Abali ameiHOarbl Ka3¥IY-HiH XABAPLLBICbI, « Duzuka-mamemMamuKa £biabimoapsi» cepuscel, Ne1(73), 2021 x.

MATEMATHUKA. MATEMATHUKAHBI OKbITY 9/1ICTEMECI
MATEMATHUKA. METOAUKA ITPEIIOJABAHUA MATEMATHUKH
MATHEMATICS. METHODS OF TEACHING MATHEMATICS

MPHTH 27.29.19, 27.37.17
YIK 517.927, 517.977.1/.5

https://doi.org/10.51889/2021-1.1728-7901.01
THE PARAMETER IDENTIFICATION PROBLEM FOR SYSTEM OF DIFFERENTIAL EQUATIONS

Assanova A.T.*", Shynarbek Ye.'?, Iskandarov S.*

YInstitute of Mathematics and Mathematical Modeling
of Ministry of Education and Science of the Republic of Kazakhstan, Almaty, Kazakhstan
Zal-Farabi Kazakh National University, Almaty, Kazakhstan
*Institute of Mathematics of National Academy of Science of the Kyrgyz Republic, Bishkek, Kyrgyz Republic
*e-mail: anartasan@gmail.com

Abstract

In this paper, the parameter identification problem for system of ordinary differential equations is considered. The
parameter identification problem for system of ordinary differential equations is investigated by the Dzhumabaev’s
parametrization method. At first, conditions for a unique solvability of the parameter identification problem for
system of ordinary differential equations are obtained in the term of fundamental matrix of system’s differential part.
Further, we establish conditions for a unique solvability of the parameter identification problem for system of
ordinary differential equations in the terms of initial data. Algorithm for finding of approximate solution to a unique
solvability of the parameter identification problem for system of ordinary differential equations is proposed and the
conditions for its convergence are setted. Results this paper can be use for investigating of various problems with
parameter and control problems for system of ordinary differential equations. The approach in this paper can be apply
to the parameter identification problems for partial differential equations.

Keywords: parameter identification problem, system of ordinary differential equations, Dzhumabaev’s
parametrization method, algorithm, parameter, unique solvability.
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TN®OEPEHIUAJIBIK TEHJEYJIEP )KYHECI YIITH TAPAMETPJI HIEHTU®UKATTAY ECEBI

Byn kympicTa kol muddepeHIMaNABIK TEHASYJIep OJKyHeci YVINIH mapaMmerpai wuaeHTH(uUKaTTay ecebi
KapacTbIpbLIa/IbI. Kot muddepennmangplk TEHAEyNEp OKyHeci YIIIH TapaMeTpai  uAeHTuUKarray ecedi
JIxymabaeBTBIH MapaMmeTpiey oIiciMeH 3epTreniedi. ANIbIMEH, ko auddepeHnanaplK TEHACYIep XYyHeci YIIiH
napaMeTpal uaeHTuuKarray eceOiHiH OIpMoHII INSIUNIMAIIK MIapTTapbl KYHeHiH anddepeHuanibK OemiriHig
(hyHIaAMEHTAIIBIK MaTPUIIACKI TEPMUHIH/E anblHaAbl. OnaH KeliH 0i3 ko audhepeHInanIpIK TeHaeYIep Kyiecl YIiH
napaMmeTpai uaeHTHuduKaTTay ecebiHiH OipMoHAI MMENIUTIMIUIK MapTTapblH OacTanksl OepigiMaep TepMHHIHIE
taraiibiHgaimMel3. Kol auddepeHnmanaplK TeHIeylep KyHeci YIIH mapamerpii uaeHTH(UKaTTay eceOiHiH KYBIK
HIemiMiH Ta0y airopuTMi YCHIHBUIAJBI JXKOHE OHBIH JKMHAKTBUIBIFBI IIAPTTapbl OpHaThuIaAbl. OCBHl MakajaHbIH
HOTIDKeNIepl kol muddepeHmaniplK TeHaeyIep Kyheci YIIiH KemTereH mapamerpi 0ap ecemTepii koHe OacKapy
€CenTepiH 3epTTeyre maiaananyra Oonazpl. by Makanajga YCHIHBUIFAH 9Jlic JepOec TYBIHIBUIBI Au(QepeHITnanIbK
TEH/IeyJIep YIIiH mapaMeTpAl HACHTU(PHUKATTAY eCeNTepiH/e KOIIaHBIC Ta0Ybl MYMKIH.

Tyiiin ce3aep: mapamerpai uaeHTudukarray ecedi, kol muddepeHnnanapK TeHaeysaep xyieci, JHkymadaeBThIH
mapaMeTpIIey dJici, anropuT™, mapaMerp, 6ipMoHI M TIMILTIK.
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3AJAYA WIEHTU®UKAIIAU ITIAPAMETPA JJISI CACTEMBI JIU®®EPEHIIUAJIBHBIX YPABHEHUI

B nanHOW paboTe paccMmaTpuBaeTcs 3aJada WACHTH(GUKALMM MapamMerpa JMId CHCTEMBl OOBIKHOBEHHBIX
mupdepeHaIbHBIX  ypaBHeHHH. 3amgada HOCHTUQUKAIME  [apaMeTpa A CHCTeMBl  OOBIKHOBEHHBIX
muddepeHMaIbHbIX YpaBHEHHH HCCIegyeTcs MeToaoM mapamerpusanuu J[kymabaeBa. CHadanma, ycCIOBHSA
OJTHO3HAYHOM Pa3pelrmMOCTH 3aJa4y UJISHTU(QHUKALMH TapaMeTpa Uil CUCTEMbl OOBIKHOBEHHBIX AU((epeHInaIbHBIX
ypaBHEHHH TIOJNy4eHBI B TEpMHUHAX (YHJAMEHTaJbHOM Marpuipl IuddepeHnanbHON YacTH CHUCTEMBL. 3aTeM MBI
YCTaHABIMBAaEM  YCIIOBHMS OJHO3HAYHOM pa3pelMMOCTH 3ajaydl HMACHTHU(QUKAIMKM Iapamerpa Uil CHCTEMBI
OOBIKHOBEHHBIX 1M (PepeHINaTbHBIX ypaBHEHHH B TEPMHMHAaX WCXOJHBIX JaHHBIX. Ilpeanaraercs anroputm
HaXOXJCHUSl TPHONMKEHHBIX pEIICHUH  3aJaud  WICHTU(QHKAMKM NapaMeTpa Uil CHCTEMBbl OOBIKHOBEHHBIX
muddepeHManbHbIX ypaBHEHHH M YCTaHABJIMBAIOTCS YCJIOBHS €ro CXOAUMOCTU. Pe3ynmbTaThl 3TOW paboOThl MOTYT
OBITh HCIONB30BAHbl JJIS HMCCICHOBAHUS DPA3IMYHBIX 3aJad C [apaMeTpoM M 3amad YIOpaBJICHUS IS CHCTEMBI
OOBIKHOBEHHBIX AH(p(epeHInaIbHbIX ypaBHeHHH. [Ipeuiaraemplii B JaHHOH padoTe METOA MOXKET OBITh MPUMEHEH K
HCCIICIOBAHMIO 3a/ad WACHTU(GUKALUY TapamMeTpa 11 AuddepeHIranbHbIX YpaBHEHUH B YACTHBIX IPOU3BOJHBIX.

KaroueBble cioBa: 3amadya HACHTU(QHKALWM IapaMeTpa,  CHCTeMa OOBIKHOBEHHBIX JH()(epeHIHaTbHbIX
ypaBHEHWH, MeTox mapamerpusanuu J>xymabaesa, alropuT™, apamerp, OMHO3HAYHasl Pa3peIIMOCTb.

Introduction.

As well-known, the parameter identification problem arises in the various processes of economics and
econometrics, when the value of one or more parameters in an economic model cannot be determined from
observable variables. It is closely related to non-identifiability in statistics and econometrics, which occurs
when a statistical model has more than one set of parameters that generate the same distribution of
observations, meaning that multiple parameterizations are observationally equivalent.

The parameter identification problems of various type are studied by many authors (in [1-8] can be seen
bibliography and overview). For solving these problems are used different methods and approaches.
Conditions of solvability, unique solvability and continuous dependence from the initial data are established
in the different terms. Despite this, finding effective conditions for the solvability of the parameter
identification problem for systems of differential equations remains open and relevant.

In the present paper we propose a new approach for the study and solving of the parameter
identification problem for the system of differential equations based on the Dzhumabaev’s parameterization
method [9-20].

The method was originally offered in [9, 10] for solving two-point boundary value problems for a linear
differential equation. The method consists in partition of the interval apart, the introduction of additional
parameters and reducing the original problem to the equivalent multi-point boundary value problem with
parameters. The algorithms for finding a solution to the equivalent boundary value problem are constructed.
The conditions for convergence of the algorithms that ensure the unique solvability of two-point boundary
value problem with parameter are obtained. Coefficient criteria for unique solvability of considered problem
are established in the terms of some matrix composed by the initial data.

Statement of problem.
On the interval [0,T] we consider identification parameter problem for system of differential equations
of first order in the following form

dx

T SADXEBOAr M), te[0T], XeR',  ueR". (1)
X(O):Xo’ 2)
X(T)=x,, 3)
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where X(t):colon(xl(t),xz(t),...,xn(t)) is unknown vector function, x is unknown vector, the

(nxn) matrices A(t), B(t), and n vector function f(t) are continuouson [0,T], x,, X, are
constant vectors.

Apair (x"(t), ") is called a solution to problem (1)--(3), if:

i) the function x"(t) is continuous and continuously differentiable on [0,T], x* eR";

ii) it satisfies of the following system

dxt* — ADX + Bty + (1)

iii) the following equalities are fulfilled: X" (0)=X,, X" (T)=X,.
For solve problem (1)--(3) we use a fundamental matrix of system

dx
rria Alt)x . 4)

Let ®(t) be the fundamental matrix of system (4) satisfying of condition ®(0) =, where | is unit

matrix on dimension n.
Using initial condition (2) we can write a solution of system (1) in the following form

t t
X(t) = ()%, +D(t) [ @7 ()B(r)dru+D(t) [ @7 ()  (r)d7. )
0 0
Further, finding value of function x(t) for t=T and substituting it into condition (3), we obtain

X(T) = d(T)X, +qa(r)jcp-l(r)s(r)dw+c1>(r)jc1>-1(r) f(r)dr=x, . (6)

From here we have equality for determining a parameter x :

CD(I').T[CD_l(T)B(T)dT-y =X, —D(T)X, —CD(T)].(D_l(Z') f(r)dz . (7

T T
Suppose that the matrix <I>(I')_[CD’1(T)B(T)dr is invertible, i.e. det{d)(l')J.CDl(r)B(r)dr} #0.
0 0

Then, from equation (7) we uniquely determine the parameter  :

u{@(r)jcbl(r)B(r)dr} {xl—dxr)xo}{cbcr)jcb1(r)B(r)dr} oMo @) f@dr. @

Substituting the found parameter from (8) instead of x into representation (6), we get

X(t) = d(t)x, +@(t)jcp-l(r)s(r)df{@(T)]q)-l(f)s(r)dr} {X, —D(T)X, |~

—q)(t)j.(l)_l(r)B(f)dT-{@(I').T[CI)_l(f)B(T)dz} CD(T)_T[CD‘l(z')f(r)dr+CD(t)j-(D‘l(r)f(r)dz'.

Therefore, we find the pair (X"(t), ") inthe next form:

X" (t) = D(t)x, +CD(t).t[CD‘l(r)B(r)dz'-{@(T).T[q)‘l(r)B(r)dr} {X, —D(T)X, |~

—q)(t)-t[(l)_l(r)B(r)dr-{q)(l')].d)‘l(r)B(r)dr} (D(T)ijD‘l(r) f (r)dr+q>(t)tjc1>‘l(r) f(r)dz, (9)
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-1

u* :{@(T)]qu(f)s(r)dr] {Xl—<I)(T)X0}—{@(T)_T[CD*(T)B(T)dT} @(T)]@‘l(r)f(r)dr, (10)

This is the unique solution to problem (1)-(3).

The following assertion is true.
Theorem 1. Let
a) the (nxn) matrices A(t), B(t), and n vector function f(t) be continuouson [0,T], X,,

X, be constant vectors;

T T
b) det{d)(T)J‘d)‘l(r)B(r)dr} #0,i.e. the matrix CD(T)I(I)‘l(r)B(r)dr be invertible, where
0 0

®(t) be the fundamental matrix of system % =A(t)x and ®(0)=1.

Then problem (1)-(3) has a unique solution (x"(t),«"), where the function x"(t) and parameter z"
have the representations (9) and (10), respectively.

It is well known that the construction of the fundamental matrix is rather difficult. Then, verification of
condition b) becomes hard. Therefore, finding conditions in the terms of the initial data is of great interest.
The goal this work is finding coefficient condition for unique solvability to problem (1)—(3).

For this, we use the Dzhumabaev’s parametrization method.

Using initial condition (2) we integrate system (1) by t:

X(t) = X, +jA(T)X(r)dr+jB(r)dT-u+Jt. f(r)dr, te[0,T]. (11)

That is Volterra integral equation second kind with respect to function X(t). Substituting right-hand side of
(11) for t=7 instead of X(7), and repeating this process m times, we obtain

X(t) = Dy (t)% + Dy (Ve + G (. X) + Fo (1), te[0,T], (12)
where

Tm1

D, ., () =1 +jA(T)dr+jA(rl)T A(z,)dz,dr, +...+j.A(rl)T A(z,)... JA(Tm)drm...drzdrl,

D, ()= j B(r)dr +Jt‘ A(TI)T B(z,)dz,dz, + j. A(z‘l)]l A(z‘z)]E B(zr,)dz,dz,dz, +

Tm1

t 7 Tm-2
o+ [AC[AG,). [ Ay [B,)Mdr,de, . drydr,
0 0 0 0

F.(t)= j. f(r)dz+ j A(rl)T f(r,)dr,dr, + j. A(rl)]l A(Tz)]g f(ry)dzr,dr,dr, +

Tm Tm-1

t 21 2
ot [A@) [ A@)- [ Alyy) [T E)dr,de, . drydr,
0 0 0 0

Tm-2 Tm1

Gm(t,X)IjA(Tl)TA(TZ)... j Az, ) j Az, X(z,)dz, d7, ,..dr,dz,, m=12,... .

We find the value of function X(t) for t=T and substitute it instead of X(T) into relation (3). Then
we have

Dy (T)X%o + D (T 12+ G, (T, ) + F, (T) = X, (13)

10
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From here we obtain the following system of algebraic equations with respectto 4 :
D, (T)& =% =Dy ()% =G, (T, X)~F,(T),  ueR". (14)
Let forsome m (m=12,..) thematrix D_(T) be invertible.
Then from system (14) we can define x :

#=[D, (] =Dy ()%, =D, (M6, (T, )= [D,, (] F, (T).

If the parameter 4 is known, from Volterra integral equation (11) we get the function X(t) for all
t [0, T]. Then, we find the pair (X(t), ) is the solution of problem (1)--(3).

If a function X(t) is known, from the system of algebraic equations (14) we define the parameter. Then,
we get the solution of problem (1)--(3).

Since, function X(t) and parameter s are unknown, we use an iterative process for finding solution
of problem (1)--(3).

The sequential approximations of the pairs (X" (t), £*) are defined from the following algorithm.
Step 0. 1) Using initial condition (2) and solving the system of algebraic equations (14) for x(t) = x,, we get
an initial approximation 1‘®; 2) Solving the integral equation (11) for z= £, we find x©@(t) for all
te[0,T].
Step 1. 1) Solving the system of algebraic equations (14) for x(t) = x?(t), we get a first approximation
1% . 2) Solving the integral equation (11) for zz= u®, we find x®(t) forall te[0,T].

And so on.
Step k. 1) Solving the system of algebraic equations (14) for x(t) = x*™(t) , we get Kk th approximation
1Y . 2) Solving the integral equation (11) for =™, wefind x“(t) forall te[0,T].
k=12,...
The condition for realizability of the algorithm is invertibility of matrix D, (T) forsome m (me N).
Now, it is important to find out the conditions of convergence of the proposed algorithm, which ensure
uniform convergence sequence of pairs (x®(t), ™) to pair (X*(t), ") is a solution of problem (1)--
(3)as k > oo forall te[0,T].

We introduce the notations

a=max|A®t)|, B =max|B(t)|.

te[0,T] te[0,T]
Theorem 2. Let
c) the (nxn) matrices A(t), B(t), and n vector function f(t) be continuouson [0,T], x,,

X, be constant vectors;
d) for some m (Mm=12,...) the matrix D,(T) be invertible and H[Dm(T)]:lHSym(T), where

v, (T ) is positive constant;

e) qm(T) :7m(T)'ﬂ'a'T|:eaT —1-al - [OCT]Z — |:aT]m:|<:|..
2! m!

Then the sequential approximations x®(t) and ", determined by the algorithm, converge
uniformly to  X"(t) and u", respectively, as k—co for all te[0,T]. Moreover, the pair

(x*(t), ") is a unique solution to problem (1)--(3).
Proof of Theorem 2 is carried out according to the above algorithm.

11
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.
For m=1 the matrix D,(T) has the form D,(T) = J. B(r)dr.
0

This research is funded by the Science Committee of the Ministry of Education and Science of the
Republic of Kazakhstan (Grant No. AP08855726).
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