BECTHUK Ka3HIIY um. Abas, cepus « PQusuxo-mamemamudeckue naykuy, Ne4(92), 2025 a.
IRSTI 27.31.44

10.51889/2959-5894.2025.92.4.002

B.K. Abdrakhman'®; A.R. Ryskan**>/, MLN. Jabayeva!("),
U.E. Makhambetiyarova''", T.G. Ergashev>*

'Abai Kazakh National Pedagogical University, Almaty, Kazakhstan
?Narxoz University, Almaty, Kazakhstan
3STIIAME National Research University, Tashkent, Uzbekistan
*Ghent University, Ghent, Belgium
“e-mail: ryskan.a727@gmail.com

SOLVING SYSTEMS OF SECOND-ORDER DIFFERENTIAL EQUATIONS FOR
SOME MULTIDIMENSIONAL HYPERGEOMETRIC FUNCTIONS

Abstract

In this paper, we study the problem of finding solutions to a system of second-order partial differential
equations related to hypergeometric functions of four variables Fis, Fis, Fio, F2o and F3;. Currently,
mathematical modeling of physical processes and forecasting their dynamics are becoming increasingly
important in science and technology. Most of these processes are described by differential equations or their
systems, but only a few of them, those that reflect real physical phenomena, allow analytical solutions
expressed in terms of elementary functions. This fact makes it particularly relevant to study more general
classes of functions, in particular hypergeometric functions of many variables. Hypergeometric functions are
solutions of certain systems of differential equations and belong to the category of special or transcendental
functions. Due to their properties, they are widely used in solving multidimensional problems, and the study
of their analytical structure is important both for the development of theoretical mathematics and for practical
calculations. Within the framework of this study, linearly independent solutions of these systems were
constructed for the functions under consideration, as well as their structural features and main characteristics
were analyzed. The results obtained form the theoretical basis for further study of hypergeometric functions
of a higher number of variables and open up prospects for their effective use in solving applied problems. The
work contributes to the development of the theory of special functions and offers new approaches to solving
fundamental problems of mathematical physics and applied mathematics.

Keywords: hypergeometric function of four variables, hypergeometric type differential equation, linearly
independent solutions of the system.
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KEWBIP KO OJIEM/II TUINNEPTEOMETPUSJIBIK ® YHKIIUSIJIAP YIIIH EKTHIII PETTI
JUOPEPEHIIUAJABIK TEHJIEYJIEP )KYWECIH LIELTY

Anoamna

By makanana tept aiiHbIManbl TunepreoMeTpusiibik Fis, Fis, Fio, F2o kone F3i koHe GyHKuumsiaps! yuixn
nepOec TybIHIBUIBI €KiHII peTTi AuddepeHInanabK TeHACYIep KYHECIH enry Maceeci KapacThIpblIabl.
Kazipri tagma Gu3MKaIbIK MporecTep/i MaTeMaTHKAIBIK MOJIETIBJICY KOHE OJap/IbIH HOTIKENEepiH Ooinkay
Macenenepl e3ekTi 0oibin OThIp. MyHmal Mojenbaep kebiHece aubdepeHInaablK TeHIACYIep HeMmece
oJlapAbIH KYHenepi apKbpUIbl CHIATTaldagsl. Anaiina, HAaKThl (PU3MKAIBIK KYOBIIBICTAPABl CUIATTANTHIH OyII
TeHJCYJIEPAiH TeK a3 0eJiiri FaHa djIeMeHTap (YHKIMsJIApMEH OpHEKTENIETIH menrimaepre ue 6oaapl. Ockl
cebenTi >xaHa QYHKIMSIIAPABI, COHBIH 1IIiHAE KoM aifHRIMAaJbl THIIEPTeOMETPHSIIBIK (QYHKIMSIAPAbI 3epTTEy
epekuie MaHpi3ra ue. ['mnepreomerpusuiblk  GyHKumsmap auddepeHIuaniplK TeHAeyJep >KYHeciHiH
mienriMepi peTiHAe aHBIKTANbIN, apHaibl HEMece TPAaHCUEHACHTTIK (YHKIMsUIAp KIachblHa >KaTaibl. byi
(dyHKIUsIIap Ker aiHBIMAIbl ecenTeplie KEHIHeH KOJJAHBUIA/IbI )KOHE OJIap/IblH aHAIMTHKAIBIK KAaCHETTEePIH
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3epTTEY TCOPHSUIBIK KaHa €MeC, NMPAKTUKAIBIK TYPFBIIAH Ja MaHbI3ABL. 3epTTey OaphIChIHAA aTaliFaH
(byHKIMSUTap YIOIH KapacThIppUTFaH Au(QepeHIHanablK KYHelIepaiH CBhIBBIKTHIK Tayelci3 menimMaepi
TaOBUIBIN, OJApPABIH KYPBUIBIMIBIK CPEKIICIIKTepl MEH KaCHETTepi TalnaHAbl. AJIBIHFAH HOTHKENep
TUIIEPTeOMETPHUSUTBIK (DYHKITVSUIAP.IBIH KOFAphl OIIEeMII KEHEHTYIEPiH opi Kapad 3epTreyre Heri3 0oJaabl
JKOHE OJIapIbl KOJIaHOAabl ecenrepre THIMAI KOJJaHyFa JKON amaabl. by 3eprrey apHaiibl QyHKIHsIap
TEOPHSICHIH TEPEHETIM, MATEMATHKANBIK (DU3UKa MEH KOJIaHOATB MaTeMaTHKaHbIH MaHbBI3/bl MOceTeNepiH
IIeIy 1e )KaHa OaFbITTap YChIHAIBL.

Tyillin ce3gep: TopPT alHBIMANBl THUNEPTEOMETPUSIIBIK (PYHKIHWSA, EKIHII peTTi aepdec TyBIHABLIBI
G hepeHInANIBIK TEHACY, )KYHEHIH ChI3BIKTHIK TAYeJCi3 mIenriMaepi.
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PEIIEHUE CUCTEM JU®PEPEHIIUAJIBHBIX YPABHEHU BTOPOI'O MOPSIIKA 115
HEKOTOPBIX MHOI'OMEPHBIX THIIEPTEOMETPUUYECKHUX ®YHKIIAA

ArHomayus

B nmamHOM wWCcenoBaHWM paccMaTpUBAeTCsl pelIeHrne CUCTeMbl nuddepeHnranbHbIX YpaBHEHUH B
YaCTHBIX TIPOU3BOIHBIX BTOPOT'O MOPSIKA, COOTBETCTBYIOIIMX THIIEPTeOMETPHYCCKUM (DYHKIHSAM C YETBIPHMS
nepemeHHbIMU Fi6, Fis, Fio, F2o 1 F31. B coBpeMenHo Hayke MareMaTnieckoe MOACIHPOBaHNE PH3MUCCKUX
MPOIIECCOB M TPOTHO3UPOBAHHE WX IOBEACHHUS WTPAIOT PEIIAIONIYI pOJib. MHOTHE TaKHe IPOIECcCH
ONMHUCHIBAIOTCA  IU(PepeHINANEHBIMA ~ YPAaBHEHUSIMH ~ WJIM  CHCTEMaMH ypaBHEHUWH; OJHAKO JIMIIb
OrpaHUYEHHOE YHCIIO U3 HUX T€, KOTOPBIE OMHICHIBAIOT peallbHble (PU3MUYECKHE SBICHHSI, MOTYT OBITh PEILICHEI
B TEPMHHAX JJIEMEHTAPHBIX (YHKIUH. DTO OTpaHHYEHHE IMOAYEPKUBACT BKHOCTH HCCIENOBaHHUS Oolee
IIUPOKUX KJIACCOB (YHKIMA, B YAaCTHOCTH THIIEPTEOMETPUYECKHX (YHKIIMI HECKOJBKUX TEPEMEHHBIX.
l'unepreomerpuyeckne (yHKIMH BO3HHUKAIOT KaK PEUICHHS KOHKPETHBIX CHCTEM Iu((epeHIHaTbHBIX
YPaBHEHUH M OTHOCSTCS K KIJIACCY CIENHAIbHBIX WM TPAHCICHISHTHBIX (yHKIMA. OHI HAXOAST MIMPOKOE
MPUMEHEHHE B 3aJadax, CBS3aHHBIX C HECKOJBKUMH IIEPEMEHHBIMH, W TMOHMMAaHHWE WX aHATHTHYECKOW
CTPYKTYPBI Ba)KHO KaK JJIsl TEOPETHYECKHX, TaK M JUIS TPAaKTHUECKUX Lesed. B Hacrosmeit pabdore Obun
MOCTPOCHBI JINHEWHO HE3aBUCHMbIE PEIICHHs HCCIEIYyEeMbIX CHCTEM JIJISl BBIMICYMOMSIHYTHIX (DYHKIHH, a
TaKKe WCCIeoBaHa UX BHYTPEHHSS CTPYKTypa M KItOUeBbIe CBOWcTBA. [lomydeHHbBIE pe3ynbTaThl CO3/MAI0T
OCHOBY JIJIsl pa3pa00TKH MHOTOMEPHBIX 0000IIECHNH rHITepreoMeTprueckix (DyHKIMH 1 yKa3bIBalOT HA HOBBIC
BO3MOXKHOCTH MX MPAKTUYECKOTO HCIOJIB30BaHMS MPH PEUICHUH MPHUKIAIHBIX 3a/1ad. DTO HCCIEOBaHUE
o0oramiaer TEOpHUI0 CHENHUANhHBIX (YHKIWA W OTKPHIBAET HOBBIE TIEPCIEKTHBBI IS PEIIECHUS
(hyHIaMEHTAIBFHBIX 33/1a4 MaTEMaTHIECKOH (U3UKHU U IPUKIATHON MaTEeMaTHKY.

KiaroueBble cjioBa: rumnepreoMerpuueckas (QYHKIMS 4YETBHIPEX IMEPEeMEHHBIX, AudQepeHInaibHOe
YpaBHEHHE THIIEPTEOMETPHYECKOTO THTIA, THHEHHO-HE3aBUCUMBIE PEIIEHUS! CHCTEMBI.

Introduction

In such fields of science as thermal conductivity and mechanics, electromagnetic oscillations,
aerodynamics, quantum mechanics and potential theory, transcendental functions, the so-called
hypergeometric series, are widely used in solving applied problems [1, 2]. These functions,
traditionally called special functions of mathematical physics, naturally arise when solving
differential equations analyzed by means of harmonic analysis. An in-depth study of
multidimensional hypergeometric functions is of particular importance due to their wide application
possibilities in various fields of science. The need to solve complex problems of quantum
chemistry [3, 4], the study of superstring theory [5], as well as numerous problems of gas dynamics
have stimulated the active development of the theory of special functions of one and several variables.
In particular, in gas dynamics, many formulations are reduced to the study of independent second-
order differential equations, the solutions of which are expressed in terms of hypergeometric
functions of many variables [6, 7]. In this regard, when studying boundary value problems for such
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equations, it becomes necessary to construct systems of hypergeometric functions and find their
explicit linearly independent solutions [3, 8-10].

A significant contribution to the development of this field was made by Exton [11], who proposed
a four-dimensional hypergeometric function of class K i-K »;. Subsequently, Sharma and
Parihar [12] extended these results by defining a family of hypergeometric functions of four variables
with 83 different parametric variants.

Each four-dimensional hypergeometric function has the following form:
o mo.n _p 4q
F(4)(-): Z A(m,n,p,q)x y_z_t_’ (1)

S m! n! p!lq!

here A(m,n, p,q) is some sequence of complex parameters, and each function has twelve

parameters. Consider the hypergeometric functions F1(64 ), Fl(g ), Fg) , Fg‘é), F(4) :

= (al)m+n+p( )(bl)m+n+q(b) X"yt

laehbiaeama)s B O e ey, mag P
Fl(84)(al,az,bl,bz;cl,cz,q;x, y,z,t)=mMZ’q=0( )m(n;f)iil:)(cf)n)(mcj)(p )p+q ; ' )’; ' ; :' 3)
F9 (i bobobicnencivnat) = 3 (@) oy (@), (D), (B2),(Bs), x" ye )

B (e e),  mialplg
F{(ay,a,ay,a,,b,b,,b,,by5¢,,¢,,¢,,¢55X, y,2,1) =
§ @) B,y O
mon, p,q=0 () an(€2),(65), m! n! plq!

Methodology

This paper presents methodological approaches to solving a system of second-order differential
equations with partial derivatives describing hypergeometric functions of four variables of the form
F(a,b,c,d;x,y,z,t). Since such systems define special functions depending on multivariate

arguments, their solutions possess a complex analytical structure. The results demonstrate that these
functions, being solutions of special differential systems, can serve as an effective tool for solving a
wide range of problems in physics and applied mathematics. The analysis provides a basis for further
study of their symmetries, analytical properties, and structural features.

The solutions are interpreted as multivariate generalizations of hypergeometric functions and
compared with classical Gauss, Appell, and Lauricella functions. However, the study has certain
limitations. In particular, issues of convergence of the obtained solutions and their stability under
boundary conditions require a more detailed analysis. Additional research is also needed to verify the
applicability of these solutions within the framework of real physical models. All this opens up
promising avenues for a deeper understanding of the internal structure of the theory of special
functions of many variables and the search for new analytical forms.
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. . . . . . (4) (4)
(S)olutzon of a system of independent differential equations of functions F,’, Fg",
E( 4

Let s consider the hypergeometric function (2) F(4) ;

E(64)(alaaz,bpbg;cl,02,03;)6,)/,2,1)= Z

P40 (Cl )m (CZ )n (C3 )p+q m' n! p! C]'

where ¢ #0, -1, -2, -3, ....; here i=1, ...., 3.
First we use the Kampe de Feriet series [13],

L @), (@), (),,,(5),

2), (
e (a), (@), (@), mintpta!t

q

(@) e (82), (B (B2),

A
(), (@), (), (m )it plg!

)
)
4 ( )m+n+p+| (a2 )q ( )m+n+q+1 ( )p
)
)

(), (), (6, mi(n+ 1) plg !
() (@), 00,0,
(), (@), (65), 0 mn (p+1)lg !
4 (a )m+n+ (%;q ( )m+n+q+1 (bz)p

S ( ) ( )n(c3 p+q+]m'n‘ (q+1)‘

= (al)m+n+p(az)q(bl)m+n+q(b) X y Z tq

@ @
Fio"s By

(7

Here Apmnpq are the coefficients of the Kampe de Feriet series, and a4, a,, by, by, cq,cy, c3 are

the parameters [14].

4 (@) orsps (82), (B, (B), (@), (e2), (c5),,, mintplg!
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From the series (8) we obtain a one-sided recurrence relation (9) of coefficients depending on m,

n, p, q:
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Airnpg (g +m+n+p)(b+m+n+q)
Am,n,p,q - (Cl +m)(m+1) ’
m,n+1,p,q :(a1+m+n+p)(bl+m+n+q)
Am,n,p,q (C2 +n)(7’l+1) ’

)
Am,n,p+l,q _ (al +tm+n+ p)(bZ + p)

Am,n,p,q (CS +p+q)(p+1)
A

m,n,p,q+1

_(a2+q)(b1+m+n+q)

Am,n,p,q (C3 +p+q)(q+l)

Where m = xi,n =y—,p= zi,q = té are defined as differential operators.
ox oy 0z ot

According to the theory of multidimensional hypergeometric functions, the system of independent
differential equations for the hypergeometric function F§6 is given as follows:

0 0 4 0 0 0 0 0o 0
ag+x— || x—+l|xu-|a+x—+y—+z— || +x—+y—+t— [u=0,
Ox Ox ox "oy Oz ox ~ oy ot
0 0 O 0 0 0 0 0o 0
G+ry—||ly—+1|y u—-|la+x—+y—+z— || bh+x—+y—+t— |u=0,

oy oy ox ~ oy Oz ox ~ oy ot (10)
0o 0 0 i 0 0 0 0
Gtz—+t— || z—+l |z u—|a+x—+y—+z— || b,+z— |u=0,
0z ot oz ox ~ oy Oz oz
0o 0 0 4 0 0 0o 0
Grz—+t—||t—=+1 |t u—|a,+t— || b+x—+y—+t— |lu=0.
0z Ot)\ ot ot ox “oy ot

Applying simple calculations to (10), we obtain the following system of independent second
order differential equations:

x(l ) L~ 2Xyu, — Xt —Xxzu, — y uw ytu,, —yzu, —ztu, +[c1 a, +b, +1)x]ux
—(a, +b +1) yu, —ajtu, — b zu_ — abu =0,
y(l y) - x’u, .~ 2Xyu,, —Xxzu — yzu, — yiu, —xtu, —ztu, —(a,+b, +1)xu
(1)
+[c2 a1 +b, +1 y]u —ajtu, —bzu_—abu =0,
z(l )u —xzu, —yzu, +tu, —bxu —b,yu, +[c3 —(a1 +b, +l)z]u2 —a,bu=0,
t(1-1t)u, U, —yiu, +zu, —a,xu, —a,yu, + [03 —(a, +b, + l)t]ut —a,bu =0.
Here u(x,y,z,t):= 16)(a],az,bl,bz,c],cz,q,x v,z t)
We seek linearly independent solutions as follows:
u=x“y" 21w, (12)

where w is the unknown function and a, B, y, 0 are constants to be determined. Introducing new
variables x”y”z"t’w and replacing (11), we obtain the following system of differential equations:
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x(l —x) W, —2Xyw,, — Xtw,, — XZW,, —yzwyy —ytw,, —yzw,, —ztw,, + [Cl —(A1 +B, + l)x] w,
—(4,+ B, +1) yw, - Bzw, — Atw, +[ a(c, +a~1)x" = 4B, Jw=0,

y(1=y)w, —x*w, —2xyw,, —xzw,_ —xtw,, — yzw,, — ytw,, —ztw, — (4, + B, +1)xw,

+|:C2 —(4,+B +1)y]wy —Bzw, +[,B(c2 +p-1)y" —AIBI:|W—A1IWt =0, (13)
z(1-z)w, —xzw, —yzw, +tw, +[(4 + B, - 1)z + C]w, — B)xw, — B,yw, + yiz"'w,
Hy(y+8+c, -1z = 4B,]w=0,

t(1=t)w, —xtw, — ytw,, +zw, + [C4 —(4,+ B+ l)t] w, —Axw, — A, yw, + Szt™'w,

+[0(c; +y+8 -1t = 4,8, [w=0,

here
A=a+a+p+y, A,=a,+0,

B =a+p+6+b, B,=y+b,, (14)
C=q+2a, C,=c,+2p, C,=c;+20+y, C,=c;+2y+0.

System (11) is similar to system (13). Therefore, the following conditions must be met:

7 =0,
0 =0,
alc,+a—-1)=0,
(+a-1) 0
Ble,+B-1)=0,
y(c;+y+0-1)=0,
o(c,+y+o-1)=0.
The solutions of system (15) can be written in the form of four combinations:
1 2 3 4
o 0 1-¢, 0 1-¢,
B 0 I-c, -, (16)
/4 0 0 0
bo) 0 0 0 0

Thus, substituting the solutions (16) of system (15) into equations (12) and performing the
necessary simplifications, we obtain linearly independent solutions of the system of second-order
partial differential equations (13) in the form of the following four hypergeometric functions:

ul(x,y,z,t):Fl(:)(a+,B+7+a1,5+a2,a+,B+5+b1,7/+b2;2a+cl,2ﬂ+cz,27/+5+c3,25+7/+c3;
e (a+Bry+a),,, (0+a) (@+B+5+b),., (r+b), x y 27 ¢

x,y,z,t)=m’n;ro (2a+¢) (2f+c,), (27+5+Cz),,+q mln! plql
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u, (x,y,z,t)=xl*"‘Fl(64)(a1 +1-¢,,a,,b +1—cl,b2;2—cl,cz,c3;x,y,z,t)

a N (al +1-¢ )m+n+p (a2 )q (l_cl b )m+"+q (b2 )1’ ﬂy_niﬁ

mep-4=0 (2_01 )m (02 )n (03 )p+q m! n! p! C]!’

u3(x,y,z,t)z)/1_"21171(64)(a1 +1—-c,,a,,1-c, +b,by;¢,2—¢,, ¢3,¢53X, 9, 2,1)

l-c, - (al +1_C2)m+n+p (az)q (1—02 +b1 )m+n+q (bz)p x" y" zP ¢!

m.n.p.g=0 (cl )m (2_02 )n (C3 )p+q m! nl F;,

- _ 1= 4 . .
u4(x,y,z,t):x Ty "2}71(6)(a1+2—cl—cz,a2,2—cl—cz+b1,b2,2—cl,2—cz,c3,c3,x,y,z,t)

= x1761y1762 i (a] +2_C] _Cz )m+n+p (az)q (2_C] _Cz +bl )m+n+q (bz)p ﬁy_niﬁ
m,n,p,q=0 (Z_CI )m (2_02 )n (03 )p+q m' I’l' p' q'

Proceeding in the same way as with function F1(64 ), we can write out solutions for the remaining

) . . . L (4 4 @ 4 :
functions considered in this study: Fj3”, F;5, F,5 , F3; functions.

Hypergeometric function (3) Fg) that depends on four variables (4) satisfies the following system
of equations:

x(l—x)uwr —2xyu,, —xzu,_ +tu, +[cl —(a1 +b, +l)x}ux —yzuyy —yzu,,

—(a, +b, +l)yuy —bzu_—abu =0,

y(l—y)uyy —2xyu,, —xzuxx —XZU,, — YZU,, —(al +b, +1)xux +[c2 —(a1 +b, +1)y}uy
—bzu, —abu =0, (17)
z(1-z)u,, —xzu_ —xtu,, —yzu,, —ztu,, +[c3 —(a,+b, +l)z]uz

—ajtu, —b,xu, —b,yu, —a,b,u =0,

t(1—1)u, +xu, —tzu, +[c1 —(a, +b, +1)t]ut —a,zu_ —a,b,u =0.

where is the function u(x,y, z,t)=Fl(;)(al,az,bl,bz;cl,cz,c3;x, y,z,t). The system of differential
equations (17) has four linearly independent solutions:
u (x,y,2,0) = F (a,,a,.b,by3¢,,¢5,043%, 9, 2,)

i (al )m+n+p (a2 )q (bl )m+" (b2 )1’+‘1 ﬁy_ni !

=m’”’p’q=0 (Cl )m+q (Cz )n (03)p M! n! p!;,

u, (x,y,2,t) :y'_CZFl(;)(aI +1-¢,,a,,b,+1—¢,,b,5¢,,2—¢;,¢,3X,9,2,1)

:yl’cz i (al +1_c2 )m+n+p (Clz)q (l_cz +b1 )m+n (b2 )p+q ﬁy_niﬁ
B (e, oa) (), T Pl
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U, (x,y,z,t) = zl_%Fl(;) (al +1-c¢;,a,,b,b,+1-c;;c,,c,,2— c3;x,y,z,t)

= Zlfc3 ZOO: (al +1—C3 )m+’l+1) (a2 )q (bl )m+n (b2 +1—C3 )p+q ﬂy_”iﬁ
T @@ Ce),  mlalpid

u, (x,y,z,t) =ylfczzlf"3F](84) (a, +2—-c,—¢c;,a,,1—c,+b,b, +1—-c;;¢,2—c¢,,2— c3;x,y,z,t)

z (al+2_Cz_cs)m+n+,,(a2)q(l_cz+b1)m+n(1_c3+b2)p+qﬂy_"ﬁtq

— yl—czzl—c3 z

=0 (c1 )mw (2—(:2 )n (2—c3 )p m! n! p! ;

The hypergeometric function (4) Fg) satisfies the following system of equations:

x(1-x)u,, —yyu,, —zxu, —2xyu,, — yzu, +[cl —(a,+b, +1)x1u)C —(a,+b, +1)yuy

~bzu_—abu =0,

y(l —y)uyy —XXU,, —ZXU,_ —2XyuU  — yzu —(a, +b, +l)xux +[c2 —(a, +b, +l)y]uy

~bzu_—abu =0, (13)
z(1-z)u, +t(1-z)u,, —xzu —xtu,, —zyu,. — ytu, —xbu —yb,u, +[c3 —(a, +b, +1)Z]uz

—abyu—ajtu, =0,

t(1-t)u, +z(1-t)u, —a,zu, +[c3 —(a, +b, +1)t]ut —a,b,u =0.

where the functionu(x,y,z,t):Fl(;)(al,a2,bl,bz;cl,cz,c3;x,y,z,t). The system of differential

equations (18) has following linearly independent solutions:

ul(x,y,z,t):Fi(;)(al,az,bl,bz;cl,cz,Q;x,y,z,t)

_ i (al )m+n+p (Clz )q (bl )m+n (b2 )p+q ﬂ y z"

=0 (a), (), (e )pw m! n! E;:

u, (x,y,z,t):xl_C‘EEf)(al +1-c¢,a,,b +1—cl,b2;2—cl,cz,c3;x,y,z,t)

= )CLC‘ i (al +1_CI )"H'HP (Cl2 )‘I (l_cl +b] )m+n (b2 )p+q ﬁy_niﬁ
monp-q=0 (2_01 )m (Cz )n (03)p+q m! n! plql

u3(x,y,z,t):yl’”ZEEf)(a1 +1-c¢,,a,,1-c, +b,,b,;¢,,2—c,, c3,c3;x,y,z,t)

I-c, S (al +1 -G )m+n+p (Cl2 )q (1 G +b] )m+” (b2 )P“I ﬂy_ni tq

g =0 (¢ )m (2-¢, )n (c3 )pw m! n! p! a’

l—¢, . 1-¢, (4 . .
u, (x,y,2,0)=x"y ‘2}71(9)(611+2—cl—cz,a2,2—cl—cz+b1,b2,2—cl,2—cz,c3,c3,x,y,z,t)

= xl_clyl_cz i (al 2 —a7% )m+n+p (az )‘1 (2_01 6 +b1 )m+n (b2 )p+ll ﬂy_niﬁ
m,p,q=0 (2_01 )m (2_62 )n (03 )p+q m' I’l' p' q'

The hypergeometric function Fg? given in (5) satisfies the following system of equations:
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x(1=x)u_, —yzuyy —zxu,, —2xyu,, — yzu —(a,+b, +1)yuy +[c, —(a,+b,+1)xJu,

—bzu, —abu+tu, =0,

y(1=y)u,, —x*u, —zxu_ —2xyu,, — yzu, —(a,+b +1)xu, + [cz —(a,+b, +1)y]uy (19)
—bzu_—abu =0,

z(1-2u,_, —zxu, — yzu, +[c, —(a,+b, +1) z]u, — (xu, + yu, +au)b, =0,

(A-t)tu, +xu, +[c, —(a, + by +1)tlu, —a,bu = 0.

Here u(x,y,z,t)= EY (a,,a,,b,,b,,by;c,,¢,,¢,5x,y,2,t) . The system of differential equations (19)
has four linearly independent solutions of the form:
u, (x,y,z,t) F( (al,az,b b, b3,cl,cz,c3;x,y,z,t)

5 @ ()0 0),(0), 0y 2

m,n,p.g=0 (Cl )m+q (C2 )n (03 )p m! n' p! q"

u, (x,y,z,t) =y""2Fz(04) (l—c2 +a,,a,,b, +1—cz,bz,b3;cl,2—02,03;x,y,z,t)

_ i (1_02+a1)m+n+p(a2)q(b1+1‘Cz)m+n(b2),,(b) X"yl

mi,pq=0 (Cl )m+q (2 —02 )n (C3 )p m| }’l‘ p q'

(x V,Z, t) z" C‘Fz((f)(l—q+al,a2,b],b2+1—c3,b3;cl,c2,2—c3;x,y,z,t)

Z (1 % +a1 )"“"H'P (az)q (bl)m+n (bz +1_C3)p (b ) .X y Z tq
o1, p>q=0 (c1 )m+q (Cz)n (2_03)17 m' n' p C]'

u4(x,y,z,t):yl_czzlfc3F2(§)(2—02—c3+a1,a2,b1—I—l—cz,b2+l—c3,b3;cl,2—02,2—03;x,y,z,t)
_ i (2‘02‘Ca+a1)m+n+p(az)q(b1+1‘Cz)m+n(bz+1_Cz)p(b) X"y
m,n,p,q=0 (Cl)m+q (2_02)n (2_03)17 m' n' p q'

The hypergeometric function F§1 given in (6) satisfies the following system of equations:

(I=2)u,, —xtu,, — ytu, +yu, (1-x)—xu (a +b +1)—atu, —byu, +cu —abu=0,
y(=»u, +x(1=y)u,, —yu (a +b,+1)=bxu +cu,—abu=0,

z(1-2)u, —xzu, —xtu, —ztu,, —u_(a,z +bz+z—c,)—axu, —a,bu =0,

t(1-tu, — ztu_, +cytu, —tu,(b; +1+ a,) —byzu_ — a,bju = 0.

(20)

Where the functionu(x,y,z,t) = F$,)(a,,a,,a,,a,,b,,b,,b,,b;¢,,¢,,¢,,¢53x,y,2,6) . The system of
differential equations (20) has four linearly independent solutions of the form:
4 . .
u,(x,y,z,t)= F(glg(al,al,az,az,bl,bz,bl,b3,cl,cl,cz,c3,x,y,z,t)

= i (al)m+n)(aZ)p+q(b1)M+q(b2)P(b3)q ﬂy_niﬁ

’
m,n,p,q=0 (Cl)m+n (02)p (C3)q m! n' p' q!
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— =) (4) .
u,(x,y,z,t) =y *F,’(a,+1-c,,a, +1-c,,a,,a,,b, +1—-c,,b,,b, +1-c,,b;;c,,c,,

2_02963;x,y,2,t):y1762 i (a1+1_cz)m+n(a2)p+q(bl+1_C2)m+q(b2)p(b3)q xmynzptq ,
m,n,p,q=0 (Cl)m+n (2_02)p (63),1 m'n 'p 'q‘

— ) @) .
u,(x,y,z,t)=y" F,’(a,a,a, +1-c;,a, +1—c;,b, +1—c;,b,,b, +1—c;, by ¢, ¢, 05,

2_C ‘X y z t) — i (al)n1+n(a2 +1_C3)P+q(bl +1_C3)m+q(b2)p(b3)q xmyantq
T m,n, p,q=0 (Cl )m+n(02)p(2_c3)q m'n'p'q' ’

u,(x,y,2,t) =y IED (@, +1-c,,a, +1-c,,a, +1-c;,a, +1—c;,
b+2-c,—c;,b,,b+2~c, —c;,b;,c,,¢,,2—c,,2 -3, y,2,1)
_ i (q,+1-¢,),.,(a, +1-¢)),, (b +2-¢, -c),., (D), (D), x"y"z"t!
m,n,p,q=0 () in(2— cz)p (2- c3)q mln!plq! .

Discussion

The results of this work demonstrate that hypergeometric functions of four variables have not only
theoretical but also applied potential. They can be used to describe multidimensional wave processes,
heat conduction, and potential fields. Of particular interest are problems related to the analytical
continuation of solutions, determining their regions of convergence, and studying stability under
boundary conditions, all of which have direct implications for physical modeling.

However, existing limitations must also be considered. The radius of convergence of general
solutions, their asymptotic behavior, and the properties of functions in the vicinity of singular points
for real parameter values have not yet been sufficiently studied. Conducting such an analysis will not
only expand our understanding of the theory of special functions but also yield new results in the
fields of spectral analysis and function spaces.

In the future, an important area of research could be the search for integral representations of the
functions under consideration, the study of their orthogonal properties, and the development of
numerical methods for constructing approximate solutions. Furthermore, the extension of the
obtained results to g-hypergeometric analogs, multicomponent systems, and operator equations
appears promising, opening up significant opportunities for further theoretical and applied
developments.

Thus, the presented work not only describes new classes of multidimensional hypergeometric
functions but also forms the basis for improving analytical and computational methods for their study.
The obtained results make a significant contribution to the development of the theory of special
functions, spectral analysis, and mathematical physics, deepening the understanding of their role in
solving applied problems.

Conclusion

This study investigates the solution of a system of second-order partial differential equations
governing four-variable hypergeometric functions, specifically: 171(64 ), Fl(; ), Fi‘;), Fé‘f,) and ng).
Linearly independent solutions for these systems have been derived, accompanied by an in-depth
analysis of their structural and analytical characteristics.

The findings underscore the significance of hypergeometric functions not only in theoretical
contexts but also in practical applications. These functions prove essential for analyzing complex
multidimensional systems and can be applied in areas such as mathematical physics, engineering, and
computational modeling.

27



BECTHUK Ka3HIIY um. Abas, cepus « PQusuxo-mamemamudeckue naykuy, Ne4(92), 2025 a.

By representing these functions as solutions to differential systems, one can achieve a deeper
understanding of their solution structures. Moreover, the current results highlight the importance of
exploring multidimensional generalizations of hypergeometric functions. Solutions obtained for the
four-variable case lay the groundwork for extending the theory to functions of more variables and
facilitate the identification of new classes of special functions.

Future research should address the stability of these solutions under various boundary conditions,
their asymptotic behavior, and potential integral representations. Such work will enhance the
applicability of hypergeometric functions and their derivatives in spatial modeling, spectral analysis,
and broader areas of mathematical study.

In summary, this research contributes substantially to the theory of multivariable functions and
provides insights into their theoretical and practical relevance.
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