords: Young-O’Neil inequality, anisotropic Triebel-Lizorkin spases, convolution.
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AHU3OTPONTHI TPUBEJIb-TN30PKUH KEHICTIKTEPIHIAEILT YHAIPTKI

BepinreH »xyMbIcTa YHIPTKI OnepaTopbl HOPMACBHIHBIH aHU30TPONTHl TpruOenb-JIN30pKiH KeHICTIKTepIiHILT eHeTy1

seprreneni. Tpubenb-JIn30pkuH KeHIiCTIKTEpi qu JlopeHIT KeHICTIKTepiHiH HeTi3iHae KYpBUIagsl. AHH30TPOITHI

Karmara 06aza peTiHae aHU30TPOITHI qu JlopeHI1 KeHICTIriH anaMbI3. JKYMBICTBIH HET13T1 MaKCcaThl KEJIeCi €CeTTi Ienry

GO TaOBLIA B aiftanbik, | kone § Tpubenb-JIM30pKMH KEHICTIr MIKANACHIHBIE KaHail 1a 6ip Ki1achiHAH GOJNCHIH.

f xoHe ( anbIHATEIH KeHICTIKTiH mMapamerpiepiHe KOHBUIATHIH IIAPTTAPIbl AHBIKTAY JKOHE OCHI (YHKIHSIAPIBIH

N - a S
f * g yitipTkici Kaif KeHiCTiKKe JKaTaTHIHBIH aHBIKTAY KaskeT. JKymbicTa Fprq Tpubens-JIn30pknH KEHICTITiHIH IKaIaCckl

yirin O’Helin TeopeMachIHBIH aHaJOThl ajbIHIBL, MyHIa O, T, P, ( BEKTOpJIBIK Mapamerpiiep OONbI TaObLIaIbL.
11

Frl::' *FI o Fo.' Typimzeri KaThHac JonenjeHmi, MyHIa KaThiHac mapamerpiepime o =f+y, 1+===+—,
p

r h
1111 11

—=—+—, —=—+— coiikeciHile mapTTap KOHbUIFaH. 3epTTey oAici (QYHKIMOHAJIBIK aHAIM3/IH TCOPHUSICHIHBIH
T pvqg g o
Tocinaepi MeH (YHKIMOHAJIBIK JKOHE TAPMOHUKAIBIK aHAIH3 TEHCI3AIKTEePiH KOIJaHy OOIBIN TaObIIa IbL.

Tyiiin ce3aep: KOur-O’Hetin TeHci3airi, anuzorponTsl Tpudenb-JIn30pKuH KEHICTIKTepi, YHIPTKI.

AnHomayus
H.T. Tneyxanoea®, K.K. Cadvixosa
! Eepasutickuii nayuonanvuwiii ynusepcumem um. JLH. l'ymunesa, 2. Hyp-Cynman, Kazaxcman
CBEPTKA B AHU3OTPOITHBIX ITPOCTPAHCTBAX TPUBEJA-JIN3OPKUHA

B nacrosimei paboTe ucciaeayeTcs OrpaHUdeHHOCTh HOPMBI OTMIEPaToOpa CBEPTKU B aHU3OTPOIHBIX MPOCTPAHCTBAX
Tpubens-JIuzopkuna. Ipocrpanctea Tpubens-JIuzopkuHa 0a3upyOTCS Ha OCHOBE MpocTpaHcTB JlopeHia qu. B

aHU30TPOITHOM Cllydae B KadecTBe 0a3bl OepeM aHU30TPOIHOE MPOCTpaHCTBO JlopeHia qu . OCHOBHO¥ 11e/TbI0 PAOOTHI

ABIIAETCS pelIeHue ciIeTylomel 3a1aun: mycTs { 1 ¢ (yHKIMH U3 HEKOTOPHIX KIIACCOB TIKATHI pocTpancTs Tpubers-
JInsopxuna. HyXHO OTpeieNInTh YCIOBHS Ha MapaMeTphl POCTPAHCTB U3 KOTOphX GepyTes f u ¢ m m3yunts Kiace,

KOTOPOMY TIpHHAIIEKHUT UX cBeptka f * . B paGote momyuen amanor teopembl O’Heiina 11si mKajibsl MPOCTPaHCTB

Tpubens-Juzopkuna F .1, roe @, T, P, ( SBIAIOTCA BEKTOPHBIMH TapameTpamu. I1omydeHsl COOTHONTIEHHS BHIA

pr >
Bn 3 aq 1.1
Fro * Fow© Fg', mpu cooTBeTcTBYIONMX COOTHONIEHHSIX BEKTOPHBIX mnapamerpos @ =B+y, 1+—=—+ e
p r

1 1.1 1 1.1

—=—+4+—, —=—+—. MeToJOM HCCIIeIOBaHMs SBJSIOTCS aIIapaThl TEOPHUH (PYHKIHUOHAIBHBIX IPOCTPAHCTB U
T p Vg &
HEepaBeHCTBA (PYHKIIMOHAIEHOTO M TAPMOHUYECKOTO aHAIH3A.

KuaroueBbie ciioBa: HepaBeHcTBa FOHra-O’Helina, arn3otponHbie mpoctpancTBa Tpubemns-JIn3opkuna, cBepTKa.

1. Introduction
Let | be either a n-dimensional torus T" =[0,1)", or a Euclidean space R". Let f(x) and g(x) be
determined and measurable functions on | with respect to the n-dimensional Lebesgue measure such that for
almost all x e I there exists an integral
I f(x—y)g(y)dy.

|
In this case, it is said that the convolution of these functions is defined

(f *g)(X)=_[ f(x—y)g(y)dy. (1.1)

The classical Young's inequality [1] has the form: suppose
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1<p,r,q<oo, l+1:£+1. (1.2)

q pr
If fe Lp(l), ge Lr(l ) then almost everywhere in | there exists a convolution f * g, belonging to the space

L, (1) and the following inequality holds

”f >kg|||_q(|) S”f|||_,,(|)||(~:J||L,(|)' (13)
We write this statement in the form of a relation
L,()=*L (1oL, ().
These inequalities play an important role in harmonic analysis and in the theory of partial differential equations

[1].
If
1 1 1
l<p,r,q<o, a+1—E+F, (1.4)
then for go(x)zin the inequality holds
g
179l <Cl Tl 0

This inequality is called the Hardy-L.ittlewood-Sobolev inequality. It does not follow from Young's inequality,
since | g,|, () = Generalization of inequality (1.3) obtained by O'Neil [2].

If (1.4) istrueand 0<s,;,s,,S<, 1=l+i, then
s s S,
L, *L, oL, (1.5)
and in particular
L,*L, oL, (1.6)

where L is Lorentz space.

Note that in relation (1.5), condition (1.4) is essential. The limiting cases of the O'Neil inequality with
condition (1.2) were considered in [3].

The O'Neil inequality for anisotropic Lorentz spaces was studied in [4,5]. In the case of n>2 these results
are extended the inequality (1.6). In the one-dimensional case, the O'Neil inequality was extended in [6,7].

There are generalizations of the Young and O'Neil inequalities for various functional spaces: weighted L,
spaces, classical and Lorentz weighted spaces, Hardy spaces, Wiener spaces, Orlicz spaces; see [4], [8-11],
and references therein.

Convolution operators were studied in spaces of smooth functions in [12-14].

In this paper, we investigate the boundedness of the convolution operator in anisotropic Triebel-Lizorkin
spaces.

2. Anisotropic Triebel-Lizorkin spaces
Let p= (p1v pz)i T= (71172): p= (/11’/12)1 V= (Vl'VZ)’ q= (quqz)’ o= (0‘1'0‘2)’ k= (kl'kz)'
r :(rllrz)! h :(hl'hz)i B :(ﬁlvﬂz): v :(71172)1 X :(Xl’XZ)'
Let 1<p,t<oo. For the function f el (TZ) let us define
oko+l  oki+l
Aflx)= 3 Sa (rpons
m2=2k2 m1=2k1
where the {am (f ): me Zz} are the Fourier coefficients of f with respect to the multiple trigonometric system,

keN.
Let —o<a <.
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The set of functions f e, (TZ) for which the following norms

1/q,

" w %/n
i) = Z{Z(Z A, fl)ql} o
k=0 \ k=0
Lpe(T2)

are finite, are called as Triebel-Lizorkin type spaces Fp‘:"(TZ). In the isotropic case, these spaces were

investigated in [15], where the interpolation properties were studied.
We define the concept of convolution for the elements of these spaces.

Let f = ZZakl,kzez”"(k“”kzm and g = ZZbkl,kzez”‘(kaZXZ) be trigonometric series. By convolution

k=00 ky =—0 Kp=—o0 ky=—0

If

of these series we mean the series

(F* 00 va)= D ) a (b, (gl o) (2.2)

Kp=—00 kg =—o0

Proposition 2.1.

(f *gxyliyz J-J.A f X X (yl_xliyz_xz)dx1dxz-

Proof. We consider the following quantltles
2k2+1 2k1+1

Akf(xvxz):

my=2k2 my=241

(f kzm MyXg+MpXy )

ml m, )

2k2+l 2k1+1

Ag(y, =X, Y, —%,)= Z waz (gAMbl

my=2K2 my =2k
According to Parseval's equality we have

J‘J'A (%, %,)A, 9(y, = X, Y, — X, Jdx,dx,

11 2k2+1 2k1+1 2k2+1 2k1+1

E E 2z (myx +myxz ) )ezm my (y1 =% Jema (Y2 %2 )
J‘I my,my )e bml m; dxldx
0 0 mp=2X2 my=24 my =22 my =2kt

Zkz +1 2k1+1

=3 Y e (b (g

k k:
=22 m =21

1 1 1 1
TMm%mZi.MtaﬁﬁeRz,a:B+y,1<th<w,1+B=F+H,1gnmv<m,_=_+_’

1<q,&§,n< o, l=1+1.
qa & n

Suppose that f and g are respectively measurable on [01] and [-11f functions such that
t eFM([0aF), g e F(0af) and

If*g

FP1 FI’EIH Ft:l\g ’

166



Abali ameiHOarbl Ka3¥IY-HiH XABAPLIBICbI, « @uzuka-mamemamuka fblasimoaps!» cepuscel, Ne1(69), 2020

Proof. Applying Proposition 2.1, we derive

a4/ \Y/ %2
10l - [ enieol ||
Lpe
11 q \%2/% Hae
= 2a1k1+azkz J‘_[Ak f (X)Ak g(y — X)j)(ld)(2 }
k2 00
Lpr
4/ \Y %
< IJ Z{Z(kaﬁrmkz |Ak f (XmAk g(y _ XM)%} XmdXZ
0 0\ ka=0\ k=0
Lpe
- i . ) 1 1 1
Thus, using Holder’s inequality for a =—+ ;, we have
&g \le
Hf*%w,—jj { (28t fq)J
’ 0 0\ k=0
nylm \Y2
X Z[Z(znkﬁhkz |Ak g(yl _ le yz _ XZ ))’71] ] XmdXZ
kp=0 \ k=0
Lpr

Let

F(xl,xz)[i(i(ﬂ“ﬁﬂzkzmkf(xl,xz])ﬁJ ] ,

kp=0 \_ k;=0
" - naIm \Y
Gly, = x,Y, —X%,)= {Z[Z(ZHKﬁyzkz 18,90y, %, Y, X, )Dm] J
kp=0 \_ k=0
. . ) . . . 1 1 1
Further, applying the O'Neil inequality for anisotropic Lorentz spaces [5] with parameters 1+ — = . + e
1 1 .
—=—+—, we derive
T p v
|70l <[F=cl,, <CIF], IGl.,

Thus,

kp=0 \_k;=0

o (o CYERN v [ noim M2
” f * g”F;Tq <C {Z[Z(Zﬁlkﬁﬁzkz |Ak f |)§1] } [Z[Z (271k1+72k2 |Ak g|)’71J J

Ly Lhy

=Cl[ tplol-

167




BECTHUK Ka3HIY um. Abas, cepus «Pusuko-mamemamuyeckue Hayku», Ne1(69), 2020 a.

References
1 Bennett C., Sharpley R. Interpolation of Operators // Pure and Applied Mathematics 129, Boston, MA, Academic
Press, INC. - 1988. - 469 p.
2 O'Neil R. Convolution operators and L(p,q) spaces // Duke Math. J. - 1963. -V. 30. - P. 129-142

3 Nursultanov E., Tikhonov S. Convolution inequalities in Lorentz spaces // J. Fourier Anal. Appl. —2011. - V. 17.
— P. 486-505.
4 Blozinski A.P. On a convolution theorem for L(p,q) spaces. Trans. Amer. Math. Soc. 1972. V. 164. P. 255-265.

5 Tleukhanova N.T., Sadykova K.K. O'Neil-type inequalities for convolutions in anisotropic Lorentz spaces //
Eurasian Mathematical Journal, - 2019.- V. 10. M2 3. - P. 68-83.
6 Nursultanov E., Tikhonov S., Tleukhanova N. Norm inequalities for convolution operators // C. R. Acad. Sci. Paris.
- 2009. - V. 1. Ve 347. - P. 1385-1388.
7 Nursultanov E., Tikhonov S., Tleukhanova N. Norm convolution inequalities in Lebesgue spaces // Rev. Mat.
Iberoam. - 2018. - V. 34. M0 2. - P. 811-838.
8 Heil C. An introduction to weighted Wiener amalgams. In Wavelets and their applications // Allied Publishers,
New Delphi. - 2003. - P. 183-216.
9 Nursultanov E.D., Tleukhanova N.T. Multipliers of Multiple Fourier Series// Proc. Steklov Inst. Math. - 1999. -
T.227. - P. 231-236.
10 Kerman R., Sawyer E. Convolution algebras with weighted rearrangement-invariant norm // Studia Math. - 1994.
V. 108. Ne 2. — P. 103-126.
11 Nursultanov E., Tikhonov S. Weighted norm inequalities for convolution and Riesz potential // Potential Analysis.
2015. - Ne 42. Ne 2. - P. 435-456.
12 Batyrov B. E., Burenkov V. I. Estimates for convolutions in Nikol'skii-Besov spaces // Dokl. Akad. Nauk. - 1993.
V.330. M 1. — P.9-11.
13 Bui H. Weighted Young's inequality and convolution theorems on weighted Besov spaces // Math. Nachr. - 1994.
- V.170.- P. 25-37.
14 Sadykova K.K., Tleukhanova N.T. Estimates of the norm of the convolution operator in anisotropic Besov spaces with the
dominated mixed derivative // Bulletin of the Karaganda University-Mathematics, - 2019. - V. 95. M2 3. - P. 51-59.

15 Bekmaganbetov K., Nursultanov E. Interpolation of Besov B;‘j and Lizorkin-Triebel Fp"f spaces // Analysis
Mathematica, - 2009. - V. 35. - P. 169-188.

MPHTH 27.31.44 DOI: https://doi.org/10.51889/2020-1.1728-7901.28
YIK 517.929.7

b. anpinl, A.T. Ecumosa *
1Ka3a1§ YAmMmbIK Kbl30ap neoazo2uxkaivly yhusepcumemi, Aimameoi K., Kazaxkcman

CBbI3BIKThI AU®PEPEHIINAJIABIK TEHAEY YIIIH BACTAIIKBI CEKIPICTI IHETTIK ECEII
INEIIIMIH BAFAJIAY

Anoamna

JKympicta yoriHmi perTi TypakThl KO3QQHUIHUSHTTI CHHTYISAPIBl YUBITKBIFAH CBHI3BIKTHI AU (EepeHIINANABIK TCHILY
YIIiH IIETTiK ecell KapacThIphUIFaH. by ecenre kimni mapamerp muddepeHIuanaslk TeHaey MeH t = 0 HyKTeciHaeri
HIeKapaiblK MIapT KYPAaMBIHAAFBl JKOFApFbl TYBIHABUIAPABIH aj/iblHa KOMbUFaH. BIpTEeKTi CHHTYJISpIIBl YHBITKBIFAH
muddepeHmanapK TEHISYAIH iprei memimaep )Xyieci oFaH ColKec CUIaTTaylbl TeHIeYAiH TyOipiepi yIIiH alblHFaH
ACHMMNTOTHKAIBIK XIKTeyJep Herizinae Kypsuiasl. Ockl xyie Komm QyHKuusChIH, apHaiibl meKapanblK GyHKIHSIAP/IbI
xoHe ['puH QyHKIMSICHIH KYpyAa KONJaHbLIabl. ATanFaH (yHKIUSIIAP/IbIH KOMETIMEH CHHTYJISIPIIbl YUBITKBIFAH IETTIK
€CeTl MeMiMiHIH aHATUTUKAIBIK (POPMYIIackl albIHABI XKoHE t = 0 HyKTeciHae OyJI menriMHiH HeMiHII peTTi 6acTanmKsl
cekipicke me OOJATBIHBI AHBIKTANIBL. KapacThIpbUIFaH CHHTYIAPIIBI YHBITKBIFAH IIETTIK €Cel MICHIiIMiHIH OCHI eCenTeH
& = 0 xarnaiibia anblHFaH coliKec YHBITKBIMAFaH €Cell IIeNTiMiHe YMTBUIATBIHBI TOJSIICH I,

Tyiiin ce3aep: YIBITKY, CHHTYJISPIIBIK, ACHMIITOTHKAJIBIK Oara, 6acTanksl cexipic, Komm ecebi, mexapanbIk ece.
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