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Abstract

An initial-boundary value problem for a nonlinear diffusion equation with a Volterra-type memory term in
time is investigated. The model describes diffusion processes in media with hereditary (long-memory) effects
and covers, as particular cases, a range of applications in heat and mass transfer. For its numerical solution we
construct an implicit two-level difference scheme with a quadrature approximation of the memory integral. A
discrete energy identity is derived, which yields energy stability of the scheme under natural constraints on the
time step. The nonlinearity is treated by an inner iterative linearization procedure; at each iteration a tridiagonal
system of linear algebraic equations arises and is solved efficiently by the sweep (Thomas) method. The
convergence of the scheme is rigorously justified and its convergence rate is estimated in the corresponding
energy norm. Numerical experiments are presented that confirm the theoretical error bounds and demonstrate
the accurate reproduction of long-memory effects.

Keywords: nonlocality in time; Volterra memory; nonlinear diffusion; implicit difference scheme; sweep
method; energy stability; convergence

K. A6mupamanos'?, XK. Hca', A. XKymaceiitosa'
! AGaii ateiaarsl Kazak WITTBIK TT€JarOTUKAaJIbIK YHUBEPCUTETi, AlMaTH K., Kazakcran
2 AKITapatThIK KOHE €CENTeyYilll TEXHOJIOTUsIIap HHCTUTYTHI, AMarsl K., Kazakcran
BOJIBTEPPA THUIITI ’KAJIbI AP IN®®Y3UA TEHJAEYI YIIIH APAJIAC ECEIIKE IIEKTI
AfII)IPI)IMIlI)IK CXEMA

Anoamna

Co3bIKTHI eMec auddy3ust TeHaeyi ymwin BonsTeppa THNTI sKaapuisl Mymeci 6ap 0acTankbl-IIETTiK ecen
KapacTeIpbuIagsl. MyHIail MO/ENh TYKBIM KyaJlalThIH (Y3aK yaKBITTBIK >KaJIBIIBIK) acepyepi 6ap opTrameH
KYPETiH TachkManjay YIEepiCTepiH CHIIATTall, JKbUTy-MacCalblK aliMacy TeOpUsCHIHAAFbl OipKaTap
KOJJaHOallbl €cenTepli JKeKke jkarnail periHae KaMTuibpl. Ecenti caHIBIK Iy YUIH jXKaJ HHTETPajibiH
KBaJpaTypaJbIK KYBIKTAyMEH TOJBIKTHIPBUIFAH, YaKbIT OOMbIHIIA €Ki KaOaTThl alKbIH eMec aWbIPBIMJBIK
cxema Kypbutanpl. CxeMa YIIiH JUCKPETTIK DHEPrusl TCHIIT albIHFaH, COHBIH HETI3iH/e YaKbIT KaJaMbIHA
KOHBUIATHIH TaOUFU LIEKTEYJIep KaFAalbIHAa OHBIH YHEPTHSUIBIK OPHBIKTBUIBIFBI AaJenaeHeai. ChI3bIKTH eMec
IIIKi WTEepalusUIbIK JIMHeapu3alus (ChI3BIKTAHABIPY) KOMETIMEH eckepiieni; opOip uTepaius KaJlaMbIHIA
YIIHArOHAIBIBI CHI3BIKTHIK anreOpanblK TEHACYJEp >KyHheci alblHAAbl, O Kyanay omici apKbUIBI THIMI
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menrijaeni. ¥ChIHBUIFAaH CXEMaHbIH XKUHAKTHUIBIFBI KaTaH TYPZC HETi3NENreH KOHE COWKEC IHEPreTHKAITBIK
HOpMaJa XKUHAKTaTy peTTuririne Oara ameraraf. JKypri3iireH caHIbIK SKCIIEPHMEHTTEP TEOPHUSIIBIK KaTeTiK
OaranapblH pacTan, MOJCIBJC Y3aK YaKBITTBIK JKaJIbUIBIK dCEPIEP/iH IYPHIC XKOHE (PU3UKAIBIK TYPFBIIAH
Oapabap OcliHEeICHETIHIH KepceTe/Ii.

Tyiiin ce3aep: yaksIT OOHBIHIIA TOKaI I eMec; Bombreppa xaabl; ChI3BIKTHIK eMec T py3us; aliKbIH eMec
afBIPBIMIBIK CXEMa; Kyallay 9JliCi; SHEPTHSIIBl OPHBIKTHUIBIK; YKHHAKTHUTBIK.

XK. A6mupamanos'?, XK. Hca', A. Kymaceiitosa'
! Kazaxckuil HAMOHAIILHBIN NeJarOTUYECKUi YHUBEpCUTET uMeHH Alas, r. Anmarsl, Kazaxcran
2 MHCTUTYT MH(POPMALMOHHBIX U BHIYMCIUTEILHBIX TEXHOIOTHUH, T. AnMarsl, Kazaxcran
HCCJEJIOBAHUE PASPEHIMMOCTH YUCJEHHOTI'O AHAJIOTA CMEILIAHHOM 3AIAUH
JJIS1 HAPABOJIMYECKOI'O YPABHEHUSA C TAMATBIO

Annomayus

PaccmarpuBaeTcs HadanbHO-KpaeBas 3afada Ull HEJIMHEHHOro ypaBHeHHs AM((y3uM ¢ BpPEeMEHHOH
namsTeio Tuna Bosipreppa. Takas MoJenb ONMUCHIBAET MPOLECCH IEPEHOCA B CPelax ¢ HAcIeACTBEHHBIMHU
(monroBpemMeHHBIMH) 3 (hEeKTaMU M OXBaThIBACT, KAK YaCTHBIC CIIy4au, Pl 3aJa4 TerioMmacconepenoca. s
YHCJICHHOTO PEICHUsI CTPOUTCS HEesIBHAS ABYXCIIOMHAsI Pa3HOCTHAS CXeMa C KBaJIpaTypPHBIM MPHOIKEHUEM
uHTerpana mnamsatd. llomydeHo OUCKpeTHOE SJHEPreTHv4ecKoe TOXKAECTBO, HA OCHOBE KOTOPOTO
YCTaHABIUBAETCSl dHEPreTHMYecKass yCTOMUMBOCTH CXEMBl NMpPHU €CTECTBEHHBIX OTpaHHUYEHHUSX Ha IIar Io
BpeMeHU. HelmMHEeHHOCTh yUNUTBHIBAETCS ¢ IIOMOLIBIO0 BHYTPEHHEN NTEPALIMOHHOM JIMHEapHU3alUuH; Ha KaXI01
UTEepallMid BO3HUKAET TPEXIUAroHANbHAs CHUCTEMa JIMHEHHBIX aireOpandeckux ypaBHEHUH, 3(¢EeKTHBHO
pemaemMass MeToOOM NPOroHKH. CTporo AokazaHa CXOAMMOCTb CXEMbl M MOJy4eHa OIEHKAa CKOPOCTH
CXOAMMOCTH B COOTBETCTBYIOIEH SHEpreTHYecKol HopMme. UHCIIEHHBIE 3KCIEPUMEHTHI MOITBEPKIAI0T
TEOPETUUECKUE IOTPELIHOCTHBIE OLIEHKHM M JOEMOHCTPUPYIOT KOPpPEKTHOE BocmpousBeneHue 3¢dexron
JOJITCOBPEMEHHOU MaMSATH.

KiroueBblie c10Ba: HENOKAIBHOCTH MO0 BpeMeHH; mamsITh BonbTeppa; HenmuHelHast qud@ysus; HesBHAS
pPa3HOCTHAs CXeMa; METOJ MPOTOHKH; SHEPreTUYecKash yCTOWYMBOCTh; CXOJAUMOCTH.

Introduction

Modeling diffusion and heat conduction in complex media is a central topic in modern physics
and engineering. In many practically relevant situations, the current state of a medium depends not
only on present conditions but also on its past evolution, a phenomenon usually referred to as
memory. Such hereditary effects are observed, for instance, in viscoelastic and polymeric materials,
in flow through porous structures, and in thermal systems with delayed response [1-5].

Classical diffusion and heat conduction models, written as parabolic partial differential equations
with local-in-time operators, implicitly assume that the medium reacts instantaneously and has no
memory. As a consequence, they cannot fully account for hereditary behavior and may lead to
incomplete or inaccurate descriptions when memory effects are pronounced [6]. One widely used
way to incorporate long-term dependence is to consider parabolic equations with temporal
convolution terms, where the memory kernel describes how past states influence the present
response [7].

Parabolic equations with memory provide a flexible framework for the description of anomalous
diffusion and are capable of reproducing both subdiffusive and superdiffusive dynamics [8-11]. They
are particularly useful for modeling fluid transport in porous media and a variety of non-Fickian
propagation processes. At the same time, the nonlocal structure of the temporal convolution term
introduces additional analytical difficulties and requires more advanced functional-analytic tools
when studying well-posedness and stability of solutions, as well as when constructing reliable
numerical approximations.

From the numerical standpoint, straightforward explicit schemes for equations with memory often
suffer from very restrictive stability conditions and from the necessity to resolve the entire history of
the solution. The presence of integral terms in time significantly increases storage requirements and
complicates the stability analysis compared with standard parabolic problems. This motivates the
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development and study of robust implicit or semi-implicit discretizations, for which stability and
convergence can be justified using energy methods and a priori estimates [12-14].

There exists a substantial literature on numerical methods for PDEs with memory, including
models based on fractional derivatives and Volterra-type integral operators. Various finite-difference
and finite-element schemes have been proposed and rigorously analysed for time-fractional diffusion
and diffusion-wave equations, with proven stability and convergence properties [12-14]. Similar
techniques have also been applied to nonlinear integro-differential equations arising in viscoelasticity
and in heat conduction with fading memory kernels [15,16].

In the present paper, we study a mixed initial-boundary value problem for a nonlinear diffusion
equation with a Volterra-type memory term. The model combines a nonlinear source with memory
effects represented by a temporal convolution with a general kernel. For this problem we construct
an implicit finite-difference scheme in which the memory integral is approximated by a discrete
convolution, while the nonlinear term is treated iteratively. We derive a discrete energy identity, prove
energy stability of the scheme in the /,-norm under natural constraints on the time step, and obtain

convergence estimates consistent with the temporal approximation order. The theoretical results are
supported by numerical experiments, which confirm the predicted error behavior and demonstrate the
effectiveness of the proposed scheme for modeling diffusion processes with long-time memory.

Methodology of the study

The methodology of the present work is based on a rigorous formulation and analysis of a
nonlinear diffusion equation with Volterra-type time memory and on the subsequent construction of
a stable finite difference scheme for the corresponding mixed problem.

The problem is considered on the R? plane of two independent variables ¢ and x relative to the
Cartesian coordinate system. In a half-strip Q  R?, consider a second-order parabolic equation with
memory of the following form:

U,=DU, + [ K(x,5)U(x.5)ds + f (U,x.1), (1)

where D >0 is the diffusion coefficient, K (x,t) is a memory kernel describing the fading influence

of past states, f (U ,x,t) represents nonlinear sources or sinks. In this equation (1), the diffusion

coefficient describes the intensity of spatial transport, the memory kernel characterises hereditary
(long-memory) effects in the medium, and the source term models distributed sources or sinks.
Initial and boundary conditions for the equation (1):

U(x,0)=¢(x), xe(0,L). 2)
U(0,1)=g,(¢), U(Lt)=g,(t), t€[0,T]. 3)

where ¢(x), go(t), g (t) are smooth functions.

Under these assumptions, we obtain a well-posed mixed initial-boundary value problem for the
nonlinear parabolic equation with memory. The goal of the study, formulated in this framework, is to
construct an implicit difference scheme for problem (1) - (3) and to justify its energy stability and
convergence. All further analytical and numerical steps — derivation of a discrete energy identity,
proof of stability, and verification of the convergence order on test problems — are carried out for this
mathematically specified model.
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Results of the study

In Q build a difference grid with steps /4 = % in spatial and 7 = % temporal:

The nodal points of the differential grid (indicated by the intersections of the lines
t"=nt,n=0,N; x, =ih, i =0,M.) are represented as (x,,#"). The numerical solution values at the
grid points are represented by.

W' ~U(x.t"), w =K (x.1"), 4 =9(x). g =g,(t"). gl =g, (¢"), n=0,N; i=0,M.

To find a numerical solution of the mixed problem (1)-(3) over the difference grid QQ, = {(xi,t" )}
, we suggest the following difference splitting scheme in the directions.

We propose the following implicit scheme incorporating memory via discrete convolution:

n+l1 n

u. —u. «“ T
L =D + 7Y whu! +5(wl.°u? + wl.”“ul.”“)+ f(ul.””,xi,t”“), 4)
T k=1

u', —2u +u,
h2
memory kernel integral, Nonlinear term is treated implicitly for stability.
Initial (2) and boundary (3) conditions are incorporated at n =0 and each time layer accordingly.

2
where: o u' =

is the discrete Laplacian, w' are weights approximating the

u'=¢,i=0.M. (5)
Uy = gg» Uy =81, n=0.M (6)

Theorem 1. Assume the memory weights {wf }k >0 are nonnegative, nonincreasing, and bounded,

and f is Lipschitz. Then the implicit scheme is (> -stable and satisfies

n+l 2

2 n+l
u + coz'Hth
2

n 2 n+l
—|u = Cz'Hg

2
2

2

for all n, with constants independent of T, h.
Proof. Setting up the notation and inner products. Define the discrete inner product:

M-1

(u,v)= hZuivi,

i=1

and norm ||uf| = /(u,u) .

Multiply the scheme by 27u,""

" and sum over i. Multiply both sides of the scheme (4) by 2zu""'

i 9

sum from i =1 to M —1, and write in inner product form:

n+l n n

u —Uu T

2T[ ,u"“j=2TD(5X2u"+1,u"+l)+ZT(TZWkuk +E(w°u°+w"” n+1)’un+lj+2Z_(fn+1’un+l)
T k=1

Where f/Hl — (f(uif1+1’xi’tn+l)) .
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Simplify the left-hand side, we get

+1
un

n+l n
u —Uu
22_[ ’un+1j=2(un+l_un,un+l):

2 . 2
[T+
T

um “H2 7)

Estimate the diffusion term. Using discrete Green’s formula [17] and boundary conditions (6):

MﬁlA n+l n+l M-1
u'" —Au 1 1
(52un+1’un+l) _ hz i i1 ule _ . z ALLnH (u,'”l —l/LnH)-i- _I:unﬂ AunH _unHAunH:I _
x i h i i i+1 h M-1 M-1 0 0
1 i=0

lM n+l n+l 2 1 n+l n+l n+l 2 n+l n+l
:—ZZ(u[+1 —u, ) +Z|:MM Aqul—(Aqul) —uy " A }S

u" 2 + i[(”;}ﬂ )2 + (ugu )2:| _ —thunﬂ 2 1

where the discrete gradient norm is

2
M-1 n+1 n+l
2 — hz U, — 4
o h

n+l
HV WU

Thus,
22’D(5ju"”,u"“) < —2TDHth"+'

22 () () ] ®)

Estimate the memory term. The memory term is

n+l 2

u

n n
T
22'[2' E whuk + E(wouo + Wy ),u””j =27? E wh (uk,u"+I ) +7°w° (uo,u"+1 ) + 2w
k=1 k=1

by summation by parts (discrete integration by parts).
Using the Cauchy—Schwarz inequality and boundedness of memory weights w’, say 0 <w <W

, we get
(uk’unH) SHukH u! ’ ‘(MO’M)H—I) SHMOH uH
nel||? 2 < Ly n+l 2 nel|]?
u L2tW ZHu H+5Hu H u +7W\u
k=1

n
2 k k 1 2.0 0 1 2 1
27 E w (u u't )+r w (u u't )+z' w'
k=1

We can rewrite this as

n 1 .
26 S | ) <o
. 1
25w S|+ 2

forany ¢>0.

n+l

u

2
2 1 < 1
o2 e[Sl 31|
2
z 1
z(gﬂw)ﬂfw[;uuk\hEuuom

un+1 +T2W un+1 2 < un+1

11
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For last sum we can rewrite like this

d o) (< ’ 0.5, k=0
Sl 3b) (Bl - o=

Now we can use Cauchy—Schwarz inequality again

(Sl l] <3 S = [T <oy

Finally,

n+l

(8+TW

2r£riwkuk +— (w u’ +wthy" ”) u ”jé u n+1 ZH H 9)
k=1

Estimate the nonlinear term. Assuming f (U ,x,t) satisfies a Lipschitz bound in U , i.e.,

[/ W.x| < LU|+C,, (10)
for constants L,C ‘-
Then,

n+l n+l 2

‘Zr(fnﬂ’unﬂ)

S2T(L u

n+l|[ _
+Cf) u

where we applied Young's inequality again.

n+l || n+l n+1|)? 2 n+1||? 2
2tL|\u +27C, [u"" | < 27L |u :r(2L+1) u +7C, (11)

Combine all estimates. Putting all (7) - (9), (11) together:

N i LRl

u+1

(12)

+12

e (e s oy 25D zu Y rr(an+)

2
+1Cf

2
u™ —u"H >0 and 27D th"” 1°<0:

(ﬁ—rg) '

e <o S P ) o |

where f=1-7(2L+1)-7'W .

Choosing that ¢ = 2£, we need that f>0< T(2L + 1) +W <1
T

5 Z_Hunuzs{zrw (n+1) ZH [ [( 4 (g )}cﬁ}

2

+1
un

2
Simplify —
B

12
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s S B e D) () ]

n+l n

< —|u

B

Use discrete Gronwall with a "triangular" core [18]

——H [+ 4 n+1)fiuufu2+%,2[(gz+l)z (@Y +¢/]

n+l

When a>1, we get

n+l

u

< RS () () e |

AT*W?
ﬂZ

Demonstrating boundedness (stability) of the numerical solution in /,-norm.

where 7/=llnz, 0= , B =1—1(2L+1)—T2W> 0 and ¢ - initial (5) condition.
T

Corollary (energy stability with positive dissipation). Assume the hypotheses of the short [ ,-

stability theorem and, in addition, W = Zwk < D’. Then there exist ¢, =D — % >0 such that for
k=0

all t" =nt <T,

n

u

’ + corzn:HthjHZ < eyt ol [”(é” z [(g({ )2 + (gi )2} + Cf.t" j,
j=1

Fl

1.2 47°W?
where y=—In—, 0= ‘ 5
T
theorem. If the Dirichlet data (6) vanish, the boundary sum disappears.

Theorem 2. If the assumptions of Theorem 1 hold, then the scheme (4)-(6) converges with order
O(r + hz) in the {,-norm.

and p=1- r(ZL + 1) —7°’W >0 are the constants from the

Proof. Let us introduce consideration z =u' —U (x,.,t”). Substitute u' =z +U (x,.,t”) into (4)-
(6) and subtracting the discrete equation satisfied by, we obtain:

n+l

S/ ;Zin =Dz + ;(wz +w”+lz”“)+rkzri;msz+
+|:f( Un+1’ X, nH)_f(U,'nHaxpth)]+(D?+la
n+l _ Un+l_Un 2 n+1 07 70 n+ly rn+l n+l1 n+1
P’ fﬁLDaU 2( WU +w™'U! )+rZw Cf (U xe)

with homogeneous error data z) =z, =0 and z = 0. Here CI);’+1 is local truncation error and
o< c(z+n?).

Taking the % -inner product with z"*' and using the polarization identity, discrete Green’s identity
for diffusion, Cauchy—Schwarz and Young for the memory term, and the Lipschitz bound for, we
obtain the analogue of (12):

13
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e o I e I e IR 3 o I E T e e |
k=0
Using HQD”” < C(r + hz) and Young’s inequality gives THCI)”+1 R P CT(Z’ + h2)2 the first

part is absorbed on the left. A discrete Gronwall argument (under the step-size condition

B=1-7(2L+1)-7°W >0) yields

n

|<C(c+h), 0<t"<T,

which proves first-order temporal and second-order spatial convergence in /,.
Throughout we assume that the source term is Lipschitz in the unknown,

(L>0)

|/ (uy,x,6) = f (0, x,8)| < Llu, —u,

b

In the present experiment we take
4 .2 (Xf—'l)

K(x,t)=xt, D=10, T=1, L=1, f(x,t)=2D¢ -2tx(x-1)+

Which does not depend on u; hence it is Lipschitz with constant L =0. This case, the exact

solution of the problem:
u(x,t) = tzx(l - x)

For the trapezoidal memory discretization, the stability estimate yields the condition

W +t(2L+1)-1<0

t

where W= sup  wk & sup IK (x,s)ds.  For  K(x,s)=xs one  has
erJLﬂéTk:O xemJLﬂSTO
t t2 ]wz jﬂz
IK (x,5)ds =—x < 5> W< ER Hence gives the explicit bound:
0
! , W =0
2L+1
LGl I JL+1) +4w
—( +)+2(W+)+ , W0

With the parameters of our test 7 =1= W < % . Therefore, for the actual nonlinearity here (L =0):

—1++1+2
< — ~ 0.732 . All time steps used below satisfy this constraint.

Below are the results describing two different parts with different strategies for changing
parameters, namely, a space step and a time step.
The empirical order of convergence over the time step is determined by the formula
_ In(e,,,)—1In(e,) _ In(e,,,)—1In(e,)
k+1 s k+1 s
In(z,,,)—1In(z,) In(h,.,)—In(h,)

14
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where e, is the error in the /,-norm, 7, is the time step and 7, is the time step in the &

experiment. In the first case, we leave the space step 4 =0.05 unchanged, changing only the time

step by half (Table 1).

Table 1. Temporal refinement with fixed h=0.05.

Experiment number, k Step in the t variable, T Step in the x variable, h=0.05
’ Tk Error, e, Order, B,
1 0.05 9.3231-10°° -
2 0.025 4.6474-107 1.00
3 0.0125 2.3202-107 1.00
4 0.00625 1.1592-107 1.00

In the second case, on the contrary, the time step remains constant 7 =0.01 , and only the space

step changes by half (Table 2).

Table 2. Spatial refinement with fixed T =0.01

Experiment number, k Step in the x variable, h, Step in the 1 variable, z =0.01
Error, e, Order, P,
I 0.05 5.72772-10 -
2 0.025 1.51376-107" 1.91(z 2.00)
3 0.0125 3.841-10°° 1.98(=2.00)
4 0.00625 9.6-10° 2.0003(~2.00)

These data obtained with the help of experimental calculations show (Fig. 1-3) that the numerical

solutions of equations (1)-(3) are stable and converge.

0.25

0.2

u(x,ty

Analytical solution

02
0.15
’ 0.1
| 0.05
0
1

x).

Results in Tables 1-2 demonstrate stability and convergence consistent with theoretical rates. Plots
compare numerical and exact solutions at selected times, confirming accuracy.

Figure 1. Analytzcal solution u t x
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0.13855

0174 } ; - - - - exact
r e h=0.06
h=0.025
- h=0.0126
h=0.00625 |

0.1385

0.13845 - 0.1735 +

0.1384 -

5 0.13835 b , 0473}

0.1383 s B CEE bl v
0.1725 |
0.13825

0.1382 -
0172

013815

0.16581 0.16582 0.16583 0.16584 0.16585 0.16586 0829 0.83 0831 0832 0833 0834 0835 0.836 0.837
t

Figure 2. Results of analytical and numerical Figure 3. Results of analytical and numerical

solution for h=0.05. solution for T =0.01

Discussion

The obtained results show that the proposed implicit scheme with Volterra-type memory is a
reliable tool for modelling diffusion processes in media with hereditary properties. In contrast to
classical schemes for equations without memory and to some explicit methods for equations with
integral terms, the constructed algorithm possesses a rigorously proven energy stability and does not
require excessively restrictive conditions on the time step. In this respect, it is comparable in
theoretical robustness to modern schemes for problems with fractional derivatives and integral
memory operators, while preserving a relatively simple implementation (tridiagonal structure and the
sweep method). The numerical experiments indicate that the scheme adequately reproduces long-
memory effects: the solution is not only stable, but also correctly captures slowed propagation and
long-range influence (“tails”) of past states. Prospects for further research include the extension of
the approach to multidimensional problems, adaptive time stepping that takes into account the shape
of the memory kernel, and the study of a more general class of nonlinearities and possibly degenerate
coefficients.

Conclusion
An implicit finite-difference scheme is developed for a nonlinear diffusion equation with Volterra-
type memory; a discrete energy identity is derived that guarantees energy stability under natural

restrictions on the time step. Convergence of order O(z‘+h2) is proved for sufficiently smooth

solutions and data; the constants in the estimates are independent of 7 and /4. The nonlinearity is
handled by iterative linearization; at each step a tridiagonal linear system is solved by the Thomas
algorithm with linear complexity in the number of grid points. Numerical experiments confirm the
claimed orders and stability on tests with smooth and non-smooth data, accurately reproducing long-
memory effects. The applicability range covers nonnegative decaying Volterra kernels and standard
boundary conditions (Dirichlet/Neumann). Future work includes multidimensional computations,
adaptive time stepping, and extending the class of admissible nonlinearities.
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