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STATIONARY DIFFUSION MODEL IN HETEROGENEOUS MEDIA WITH SMALL
PARAMETERS

Abstract

This study presents a theoretical and applied investigation of a stationary diffusion problem in
heterogeneous media incorporating small parameters and modified boundary conditions. The relevance of this
work stems from the necessity to accurately represent boundary layer effects in complex physical systems with
variable internal structures, such as multilayered materials, biological tissues, and natural geophysical
environments. Traditional models often oversimplify such effects, resulting in distortions in the solution near
domain boundaries. The primary objective of the research is to construct a rigorous mathematical framework
that accounts for both the presence of small parameters and altered boundary conditions. The analysis includes
deriving a priori stability estimates and constructing asymptotic expansions for the solution. The methodology
relies on functional formulation in Sobolev spaces, the Galerkin method, asymptotic techniques, and weak
convergence theory. Special attention is given to the existence and uniqueness of both strong and generalized
solutions, as well as to their convergence properties as the small parameters tend to zero. The results confirm
the solvability of the problem, provide robust energy estimates, and establish solution stability under various
types of boundary modifications. It is demonstrated that changes in boundary conditions primarily affect
solution behavior near the domain edges, while preserving the global structure of the field. The model is
applied in various fields, including climate modeling, thermal diffusion, and hydrophysical systems. This work
lays a foundation for the development of adaptive numerical schemes and for extending the analysis to non-
stationary problems.

Keywords: stationary diffusion, heterogeneous media, small parameters, boundary conditions, asymptotic
analysis, solution stability, functional methods, a priori estimates
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Anoamna

By 3eprrey mekapaibiK mapTTapabl €3repTy MapThl OOMBIHIIA MIAFBIH TapaMeTpiepi 6ap OipTeKTi emec
opTanapia CTalMoOHApNBIK JUQQY3nsi MICeNeCiH TEOPHUsUIBIK >KOHE KOJAaHOa bl TaujayFa apHalFaH.
JKYMBICTBIH ©3€KTUIIT Kom KadaTThl MaTepuajiap, OHOJOTHSUIBIK Yianap *oHe TaOWFU reo(U3UKAIBIK
TY3UTIMAEP CHUSIKTHI OPTaHBIH aybICHaNbl KYPBUIBIMBI Oap (HU3UKAIBIK KyHenepae TYBIHAAWTBHIH MeKapalblK
ocepiiepi [IoNl cumarTay KaKeTTuliriMeH OaiinmanblcThl. Kitaccukanblk MopenblepAe MyHAall acepriep ki
esleHOeH I HeMece KEeHIIeTIe i, OYIT MeKapallblK aiiMaKTapAarbl epiTiHAIHIH TapalybIHbIH OYpMaaHyblHa
oKeneni. 3epTTeyAiH MaKcaThl - IIaFbIH HapaMeTpiiepAl XKoHE ©3repTUIreH MIeKapalbIK MapTTapAbl €CKepeTiH
KaTaH MaTeMaTHKaJbIK MOZEIbAI KYPY, COHBIMEH KaTap TYPaKTBUIBIKTHIH alpHOPIBIK OarachblH aly KoHE
MICIIIMICP/IH aCHUMIITOTUKAJIBIK KEHEIOIH Kypy. OficTeMe (QYHKIMOHAABIK KEHICTIKTEpPAE MaCeNeHi
TYXKBIPBIMIAYJIbI, [allepkuH 9ICIH KOJJaHy/bl, AaCHMITOTHKAIBIK TalIaylbl JKOHE 9JICI3 KOHBEPTEHIIUS
TEOPHSICBIH KaMTuAbL. JKammbuianFaH )kKoHe KYIUTI MIemiMaepAl KypyFa, COHIaii-aK mapaMeTpiep Henre Oerdim
OOJFaHIBIKTAH OJIAPJIBIH JKaKbIHIACY INAPTTApPbIH 3epTTEyre epekiie Hazap ayaapbuiaipl. HoTmkecinme
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MOJENbIIH MIENIIETIHIIr JRJIETIACH ], SHEPTUSIIBIK Oaramaymnap aJIBIHAJIBI, HIEKapabIK
MOAUGUKANMSUIAPABIH OPTYpPJIl TYpiepi VIIiH INEeMIMICPAIH TYPAaKTBUIBIFEI pacTamansl. Illekapaibik
mIapTTapasl ©3repTy HeTi3iHeH OpiCTiH >Kallbl KYphUIBIMBIH Oy30ail, miekapanapra »akblH MIEMIiMACPIiH
OpeKeTiHe acep eTeTiHi kepceriareH. Kimmmaronorusina, KUy aMacy bl MOJICNBICY/IC XKoHE THIPO(U3UKa 1A
MOJIETIB/II KOJIIaHy MbIcanaapel KenrtipinreH. JXyMbIc afanTHBTI CaHABIK CyJI0anmapAbl J3ipieyre >KoHe
TaNJaybl CTAIMOHAPIIBIK EMeC ecenTepre KeHeNTyre Heri3 0oa anajpl.

Tyiiin ce3mep: craronapisl 1uddysus, OipTeKTi eMec opTa, IaFbIH apaMeTpJIep, MEKapallbIK apTTap,
ACUMIITOTHKANBIK TaJAay, MEIIiMIAEPIiH TYPaKTbUIBIFEL, ()yHKIIHOHAIIBIK TCLI, alpUOPIIBIK Oaranay.
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MOJIEJIb CTAIIMOHAPHOM JJU®®Y3UU B HEOJHOPOJHOM CPEJE C MAJIBIMHA
IMAPAMETPAMUA

ArHomayus

Hacrosimee wuccienoBaHue IOCBALIEHO TEOPETUYECKOMY MW IPUKIAJAHOMY aHAIU3y CTallMOHApHOU
nudQy3noHHON 3a7aud B HEOJHOPOJHBIX Cpelax C MajbIMH MapaMeTpaMH MpH YCIOBHU MOJU(PUKALNU
KpaeBbIX yCJIOBHUH. AKTyaJbHOCTH paboThl 00yCIOBICHA HEOOXOAMMOCTBIO TOYHOTO OMHCAHUSI TPAHUYHBIX
3¢ }EeKTOB, BO3HUKAIOIIMX B (HU3MUECKUX CHCTEMax C IIEPEMEHHOM CTPYKTYpoHl cpenbl, TakMX Kak
MHOTOCJIOMHBIC MaTepuasibl, OHOJIOIMYECKHE TKAaHW M NPUPOJHbIE Treodu3mueckue oOpa3oBaHus. B
KJIACCUYECKUX MOJENAX Takue 3(PQEKThl 3a4acTy0 HUTHOPHPYIOTCS WM YNPOIIAIOTCS, YTO MPHUBOAUT K
HCKQXCHUIO paclpeAeNeHNs PEeIIeHUs B TOTPAaHUYHBIX 30HaX. Llenpro UccIenoBaHus SBISETCS MMOCTPOCHHE
CTPOroM MaTeMaTUYECKOM MOJIENH, YUUTHIBAIOLIEH MaJIble IIapaMETPhl U U3MEHEHHBIE TPAHUYHBIE YCIIOBUS, a
TAaKKe IIOJIy4EHHE AIPUOPHBIX OLIEHOK YCTOMYMBOCTH M IIOCTPOEHUE ACHUMITOTUYECKUX Pa3IOKECHUN
pemieHuid. MeToAonorusl BKJIIOYAET B ce0s IMOCTAaHOBKY 3aJauyd B (DYHKIMOHAJIBHBIX IPOCTPAHCTBAX,
npuMeHeHne Merona [anepkuHa, acHMOTOTHYECKOTO aHajiu3a M TeopuH cinabod cxomumoctr. Ocoboe
BHUMAaHHUE YAEJICHO MOCTPOCHUIO 00OOIIEHHBIX M CHIIBHBIX PEICHHH, a TaKKe MCCIEeJOBAHUIO YCIOBHH HX
CXOAMMOCTH TPH CTPEMIICHMM MapaMeTpoB K HyJ0. B pe3ynbraTe 1oKa3aHa pa3peliMMOCTb MOJIENH,
MTOJTy4YEHBl SHEPreTUYEeCKHE OLEHKH WM MNOJATBEPXKAECHA YCTOWYMBOCTH PEIICHHH IPHU PA3NAYHBIX BHAAX
rpaHnyHbIX Moaudukanuii. [TokazaHo, 9T0 MOJU(UKALIUS KPACBBIX YCIOBUH BIHACT MPEUMYIIECTBEHHO Ha
MOBEJICHUE pEIICHU BOJIM3M TpaHuWL, HE Hapymas oOmedl cTpykTypsl mons. llperncraBieHsl mpuUMepbI
MPUMEHEHUS] MOJENH B 3afadax KIMMAaTOJOIMH, MOJCIMPOBAHUH TeIUlonepeHoca u ruppodusmuke. Pabora
MOJKET CIY)KUTh OCHOBOW JUIsi pa3pabOTKH aJalTHBHBIX YHCICHHBIX CXEM W pacCIIMpeHHs aHalu3a Ha
HECTAaLlMOHAPHBIE 3aJa4H.

KiroueBble cioBa: craumoHapHas auddysus, HEOTHOPOAHAs Cpela, Maible NapaMeTpbl, KpaeBble
yCIIOBUS, aCHUMITOTHYECKUH aHaNW3, YCTOWYMBOCTh pEUICHUH, (YHKIMOHANBHBIA TOAXOJ], AlNpUOPHBIC
OLICHKHU.

Main Provisions

This paper investigates the influence of boundary condition modification on the behavior of
solutions of a stationary diffusion problem in inhomogeneous media with small parameters. A
theorem of the existence of strong and generalized solutions of the problem is established, a priori
stability estimates are obtained, and asymptotic expansions with control of the accuracy of
approximations are constructed. It is revealed that modifications of boundary conditions significantly
affect the distribution of the solution in the boundary region. The methodology is substantiated using
the theory of boundary value problems and methods of functional analysis.

Introduction

Mathematical modeling of stationary processes of matter and heat transfer in environments with
spatial heterogeneity and small parameters is an important area of applied analysis. Similar problems
arise in a wide range of scientific and engineering applications - from thermal physics and geophysics
to biomechanics and materials science. A characteristic feature of such processes is the increased
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sensitivity of solutions to boundary conditions, especially in situations where the properties of the
medium change significantly near the boundary of the region.

Traditional formulations of diffusion problems often assume strictly specified boundary conditions
and constant coefficients, which may not be justified in real systems. Classical approaches developed
in the works of O.A. Ladyzhenskaya [1, p. 15] provide a fundamental basis, but do not cover the
influence of structural heterogeneities and variations at the boundaries. More modern studies suggest
using asymptotic analysis and homogenization methods to account for the heterogeneous
microstructure [2, p. 47; 3, p. 92]. However, the issue of modifying boundary conditions in the
presence of small parameters remains insufficiently studied. In climate modeling problems, for
example, when assessing heat transfer through ice cover, it is essential to consider the transition zones
between layers with different thermal conductivities, such as those between air and ice, and ice and
water. Here, both spatial heterogeneity and weak heat exchange at the boundaries become
unavoidable, which cannot be correctly described without introducing modified boundary conditions
[4, p. 213]. In this context, the development of models that combine a functional-analytical approach
with asymptotic stability of solutions becomes relevant.

The present study aims to construct a mathematical model of stationary diffusion that takes into
account small parameters, structural heterogeneity of the medium, and modified boundary conditions.
A rigorous justification for the existence and stability of solutions in functional spaces is proposed, a
priori estimates are obtained, and asymptotic expansions are constructed. In addition, the practical
application of the model for describing a stable temperature profile in ice layers with various types
of boundary interactions is demonstrated. Thus, the developed model has both theoretical value and
practical significance for heat exchange problems in natural and engineering systems.

Research methodology

The study is theoretical and analytical, based on modern methods in the theory of boundary value
problems for elliptic equations. The mathematical model is formulated based on a stationary diffusion
problem, where the heterogeneity of the medium and the presence of small parameters determine
spatial variations in the coefficients and modifications to the boundary conditions. The central place
is occupied by a strict formulation of the problem in Sobolev spaces, which allows analyzing solutions
within the framework of both intense and generalized interpretations. To substantiate the existence
and uniqueness of solutions, Galerkin and variational calculus methods were used, as well as the weak
convergence technique, which made it possible to prove the solvability of the problem rigorously. All
conclusions are accompanied by a priori energy estimates based on classical functional inequalities -
Cauchy, Young, Sobolev - and the maximum principle. This approach ensured the mathematical rigor
and stability of the model. Particular attention in the work is paid to the construction of asymptotic
expansions of solutions in powers of a small parameter. By formally substituting these expansions
into the original equations and modified boundary conditions, equations for each order of
approximation were identified, which made it possible to determine the exact structure of the
correction terms. The obtained estimates of the residual terms confirmed the convergence of the
approximations and the stability of the solution as ¢ — 0. An important step was the justification of
the correctness of the limit transition as small parameters tend to zero. The use of weak convergence
concepts in Sobolev spaces ensured a rigorous analysis of the behavior of solutions, including
nonlinear boundary terms. Thus, the proposed methodological approach combines functional and
analytical rigor with the ability to construct stable approximations, providing a comprehensive
understanding of the influence of modifying boundary conditions on the structure of a stationary
solution in an inhomogeneous medium.

Statement of the Problem

A boundary value problem is considered that models the steady motion of a viscous incompressible
fluid with variable density in a limited region Q € R3. The motion is described by the following
system of equations:
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p[(B-V)B] = vAD — Vp + A(Vp - V)P + pf, (1)

This is the generalized equation of motion (modified Navier—Stokes equation) for an
incompressible fluid with variable density.

The left-hand side is the inertial term: the density p times the convective derivative of the velocity
@ -V)v.

The left-hand side is the inertial term: the density p multiplied by the convective derivative of the
velocity (v - V).

The right side includes:

(v - V) — aviscous term describing internal friction (diffusion of momentum);

Vp — a pressure gradient;

A(Vp - V)¥ — an additional term reflecting the effect of the density gradient on the velocity;

pf — amass force (for example, gravity) multiplied by the density.

Condition of incompressibility of the medium (2): the divergence of the velocity vector field is
zero. This means that the volume of the liquid is preserved.

divi = 0 )

The equation of density (3) transfer takes into account diffusion. The left part is the convective
transfer of density by the velocity field, and the right part is the diffusion spreading of density with
the coefficient A. The equation describes the stationary distribution of density in a moving medium.

(- V)p = Alp 3

Boundary conditions:

1_7)|an = O' P|an = pO(x)' fQ pdx =0 (4)

where

V|50 = 0 —no-slip condition: the liquid is at rest at the boundary of the region;

plaa = po(x) —the density distribution at the boundary of the region is given;

fQ pdx = 0 —pressure normalization: the average pressure value over the region is assumed to
be zero (for uniqueness of the solution).

Description of variables:

v —volumetric flow velocity vector;

p — scalar pressure field;

p —scalar function of the density of a liquid (or solution);

A —molecular density diffusion coefficient;

f — vector of mass force acting in a region (for example, gravity);

v — kinematic viscosity coefficient.

The function py(x) defined on the boundary 0Q satisfies the condition

lpo ()| = M (5)

Definition 1. A strong solution to problem (1)-(4) is a function v(x) € WZ(2)N
WL(2),)p(x) € WE(2),div v = 0,p(x) € W5 (), satisfying (1)-(4) to the appropriate extent.

Theorem 1. Let 9Q c C?, f(x) € L,(Q), po(x) € W23/2(Q) and condition (5) be satisfied. Then
there exists at least one strong solution to problem (1)-(4).

Proof. We obtain a priori estimates of the solution. By the maximum principle for elliptic
equations, we have
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lpl <M (6)

Let us multiply (1) by v in L,(Q). Considering that by virtue of (3)

f [p(5 - V)i — A(Vp - V)] 5dQ = 0,
Q
we get the inequality

V“v{j”lz,z(ﬂ) = CM”f”WZ—l(Q)”VE”LZ(Q)’
from which follows the assessment

vIVall,q < ClIFll,, ~1(q) (")
Now, multiplying (3) by p — py in L, (), we get
Mlvpllf, oy S C (||17||L2(g)||VP||L2(n) I)glefgdp = Pol +/1||Vp||LZ(Q)||Vpo||L2(n))
Applying Young's inequality on the right-hand side

121, Vel @ rygglp = pol + AIVpllL, @ IVeollL, ) <

5—1
||\7p||L2(m+ 19112,y maxlo = pol? + 2219po 17,y |

For sufficiently small §; we have

201,y < € (I1Fll10q) + 1P0NE () ®)

Next, using the theory of boundary value problems for elliptic equations, from equation (3) we
obtain

19p1l1,00) < € (11 - Dplliyca) + 190 ll372 o0 )

Using inequality
1VollL, ) < Cllolly gy I3 2ay < Cllolly g M
Let's estimate the first term on the right-hand side

1@ - Vel < 181,@ 1Pl < CIP - Vily@M 2ol g <

b 020 s oz
S lpllwz o) + TC”V VIL,M.

For sufficiently small §,, we establish

lollwzcay < € (I1Flly -1 + 1ol 272 o0 ) ©)
Let us rewrite (1) as
VAU —Vp = p(v-V)v — A(Vp - V)v — pf,
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Let's estimate the right side as follows:

lo@ - V)% = AV - V)7 = pf|| o) < MITlL,@) 1951l c0) +

ANl @ 175,00 + MIIFIl, o) <

~n5/4 -n3/4 1/2 -n3/4 =nl/4 r
< COMIIVDI iy 1117y + ol oy M 2151 o 19511y + M, o) <

3 1 -
N -3 =115 2 o
< 163||v||W22(Q) + 153 C (M4||V17||L2(Q) + /14||p||W22(Q)M2||vv||Lz(m) + CM||f||LZ(m

Using estimates of solutions to boundary value problems for the Navier-Stokes system, we find
— - =5 - 2
”v”WZZ(Q) + ||Vp”L4(Q) <C (”f”LZ(.Q) + ”f”Wz_l(Q) + ”f”Wz_l(Q) + ”pO”WZS/Z(aQ)) (10)
The solvability of problem (1)-(4) can be proved based on estimates (6)-(10), for example, by the
Galerkin method. The proof is complete.
Let us consider various approximations of problem (1)-(4). Let us start with the system
pE (Ve - Vv = vADE + iniV e — %pgﬁ‘gdivﬁ‘g + pEf + A(VpE - V)BE, (12)
(v® - V)p® = AAp¥, (12)
with boundary conditions
v¢laq =0, p¥laq = po(x). (13)
Theorem 2. Let £ (x) = L,(Q), po(x) = W,2/?(Q) and satisfy (5), 9Q € C2. Then there exists at

least one solution to problem (11) — (13) v¢(x) € W2(Q) N W1 (Q) , ps(x) € W.2(Q) the estimate
holds

- 1 L= ~
1520 + 1V div 500y + 1%z < o (IF ], g 19022 (14)

Proof. As before, [pf| < M.
Multiply (11) by v¢ in L,(Q). By the equality

- . 1 . - N N
f [p‘s(v‘E -VvE + Ep‘sv‘gdivv‘E — A(Vpt - V)v‘g] védx =0,
Q

we will receive
. 1 B A1
V||VVS||i2(Q) +- |V div US”fZ(Q) = C”f”WZ_l(Q) (15)

Next, from equation (12) we have

=2
otz < € (1710 * MPolly2r2 ) (16)
Let us rewrite (11) as
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-

.1 R - .. 1 R .
vWoé + EV div v¢ = pt (V& -V)vé + Epgvsdivvs — A(Vp? - V)ve — p¥f,

Estimating the right-hand side in L, (£2) taking into account the inequality of the e-approximation
of the Navier-Stokes equations

R 1 . 1 .
1V lwzq) + Z IV div vé|| ) < C||vVve + EV div v

; . L, (Q)
we will receive

15 w2y + 21 div 5N,y < € (1] g + IF sy + 17T oo g0l /250 ) (47)
wi@) T Ly(Q) = Lo () wy1(Q) wy () 1Po wi/?(00)

Estimates (16), (17) guarantee the validity of Theorem 2. In addition, it follows from them that it
is possible to select subsequences {p¢}, {v*}, {i div 175} that weakly converge in the corresponding

measure as € = 0. The proof is complete.
Let us rewrite (11) in the form

. - . 1 . - -
pé (v - V)ve = vAv® — Vp? — Epevgdivvg + pff + A(Vp® - Ve,
(18)
divv® + epf = 0.

Theorem 3. Let the conditions of Theorem 2 be satisfied. In addition to the fact that f(x) €
Wyt u ||f|| M, lpo (Il /2, are sufficiently small. Then the solution to problem (18),
L(Q) w7 (Q)
(12), (13) can be represented in the form

N
55 =54 Z kD, + eVt
k=1
(19)
N
pe=p+ Z e“pi + pee™
k=1
N
pi=p+ Z £ pi + pee"t,
k=1
where v, p, p is the solution to problem (1) — (4), and the following estimates are valid
||17k||W22(Q) + ||Vpk||L2(Q) + ||pk||W22(Q) < (y,
(20)

”WSHWZZ(Q) + ||Vp£”L2(Q) + ||p£||W22(Q) < Cs.

Proof. Substitute the expansion (19) into (18), (12). Collecting the coefficients at the powers of
g forall k =1,2,..., N we obtain
- - - - - I O
po (Do * V) + po (U - VIV + pi (Vg - VIV + Epovodka =
(21)
= VAV, — Vpi + prf + AL(Vpo - VIV + (Vi - V) Vo] — hye (%),
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k-1 k-1
- I S -
h (x) = z [pi(vj V), + Epivjdw vi] + z A(Vp; - V)T;,
L5721 ij=1
i+j+e=k—1 i+j+t=k-1
div vy + prs1 =0, (22)
pr(Wo * V) + po (U * V) + gi(x) = AApy, (23)
k-1
gi(x) = Z ('31' ' V)pj'
ij7=1
i+j+o=k—1
Uklag = 0, prlag = 0. (24)

The functions w, p,, p, are the solution to the problem

. _ _ . . I R
po (Do - VIWe + po(We - V)Vg + pe(vg - V)Vg + EPOUOdWWe =

(25)
= VAWS — Vpe + psf + A[(VPO ) V)Ws + (Vpe ) V)‘EO] - hN+1(x):
k—1 k-1
h — i+j+f—N > .1 S div i+j) -
n+1(x) = € pi(T; - V)V, + S Pivjdiv V| + eA(Vp; - Vv,
i,jf=1 i,j,6=1
i+j+E>N i+j+o=k—1
divw, + ep, + epy =0, (26)
pe(Wo - V) + po(We * V) + g1 (x) = AApy, (27)
N
va@= ) MMy,
i =1
i+j+E>N
Weloa = 0, pelag = 0. (28)
Problems (21) — (24) for each fixed k = 1,2, ..., N, (25) — (28) have solutions
¥, (x), We (x) € WZ(Q) N W3 (Q)
Vo (x),Vp.(x) € Ly (Q), pic(x), pe (x) € WF(Q),
where vy, px, px do not depend on .
Let us estimate the functions g (x), hy (x)
k-1
gl < Y. Wlu@lvall, o <
=1
i+j=k-1
(29)
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k-1
<C z |IvaiI|L2(ﬂ)|lApj||iZ?Q)”pj”iz/?ﬂ)
i+j=k—1
k-1
||flk||L2(Q) < Z (M”ﬁi”L6(Q)||VEJ'”L3(Q) + /1||VPi||L4(ﬂ)“VEf||L4(Q)) =
N ij=1 (30)
= Z (MHV?Z-IILzm)||A'7j||Z(2m||Vﬁj||Z(2m +ﬂIIVPiIIZ?m“p”zfm||A5||Z?ﬂ)”5”ifm)
ij=1

From equations (21) — (23) we have
VIIAT L, ) H1VPkllL, ) < CLIVPr-1ll + M (19610 lIVOkIIL, ) + 1Pkl ) VPola) +
+Hlowllz, @) Vol Vigla + ||Pk||L3(Q)||f”L6(m + /1(||VP0||L6(Q)|V731<|L3(Q) + ||Vpk||L2(Q)|V50|Q) +
HIill, o] < 808N L) + AT, 00) +

FCI9Pe-alli, + [1Bell, o) + 4+ 8™ (Ulokll@) + 15kl @) X (31)

N N =2
x (1+ 1ol + 1ol + [IFIl, o + 170200
180, c) < C[1P0lallVorllL, ) + 1Pk, IVPoll Ly ) + Gkl @] <
< §(IVprllL ) + 1AV L, ) +
=~ 14 - 4/3 =
+Cs B0l 1ol Ly + 15l 1900 1} Gy + NGl (32)
The function ENH(x),gNH(x),Wg(x),pg(x),pg (x) are estimated similarly. From inequalities
of the form (29) — (32) follows estimate (20) for sufficiently small f(x) and p,(x). The proof is

complete.
Let us consider the following approximation of equations (1) — (4)

pE(D% - V)D€ = VADE — VpE + A(Vp® - V)D¢ + pef — %psﬁediv Ve, (33)
div v¢ = e(Apf — p%), (34)
(v® - V)p® = A0p®, (35)
with boundary conditions
#loa =0, 5| =0, p%lon = pox). (36)

Definition 2. A generalized solution to problem (33) — (36) is a function v¢(x) € W, (),
p(x) € W2(Q) that satisfies the integral identities
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- g I - I e —
f [pe(vg Ve + vWuEVY — pedivy — A(VpE - V)véy + Epgvedivvflp —péfyYldx =0,
Q

f [divvép + e(VpEVe + pép)] dx = 0,
Q
for any ¥ € W2(Q), (x) € W (Q) and the problem (%€ - V)p& = AApE, p€laq = po(x) almost
everywhere in Q.
Definition 3. A strong solution of problem (33) — (36) is a function ¥¢(x) € W2(Q) n
W(Q), pé(x) € WZ(Q), pé(x) € W2(Q) satisfying (33) — (36) almost everywhere in Q.
Theorem 4. f(x) € W5 (), po(x) € W;2/?(89), 00 € C2. Then problem (33) — (36) has at least
one generalized solution and the estimate holds

151260 + 1% zaon + 105 huzay < € (IF GOy or gy + 1 P0Gy a2 gy + 1), (37)

in which the constant C does not depend on «.

Proof. Let us introduce estimate (37). Note that by virtue of the maximum principle for elliptic
equations

|p?q = max|p®| < max|p,| < M.
X€EQ X€EQ
Multiplying (33) by v¢ in L,(Q), we obtain

. - . - 1 . . . o] -
V”VU‘S”zZ(Q) — f pédivve dx = f [)L(Vpg V)vé + pff — Epgvgdiv v& — pf(vE - V)v¥|véidx
Q Q

Using (34), (35), we find
V”V??g”]%z(g) + €||Vp£||1%2(g) + S||p£||,%2(9) = M||f||W2—1(Q)||V73£||L2(Q)-
Using Cauchy's inequality, we obtain
VIVEEIZ, oy + elVPEIIZ, cqy + ellpE 112,y < CIIF,
Lo (Q) L2(Q) L(Q) = w;1(Q)
Multiplying (35) by p® — p, in L, (), we have

1 . R
A1 o =5 [ 52D dx + [ W% Tpodx = [ @ Wppo dx
Q Q Q
From this follows the inequality

=2
29012, ) = € (Il 10, - M2 + 1001, )

From the theory of boundary value problems for elliptic equations follows the estimate

otz < € (I oGOl 27250y + 1 - DpE llycay) <
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< € (I P02 gy + 15 L, llo? ||L4(m) — oz +
ot i
+C == MIVFEIE, o + 1 Po Ol y372 50
from here, for a sufficiently small 6,, we conclude
102y < € (P0G Ny720y + 1200 )

Let us obtain an estimate for the function p(x). To do this, we multiply (33) by the function
o(x) € W (Q). We have
1
pr o(x)dx = f [vAv + A(Vpe -V)vé +p f 5P tvédiv ve — pt(ve - Ve ](p(x)dx

Usmg inequalities

f VAP H() dx < CIV5 Iy 1B
QO

j A(Vp# - NP (x) dx < CIVVe L, @ IVOE Il @, <

< CIVEe Nl ¥l 27z oy M 19l

(00)

L N
[ (gpevedivoe = p (e - m)5¢) 500 dx < Clo Lol I 1l
Q

we find

[ w0 dx < € (14 17, )+ o0l 37200y ) 16Tz
Q

It follows from this
-2
19D sy < € (14 [l + 1120l 27200 )

This is due to the condition fQ p®dx = 0 and the inequality

IP?ll, ) < CUVPEllwzicay.
allows you to set a rating

=02 .
1p% N0y < € (1 + (17111 gy + 11 Polly 72 agy )» from which follows (37).

The proof of the solvability of problem (33) — (36) is carried out by the Galerkin method based
on (37).
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Corollary. Any generalized solution of problem (33) — (36) as € - 0 becomes a generalized
solution of problem (1) — (4).

Indeed, by virtue of (37), from the sequence {v%,p% p¢} one can select a subsequence that
converges as € — 0 in the following sense:
v¢ — v weakly in W} (Q) and strongly in Lg(Q),
pt - p weakly in W£(Q),
pf — p weakly in L, (Q).

These properties of the sequence {v¢, p%, p¢} allow us to move to the redistribution as e—0 in the
integral identities for v%, pé, pé, similar to those given in Definition 2. We will show how the
transition is carried out in the most complex nonlinear terms

[CHCEA) A B CICR AT
= |(p* = p, @° - VITY) + (p[(F° ~ D) - VI, P) + (0B V(F* ~ D), )| <
< 1o = pll7 I, @ 17 Nwp @ 1Pl ) + 10117 = Blluu 19l 101, o +

+p(@ - V(@ - D), P].

As € — 0, the first term tends to zero due to the strong convergence of p# and p (which follows
from the compactness of the embedding of W.2(Q) into C(£), the second term due to the strong
convergence of v¢ to v in L,(2). We integrate the third term by parts

jp(ﬁ-V)[ﬁg—ﬁ]Jde = —f[af—a](a-V)(pJ)) dx.

Q Q

Obviously, the inequality is true
(p@ - V(@ = 9),9)| < 1155 = Bl (@ IFllL, () X

X (10118130 + 181, o 0w can )
from which it follows that

(P22 - V)55, %) - (p(@ - V), ).

In the remaining terms of the integral identity, the limit transition is carried out similarly.

Theorem 5. If £ (x) € L,(Q), po(x) € W, /?(80), 80 € C2, then the generalized solution of
problem (33) — (36) becomes strong and the estimate

155wz o) + 105 lwzcay + 1VP%Nliy0) < Ce
where C, - 0as € - 0.

Proof. As was seen above, the following estimate holds:

e¥2||VpllL, @ < C (”f”Wz_l(Q)’ "pOHW;/Z(aﬂ))'

Let us write equation (33) in the form
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N = o - c 1 5 7]
VA® = Vp? — A(Vp? - V)% + p?(5° - V)P* — p°f + 3 pb°div 7,

From the theory of boundary value problems for elliptic equations it follows that v¢(x) €
W2(Q) n W (Q) and the inequality holds

155wz < € (1901, @ 175 Ly o0 + MITE (@ 195 1) + MIFI, )
The following estimate follows from this:

gl/zllﬁsllwzz(ﬂ)wzl(ﬂ) < C (”f“wz_l(ﬂ)! ”pO”W23/2(aQ)).

This is what needed to be proven.
Theorem 6. Let £ (x) € Wi (Q), po(x) € W,*/?(202),00 € C3, and ||f||W_1
small. Then the following estimate holds:

@’ M be sufficiently

”55 - 5”51;21(9) + ”pg - plllz,z(g) + “p‘S - p”‘%yzz(g) = C453/2; (38)
|v€ — oI + |Ip® — pll? < Cse'/? (39)
wz@ TP 7 Pllyt = b8

Proof. First of all, we note that from the general theory of boundary value problems for the
Navier-Stokes equations it follows that if f(x) € W1 (Q), then Uy, € L, (Q) and p,, € L,(Q), ie.
Uy, U € C(Q).

We represent the solution of problem (33) — (36) as the sum

VE=v+ew,pf =p+emp=p+en.

Then the functions w, 7, can be considered as the solution of the following boundary value
problem

n(we -+ p[(v- VY)W + (W - V)vé] = vAw — Vit +

(40)
. - =1 . _
+A[(Vp - V)W + (Vn -V)ve] + nf — Epgvsdiv w,
divw = eAn — e + Ap — p, (42)
(V- V)n + (w-V)p® = A4, (42)
S o—p o - _19p —
Wloa=0, 51| ==237 . nlaa=0. (43)

Multiply (40) by w ~ in L_2 () and integrate by parts

VI - VI o) — f rdiviv dx = f[n(af-vws +o(G - VW + (- 1)) +
Q Q

_ - =1 . I
+A((Vp - V)W + (V- V)DE) + nf — Epsvgdiv v‘g] wdx.

The following relations are valid:
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1 1
—fp(ﬁ-V)W-vT/dx=—Efp(ﬁ-V)(vT/)zdx=§]vT/Z(ﬁ-V)pdx=
Q Q Q

117 .
=§fwz/lApdx=—/1f(Vp-V)w-wdx,
Q Q

—J.ndidexz—fn(sAn—en+Ap—p)dx
Q Q

5 on 2
= ellvalli, ) =& | w5 d0Q) +ellrll, @ =
a0

+
L(Q)

on
~ | map— ) dx < eI oy + el + el ||%
Q

+ll L, (12PN, ) + 1P, ),
- - o .. 1 . I
f [—17(17g VvéE —pw-V)vé¥+ A(Vn-V)vé — Epgv‘gdiv Ve ] wdx <
Q

< C(||77||L6(Q)||73£||L6(Q)”V58“L2(Q)||W||L6(Q) + M||V73£||L2(Q)||W||12,4(Q) +
1Vl @ IVPEI L Wil ) + MIVENL, @ IWIlL, @ IVWIl L, @) )-
From (42) we obtain
MVnlIZ, ) < Cllp*W - DIIE, 0y < CIWIE, o lIVEIIE, ) < CIVWIL, @) IV0% 111, 0)-
Let us estimate the following quantities

7l < ClIVEllyg ) <

. =2 N
< C{IWlluya) |1+ 1l gy + 100l 3720000 | + 199l [ 1+ 1L -1 |

1 1 1
I7llL,c00) - A < ClIVAI 2y - A < C(ellVlZ, (y)* - (Il iqy)* €73 A <

-1

< Z<s||v7z||§2(m + 2, o) + %c L £72- A2

171 @) 175 IVTE N @) Wl g ) + MIVEEN ) W, ) +

HIVAllL, @ IVPEI L@ Wl @ + MITENL@ VWL, @ WL, <
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< IVl @ IVEeNE, oy IVW L, ) + MIVEE L, IVWIIE, (o) +

HIVA L, @ IV L, @ VWl 1, 0) + MIVEE L, @) IVWIIE, ) <

—112 -2 212
< C”VW”LZ(Q)”f”WZ—l(Q) [1 + ”f”Wz_l(Q) + ||p0||W23/2(aQ)]

Using the above inequalities, for a sufficiently small §; we obtain

— =112 2112
19 s {2 = Gl a1+ 17Dy + 1202000 |} +

-2 1
+ell V7l oy + el oy < € (1Fllyon gy + €272)
Let f (x) and py(x) be such that

a2 =2
V= Cllfllymagay |1+ 1l + Mool agy] = vo > 0
Then the following estimate takes place:
. -1
IVAlIZ, ) + VollVWIIZ, ) + ellVAIIZ, q) + ellmllf, ) < Coe 72,

It follows from this

- - -1 3
19% = g2 qy + IP° = PllE, @) + 11p° = plliz2qy < Cog®e™2 = Cee,

e o 1
”v‘g - v”a/;(m + ”p‘g - p||fz(m =< 6752-
Theorem 6 is proven.

Application Example

Stationary Heat Transfer in Climate Systems

One of the practical applications of the developed model is simulating stationary heat transfer in
multilayer geophysical systems, such as the ocean—ice—atmosphere interface. In such problems,
physical heterogeneity arises due to abrupt changes in thermal conductivity between layers (e.g., ice
and water), while modified boundary conditions account for weak but non-negligible heat exchange
at the interfaces. In this context, the small parameter ¢ represents the thickness of transition zones or
an effective heat exchange coefficient, allowing the model to account for the influence of thin snow
layers on top of ice or turbulent atmospheric effects.

The stationary formulation enables the evaluation of stable temperature fields within the ice sheet
under given boundary conditions. Modified boundary conditions are particularly relevant for
scenarios where the ice—air interface is not ideally insulated but permits a weak heat flux.
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Figure 1. Stationary temperature distribution in the ice cover under given boundary conditions
The figure below illustrates a simplified numerical example: the stationary temperature
distribution across a 1-meter-thick ice layer. The top boundary (ice—air interface) is set at —20 °C, and
the bottom (ice—water interface) at —2 °C. The result shows a linear temperature gradient, typical of
steady-state thermal conduction in homogeneous media, but applicable here with consideration of
boundary modifications. Such models are essential for long-term climate predictions, simulations of
ice melt dynamics, and energy balance studies in polar regions.

Results of the study

In the course of the theoretical study, a stationary diffusion problem in an inhomogeneous medium
with small parameters and modified boundary conditions was considered. Three different
mathematical approximations of the original model were constructed and rigorously analyzed. At
each stage, the correctness of the formulation was substantiated, the existence of solutions was
proven, and a priori estimates were obtained that do not depend on the values of the small parameters.

For the original problem with fixed boundary conditions, it was shown that when the conditions
of the boundedness of the boundary density function are met, there is at least one strong solution.
Using the maximum principle, Young's inequalities, and energy estimates, inequalities were derived
that enable the establishment of solution stability.

A transition was made to approximate problems that include small parameters reflecting the
features of the boundary and the inhomogeneity of the medium. An asymptotic expansion of the
solution in powers of the small parameters was constructed. It was found that as the parameters tend
to zero, the solutions of the approximated problems weakly converge to the solution of the original
model. Moreover, if the conditions of sufficient smallness of the parameters are met, it is proved that
the expansion preserves the accuracy estimate and allows analytical control of the residual terms.

The concept of a generalized solution is also introduced, and it is proved that it exists and coincides
with the weak limit of approximations. The conditions under which the generalized solution becomes
strong are established. This confirms the correctness of the constructed approach both in theoretical
and applied aspects, including heat transfer problems in multilayer media, where the physical model
requires taking into account complex boundary interactions.

Quantitative estimates of the model accuracy

As part of the work, a priori estimates of solutions for various forms of problem formulation were
obtained - both in the original model and in its approximated versions with small parameters. These
estimates enabled us to quantitatively characterize the behavior of solutions as the parameters that
model the medium's inhomogeneities and the features of the boundary interaction were changed. In
particular, based on energy inequalities and the application of the Galerkin method, upper bounds of
the norms of solutions were established that do not depend on small parameters. Such estimates (of
the form (7), (9), (20), (37)) serve as a basis for proving the stability of solutions, as well as for
analyzing their convergence as the parameters tend to zero.
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Error estimates between approximate and exact solutions were obtained. It was found that for
sufficiently small parameters, the expansion presented as a sum of the main and correcting terms
ensures an accuracy of order 0(e? + §2) in parameters. This allows one to control the approximation
error at all stages and apply the model in problems requiring high reliability of the numerical forecast.

Based on the obtained estimates, it was also demonstrated that a limit exists as the parameters tend
to zero, and the limit solution satisfies the original problem in a generalized sense. This result is
confirmed strictly through sequences of approximations that weakly and strongly converge in the
corresponding functional spaces, as described in the proofs of Theorems 4-6.

Thus, the quantitative characteristics of the model not only support its theoretical validity but also
allow it to be effectively applied in practical problems of diffusion analysis in inhomogeneous media
with thin boundaries and transition layers. These estimates create a basis for developing robust
numerical methods adapted to the parametric structure of the problem.

Discussion

The results of this study emphasize the importance of modifying boundary conditions in
mathematical modeling of diffusion processes in heterogeneous media with small parameters.
Classical approaches based on rigid boundary conditions, as a rule, do not take into account the
influence of real transient processes at the boundary of the medium. In contrast, the proposed model
allows for a flexible description of boundary phenomena that arise, for example, due to weak
interactions between physical layers or abrupt changes in material characteristics.

Analytical and numerical results demonstrate that the model exhibits high stability and
predictability when varying the parameters responsible for the medium's heterogeneity and boundary
diffusion. At the same time, the obtained approximations retain accuracy. They are consistent with
the physical nature of the processes, making the model applicable to a wide range of problems, from
thermal physics and climatology to engineering systems with a multilayer structure.

Of particular value is the possibility of conducting a rigorous analysis of the influence of boundary
conditions on the structure of solutions, which is of key importance in situations where instability at
the boundary can significantly affect the global behavior of the system. The justification of
convergence and the availability of quantitative estimates confirm that the model can serve as a
reliable basis for subsequent numerical implementation.

Conclusion

The paper constructs and analyzes a model of stationary diffusion in an inhomogeneous medium,
taking into account small parameters and modified boundary conditions. A mathematically rigorous
statement of the problem is formulated, the existence and uniqueness of a solution are proven, a priori
estimates are obtained, and an asymptotic analysis of the solutions is performed. A technique for
constructing approximate solutions with accuracy control is proposed.

The application of the model to the problem of temperature distribution in ice cover made it
possible to demonstrate its applied value and confirm the physical validity of the obtained solutions.
The conducted modeling showed that taking into account boundary inhomogeneities significantly
affects the field structure in the vicinity of the boundary. At the same time, in the central region, the
solution remains stable and regular.

Thus, it can be argued that the developed model is mathematically correct, stable to parametric
disturbances, and applicable to a broad class of problems. Its further development can be associated
with taking into account nonlinear effects, the transition to non-stationary modes, and the construction
of adaptive numerical algorithms for practical application in engineering and natural systems.
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