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MIXED-TYPE DIFFERENTIAL EQUATION WITH FRACTIONAL DERIVATIVE IN
THE CAPUTO SENSE

Abstract

The purpose of this paper is to study boundary value problems for a mixed-type differential equation with
fractional derivatives in the sense of Caputo and to demonstrate the existence and uniqueness of its solution.
Such equations, including fractional derivatives, have significant potential to describe various physical
processes in which the effects of memory and heredity are evident, such as abnormal diffusion, heat transfer,
and relaxation phenomena. The paper presents an analytical approach to solving the problem based on the
method of separating variables by representing the solution as a Fourier series. As a result, the conditions for
the uniqueness of the solution were established and strictly proved, which, if certain conditions are met, ensure
the ambiguity of the task. In addition, the uniform convergence of the obtained series of solutions is proved
under the specified conditions. The results obtained can be used in the theory of differential equations and in
further applied research.

Keywords: Caputo operator, uniqueness and existence of a solution, Fourier method, boundary value
problem.
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! AGaii areinarsl Kaszak yITTBIK eqarorukanslk yHuBepeuteTi, AnMarsl, Kasakcran
2 AskuHus3 aTeiHAarsl HyKic MeMIIEKeTTIK TearoruKanbk MHCTUTyThl, Hykic, ©36ekcTan
KAITYTO MAFBIHACBIHJIA BOJIIIIEK PETTI TYBIHIBICHI BAP APAJIAC THUIITI
JUOOPEPEHIUAJJIBIK TEHAEY

Anoamna

By xympicThIH MakcaThl — KamyTo MarbIHACBIHAAFBI OOJIIEK PETTi TYBIHIBUIAPHI O0ap apajiac THIITI
G hepeHIMAIBIK TeHISY YIIIH MIeKapaiblK ecemnTepli 3epTTey JKOHE OHBIH HIemiMiHiH 6ap O0iypl MeH
JKaIFBI3/IBIFBIH KopceTy. MyHiail Tenaeynep, COHbIH imiHae OeIek peTTi TyBIHIbIIap, eCTe caKkTay JKoHe
TYKBIM KyalaylIbUIBIK ocepliepi KOPIHETIH OpTYpJi (PM3UKAIBIK IMPOIECTep/l CHUNaTTay YIIiH MaHBI3JIbI
QJIeyeTKe ue, MbIcajbl, aHOMaJbIbl TU(Qy3us, KbUTy Oepy >koHe penakcanus KyObuisicTapbl. JKymbicTa
memiMal Oypre KaTapsl TYPiHAE KOPCETY apKbUIBI alHBIMAJIBUIAPABI &XKBIPATY 9JIiCiHE HETI3IeNITeH MaCelleH]
HICIIYAiH aHAMTHKAJBIK TOCUIl YChIHBUIFAH. HoTwkecinge Oenrinmi Oip mapTTapAbl CakTail OTBIPHIM,
KOWBLIFaH MOCEJICHIH aHBIK EMECTITiH KAMTaMacChl3 €TETiH IS MHIH JKaJIFbI3IBIFBIHBIH [IAPTTAphI OCNTiIeH I
XKoHe KaraH Jonenaenzai. CoHbIMEH Kartap, OeNrijieHreH IapTTap OphIHAAIFAH Ke3[e aJlbIHFaH IIeIIiMAep
KaTapbIHbIH O1pKAJIBIIThI YKHHAKTBUIBIFI JJICIICH1. AJIbIHFAH HOTHXKeIep i audGepeHInaIbIK TeHISYIep
TEOPHACHIHIIA KOHE 9Pl Kapail KoJaHOaIbl 3epTTeyiep/e KoIIanyra 00masl.

Tyiiin ce3aep: Kamyto onepaTopsl, memiMHiH XKaJFbI3AbIFbI XKoHE Oap O60iybl, Dyphe 9/ici, HeKapalbIK
ecerl.
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Annomayus

Lenpto maHHOM PabOTHI SBISICTCS MCCIIEAOBAHUE KpaeBbIX 3a1av sl aud(depeHIMaibHOro ypaBHEHHUSI
CMEIIAaHHOTO THTA C JPOOHBIMH TMPOHM3BOJHBIMH B CMbIciie KamyTo W JeMOHCTpaIusl CYIICCTBOBAHHS W
€IMHCTBEHHOCTH €ro pelleHus. Takue ypaBHEHUs, BKJIIOYas MPOU3BOAHBIC OpOOHOTO Mopsijaka, 001agaroT
3HAYUTENILHBIM MOTEHIUAIOM Ui OMMCAaHMS Pa3IMYHBIX (PU3MUECKHX MPOLECCOB, B KOTOPHIX OYCBHIHBI
3¢ (deKThl MaMATH W HACIEJACTBEHHOCTH, TAaKMX KaKk aHOMaybHas nuddysus, MepeHoc Teruia W SIBICHUS
penakcauuu. B pabote mpencTaBieH aHATUTUYECKUN MOAXOJ K PEICHUIO 33a4i, OCHOBAHHBIA Ha METOJe
pa3ziesicHUs] MEPEMEHHBIX MyTeM MpeAcCTaBiIeHUs peuieHust B Buae psaa Dypoe. B pesymprate ObLH
YCTAHOBJICHBI W CTPOTO JIOKa3aHbl YCIOBHS €IWHCTBEHHOCTH PEIICHUS, KOTOPbIE MPH COOIIIOJCHUU
OMpEeIeNICHHBIX YCIOBHIA 00ECTIeYNBAIOT HEOJHO3HAYHOCTh MOCTABICHHOM 3a1aun. Kpome Toro, nokazaHa
PaBHOMEpPHAs CXOAUMOCTb ITOJIYYEHHOI'O PsiJ1a PELIEHUM IIPY BBINIOJHEHUH YKa3aHHbIX yciIoBUi. [lonydyeHHble
pe3yabpTaThl MOTYT OBITH WCIONB30BaHBI B TEOPUH AU(PPEpEHIMATBHBIX ypaBHEHUH M B JaJIbHEHIINX
MPUKIIATHBIX UCCIICTOBAHUSX.

KuaroueBbie cioBa: omeparop KamyTo, eMHCTBEHHOCTh M CYILIECTBOBaHHE pelieHus, meronr dypeoe,
KpaceBas 3aj1aya.

Main provisions

In the paper we consider a boundary value problem for a differential equation of mixed type with
fractional derivatives in the sense of Caputo and obtains its analytical solution in the form of a Fourier
series. Sufficient conditions for the existence and uniqueness of a solution are determined, and
uniform convergence of the obtained series is proved. It is shown that the analytical method allows
one to effectively take into account the memory effects common in physical systems. The results
obtained open the way to studying multidimensional and nonlinear cases and will serve as a basis for
future studies of the dependence of the solution on parameters using numerical modeling.

Introduction

In recent years, interest in boundary value problems for fractional differential equations has grown
due to their application in memory-intensive modeling processes such as wave propagation in
inhomogeneous media, plasma theory, and biophysics, as well as the growing need for accurate
models to describe processes with inhomogeneous dynamics.

Equations with fractional differential operators such as Caputo derivatives are particularly useful
in modeling complex dynamic systems. These equations are used in porous media, in problems of
fluid filtration in electromagnetic waves, and in studying wave propagation processes in weakly
dispersed and cold plasma media [1].

A significant amount of research is devoted to the study of boundary value problems for fractional
differential equations of mixed type, where methods and conditions ensuring the unigueness and
existence of a solution are considered. In addition, the use of the Fourier method and other numerical
approaches allows one to effectively solve such problems and obtain exact solutions for various
physical applications, including magnetohydrodynamics and processes in space plasma. Differential
equations of mixed type have been studied in the works of many authors, in particular [2-4].

Research methodology

This theoretical study was conducted in 2024 at the Faculty of Mathematics, Physics and
Informatics of the Abai Kazakh National Pedagogical University. The aim of the study is to analyze
boundary value problems for a mixed-type differential equation with fractional derivatives in the
Caputo sense.
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The study uses analytical methods of mathematical analysis. The solution to the boundary value
problem was constructed by expanding it into a Fourier series with separated variables. This allows
us to express the solution as a sum of orthogonal eigenfunctions. The properties of the Caputo
fractional derivative are used to take into account the effects of fractional differentiation. The study
is carried out in a model domain consisting of two subdomains: parabolic and hyperbolic. This
division reflects the mixed nature of the equation under consideration. Theorems of existence and
uniqueness of solutions are established on the basis of special conditions. A criterion for the
uniqueness of a solution is formulated and proven. In this paper, we consider a boundary value
problem for a differential equation with fractional derivatives in the Caputo sense.

Let 0 < a@ < 1. The f fractional derivative of f in the Caputo sense up to order a is as follows:

fh (r—s —f( )ds,ha(t)=

F(a) ’
Where T'(«) is gamma function. Consider the following equation:
—uxx(x,t)+D‘rxu(x,t) =f(x), 0<x<I, 0<t<T. (1)
For equation (1) there are boundary conditions:
u(0,6) =u(l,t)=0, 0<x<I, )
and the initial conditions:
@(x,0)=p(x), 0<x<l, (3)

it is necessary to find a function u(x,t) that satisfies equation. If ¢ =1, then this problem
corresponds to the usual classical problem.

Definition. The solution to problems (1)-(3) is the sum of all the conditions of the general problem
and the following:

1) D%l(x,r) € C([0,1]x[0,T]);
2) u_(x,0)€CX[0.0]x[0,T]);
3) u(x,r) € CX[0,1]1x[0,T]);

The function u(x,7) is called satisfying the conditions. Here, 7> ( is a given real number.
We find the unknown function «(x,r), which is a solution to problems (1)-(3), as follows [5]:

u(x,t) = El Tk(r)Xk(x). (4)

In the following spectral problem, we denote the system of orthonormal functions in the space
L*0,) by {X k} and the set of positive eigenvalues by (i) [7]:

07X (x)
_a—xz=,1kxk(x), 0<x<l, (5)
x(0) =x(1)=0.

Accordingly, we obtain the following differential equation:
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DT (1) +4 T (1) =f (1),
(6)
@(0)=g,.

The solution to the differential equation is as follows [7]:

= _ a foa—1 _ a\ je
Tk(t) _(pkEa,l( oy )+ fo 5 flcE(z,(z( ge )d‘;'
The unknown function u(x,z), which is a solution to problems (1)-(3), has the following form:

o]

u(x,f)=k§l|:<pkEa!1(—lkt“)+ h{)'tga-lkaa,a(—/lkga)dg]sin( \/Z x). )

The existence and uniqueness of the solution
Theorem 1. If the problem has a solution, then it is unique.
Proof. Let ul(x,t) and uz(x,t) be the solutions of problems (1)-(3). Let us prove that

u(x,t) = ul(x,t) - uz(x,t) =(. To find the solution u(x,t), we obtain the following homogeneous

problem.
Problem statement.
Consider homogeneous equation

0%u(x,t) "
_sz+]_)ru(x,t)=0, 0<x<l, 0<t<T. (8)

Find u(x,) a regular solution of equation (8), satisfying the boundary conditions (2) and initial
conditions (3).
Let u(x,t) satisfy all conditions of the homogeneous problem and let Xk be the eigenfunction

corresponding to each eigenvalue \/Z of the spectral problem (5).
Consider the following function:

I
wk(r)=_[Tk(t)sin(\/Zx)dx, k=1.2,.. )

Here, Tk(t) depends on ¢ but not on x, so it is taken from the integral notation. However, the
original formula implies integration over x without eliminating the function Tk(t). We differentiate
(9) with the integral notation over time ¢:

! [
d d d
Ewk([)= E{Tk(t)sin( ka)dx= {ETk(t)sin( ka)dx.

We consider the original differential equation (8) and the function (4) classified by eigenfunctions.
When substituting into the equation, each term must satisfy the equation, and as a result, we obtain
the differential equation:

a —_ =
DS wk(r) )Lkwk(t) 0

The solution to the resulting differential equation is as follows [6, b. 17, (1.3.3)]:
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w(t)=A E
k «a,

. (—zkra), k=12,., 0<t<T, (10)

1

Since (p(O) = ( by the conditions, Ak = 0. Then the right side of the equation is zero. This means
that u(x,r) is completely orthogonal to the system {Xk}. Therefore, ul(x,t) = uz(x,t),
u(x,t) =0, 0<x <1. The theorem is proved. O

We introduce some properties of the Mittag-Leffler function.
Lemma 1. For any ¢ > 0 the following estimate is valid:

C
E (-1)< ,
au 1 +1

(13)

where C is a constant independent of 7 and .
Lemma 2. The classical Mittag-Leffler function of the negative argument of Ea(—t) IS a

monotonically decreasing function forall 0 <« <1 and

O<Ea(—t)< 1, Ea(0)=1 (14)

is feasible.
Lemma 3. Let 0<a <1 and 4 >0 be such that for all positive ¢ the following holds [8]:

t
fga_lEa,a(_lga)dg=taE(z,a+l(_}'ta)' (15)
0

Theorem 2. Let f(x) € C[0,/] be a continuously differentiable function. Then equations (1)-(3)
have a solution u(x, t) and are given by the series (6) uniformly and absolutely convergent on the
interval () < x </ for all r €(0,7).

Proof. We differentiate the solution (6) twice with respect to

_ 0o _ I -1 _ .
uxx(x’t) B Zk =1 Ak |:q0kEa.l( ZkIOl) +Zk»{)‘ & ka(x,a( )Lkga)dg]snl( \ )ka)'
Let's break this row into two parts:

— — a
> )LkrpkEa’]( 3t ) (16)
k=1

> -1, fo el E, (~h ) (17)

If the function ¢(x) is four-times differentiable and the condition (0) =¢() =0 is true, then
the series (10) converges.
Using the estimate (13), we consider the modulus of the series (16).
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Za|rE, (4| < Tl

k1+zr

<

[es] ] oo 00
<22 ¢|=Zt_“<0|=f_“2|¢ |
k=1 k2 @ 10k o k Pl M

Here,

q)k=%f01¢)(x)sin(ﬁx)dx= (75{)2 Ol (4)(x)sin(\/zx)dx,

Then the series (16) converges absolutely and uniformly.

By following the same steps, we investigate the convergence of the series (17).

If the function £(x) is four-times differentiable and the condition f(0) =/(/) =0 is true, then the
series (17) converges.

o0

2. A

k=1 Kk

s 1

194 f
k= 1kt“

T ‘—Zf

Here,

) 2
= TJO‘If(x)Sin(\/Zx)dx = () jo‘lf(fl)(x)sm(\mx)dx

Then the series (17) converges absolutely and uniformly.

If u (x,r)ec¥[0,]x[0,7]) is absolutely and uniformly convergent, then wu(x,r) € C*([0,/]1x[0,T])
converges.

According to equation (1):

D?u(x,t) = f(x)+ uxx(x,t)

Therefore, D;‘u(x,t) € C([0,]1x[0,T]) is absolutely and uniformly convergent.
Theorem 2 is proved. O

Results of the study

As a result of theoretical studies, sufficient conditions for the existence and uniqueness of a
solution to a boundary value problem for a differential equation of mixed type with fractional
derivatives in the sense of Caputo were established. The solution was given in the form of a Fourier
series and its uniform convergence was proven when the formulated uniqueness conditions were met.
The obtained results confirm the validity of the proposed hypothesis about the existence of a stable
and unique solution in a limited region divided into hyperbolic and parabolic parts. An existence
theorem was proven, and the uniqueness conditions showed its applicability to various sets of
boundary conditions.

Discussion

As a result of this study, a boundary value problem for a differential equation of mixed type with
fractional derivatives in the sense of Caputo is solved by a rigorous analytical method. Its solution is
given in an exact form using a Fourier series, which allows one to express the solution clearly without
using numerical methods. Below, the importance of this approach, its relation to memory effects in
physical systems, and a comparison of this work with other modern studies using the work of Caputo
are discussed, and future research directions are outlined. The analytical approach used in the study
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allows one to obtain an exact solution to the equation and provides a deeper understanding of the
behavior of the system. Unlike numerical approximation methods, the analytical solution completely
describes the dependence of the problem on the parameters and initial conditions, eliminating
approximation errors. Representing the solution as a Fourier series not only clearly shows the
influence of each harmonic component of the solution, but also ensures that the solution approaches
the true value as the number of terms in the series increases. The significance of this approach is that
it allows one to analyze the influence of computational parameters (e.g., the order of the fractional
derivative) and can serve as a benchmark for assessing the accuracy of approximate methods.

One of the unique features of this study is that the problem is solved purely analytically, without
using numerical methods. Usually, fractional equations cannot be solved by simple analytical
formulas, which forces us to resort to numerical methods. Therefore, the analytical solution in our
work has significant value in this context. The analytical solution completely describes the behavior
of the system and can serve as a basis for checking the correctness of other numerical results. This
approach also allows one to study the boundary conditions of the solution.

Caputo's work is currently used in many studies. A special feature of our work is that we obtain
an exact analytical solution for a mixed-type equation. In other studies, the solution is often specified
by special functions and only general properties are considered (e.qg., the existence and uniqueness of
the solution). We will supplement this area with the specific solutions we obtained.

The results obtained allow us to continue research in several directions in the future. Firstly, by
implementing numerical modeling, it is possible to study the stability and dependence of the
parameters of the obtained solution. Secondly, the transition to multidimensional cases and, thirdly,
the consideration of nonlinear variants of the problem are important and promising areas. These areas
allow us to expand the scope of solving applied problems of physics and engineering by combining
analytical and numerical methods.

Conclusion

In this study, an analytical solution to a boundary value problem for a differential equation of
mixed type with a fractional derivative of Caputo order was obtained. It was verified that the obtained
solution satisfies the equation and the boundary conditions, and it was proven that this is a unique
solution. It was also shown that in the limiting case of fractional order (when the order of the
derivative is 1), this solution becomes a solution to the classical equation.

Theoretically, the conclusions obtained in the work complement the theory of fractional
differential equations. It is shown that for equations of mixed type it is possible to solve a boundary
value problem using fractional derivatives, and the classical results are generalized to fractional order.
From an applied point of view, the obtained results can contribute to the accurate modeling of
complex processes in various fields. For example, fractional-order models are currently used to
describe phenomena with memory properties, such as relaxation or anomalous diffusion in
viscoelastic media. The analytical solutions obtained in the course of the study make it possible to
increase the accuracy of such models and analyze their behavior.

The obtained solution is expressed in analytical form. The main advantage of such a specific
solution is that the behavior of the solution can be analyzed directly by freely changing the parameters
of the problem (for example, the value of the order of the fractional derivative). In this case, the
analytical solution serves as a standard for checking the correctness of the results obtained using
numerical methods, allowing one to evaluate the accuracy of numerical models. One of the directions
of future research is the extension of the proposed method to similar problems in multidimensional
areas. The second direction is a comprehensive consideration of the nonlinear case of the equation.
In addition, an important direction for the future is the development of numerical modeling methods
for complex problems that cannot be solved analytically.
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