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Abstract

Differential operators on graphs often arise in mathematics and different fields of science such as mechanics,
physics, organic chemistry, nanotechnology, etc. In this paper the solutions of the Dirichlet problem for a differential
operator on a star-shaped graph are deduced. And the differential operator with standard matching conditions in the
internal vertices and the Dirichlet boundary conditions at boundary vertices are studied. Task is a model the oscillation
of a simple system of several rods with an adjacent end. In work the formula of the Green function of the Dirichlet
problem for the second order equation on directed graph is showed. Spectral analysis of differential operators on
geometric graphs is the basic mathematical apparatus in solving modern problems of quantum mechanics.

Keywords: oriented graph, vertices of graph, Kifchhoff condition, vibrations of elastic networks, Green’s function
of Dirichlet problem, solutions of Dirichlet problem.
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1

JuddepeHnunanbapie onepaTopbl Ha rpadax 4acTo BO3HMKAIOT B MAaTeMaTHKE W Pa3IMYHBIX O0JAcTAX HAayKH,
TaKUX KaK MEXaHuKa, (PU3UKa, OpraHuvYecKasl XUMHUs, HAHOTEXHOJIOTHs U T.4. B 3Toii paboTe ObUIN BBIBEICHBI PEIICHUS
3agaun Jupuxine g nuddepennmansHoro oneparopa Ha rpade-3seszae. M3ydaercs muddepeHnnansHbiil onepatop co
CTaHJAPTHBIMH YCIOBUSMU CKJIEHKH BO BHYTPEHHHUX BEPIIUHAX M C TPAHUYHBIMH YCIOBUAMH JIUpHXIIe HA FPAaHUYHBIX
BepmmHax. Tak e BbIBeneHa (opmyna ¢yHkuum ['puHa 3amaum Jupuxie anst ypaBHEHHS BTOPOTO TOPSAKA Ha
OpHEHTHpOBaHHOM rpade. PaccmarpuBaemas 3amada sBISIETCSI MOJIGNBIO KOJICOAHUN MPOCTON CHCTEMBI U3 HECKOJIBKUX
CTEep)KHEH ¢ MPUMBIKAIOIUM KOHIIOM. CIeKTpaibHbIi aHanmn3 IuddQepeHHanbHBIX 0NepaTopoB Ha T€OMETPHUECKUX
rpadax sBISETCS OCHOBHBIM MAaTeMaTHYECKHM amnapaToM IpH pPELIeHHH COBPEMEHHBIX IpoOJeM KBAaHTOBOM
MEXaHUKH.

KoaioueBble ciioBa: opueHTHpOBaHHbIN rpad), BepunHbl rpada, ycinoBusi Kupxroda, konedanus ynpyrux cerei,
¢byukuus ['puna 3anaun upuxie, peuienue 3agaun Jupuxie.
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I'padrapapiH OoWBIHAAFEI aHBIKTATFaH AWGQEpPEeHINAIIB ollepaTopiap KebiHece MaTeMaTHKa >KOHE MEXaHHKa,
(u3MKa, OpraHUKAaJIbIK XMMUS,, HAHOTEXHOJIOTHS KoHE T.0. CHSKTBI TYPJI FBUIBIM cajajapblHga KoJjjaHbuiagbel. OChl
Makanajga KyJAbl3 mimiHai rpad OoibiHma aHbiKTadraH —auddepeHumanasl oneparop yiniH [lupuxie ecebiHiH
mrermimaepi kepcerineni. byn skymbicta rpadThiH imiki TeOenepinae jxoHe JMpuxie IapTTapbl, ajl IIeKapablK
TebenepiHie CTaHIAPTTHl JXaObICy IIAPTTAphIMEH AaHBIKTAJNAThIH AU(dEepeHInaNIsl ONepaTopasl KapacThIPaMBbI3.
Conpaii-ak, Jupuxme ecebiHiH I'puH QYHKIMACHIHBIH (OPMyNackl €KiHIII PeTTi TeHAeY YVINIH KepceTilieni.
KapacThIpbIibil OTBIPFaH ecen OipHelIe cTep KeHHEH KypaliFaH ykoHe oJiap Oip Tebeme )KUHAKTaIaThIH TepOeTy MOJIEN.
I'eomeTpusiiblk rpadTapislH OOWHbINA aHbIKTANFaH JuddepeHInanabK onepaTopiaap/AblH CIEKTPAIAbIK TallAaybl
KBAaHTTBHIK MEXaHUKAHBIH Ka3ipri 3aMaHfbl KYpAeNi eCenTepiH MISIIyaeri HEeri3ri MaTeMaTHKAJbIK ammapar OOJbIT
TaObLIA b

Tyiiin ce3mep: OarbiTranran rpad, rpadreiH Tebesepi, Kupxrod maptsl, cepmimui kemiieplid tepoOemicrepi,
Jupuxie eceGinin I'pun QyHkumsicel, upuxie ecebiHiH menmimi.

1. Introduction

In the last 25-30 years, the theory of differential equations and boundary value problems on geometric
graphs (spatial networks) has been intensively developed, as evidenced by numerous scientific papers. The
beginning of the research was laid in the works (B.C. Pavlov [1], Yu.V. Pokorny, O.M. Penkin ([2], [3]) and
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others), and foreign (J. von Below ([4 ], [5]), G. Lumer [6], S. Nicaise [7]) mathematicians and dealt with
tasks describing various models: diffusion, vibrations of elastic grids, propagation of nerve impulses, etc.
justification of the solvability of boundary value problems on graphs, the study of the structure of the
spectrum of these problems, the asymptotics of the spectrum, obtaining estimates for the resolvent.
Currently, the most active research is carried out by the creative team of O.M. Penkin [3], B.E.Kanguzhin,
L.K.Zhapsarbayeva [8,9].

Let us proceed to the problem formulation. Consider a star-shaped graph G with edges €, j :l,_m, of
equal length 7. For each edge e; introduce the parameter X; €[0, 7] . The value X =0 corresponds to the
boundary vertex associated with e;, and x; =7 corresponds to the internal vertex.

The set w2(G) consists functions y=[y;]},;, its components fromy; eW?[0,7]. Let H the set of
functions Y from wW,’[0, =] satisfying the standard matching conditions in the internal vertex

Vi(7)=y;(7), j=2,..m
%ys(ﬂ)ﬂ)

In electrical networks, they express the law of Kirchhoff (see [10]), with the vibrations of elastic networks
- the balance of voltage, etc. We also give the Dirichlet boundary conditions in the boundary vertices

)

y;(0)=0, j=1..,m )
On the set of function H we consider the differential equation
= yy0¢ )+ a0 )y, (¢ )= 2, (x, )+ £ (x;) (3)

where y=[yj]';’:1 is a vector function on the graph G, A is the spectral parameter, the so-called
potentials q;(X;), ] =1,m, are complex-valued functions from L, (0, 7), f,(x;)— the density distribution of
an external force on the edge €;.

1.  The Green's function of the Dirichlet problem
We give some intervening results.
In this subsection we study the question of the existence of the Green's function of the Dirichlet problem
—u"(x)+q(x)u(x)=Au(x)+P(x), 0<x<z (4)
u(0)=0, u(z)=0 (5)
By the Green's function we mean a function of two variables G(X,S,A4), which is defined when
x €[0,7],s €[0, 7] and such that for each continuous P(-)on the segment [0, ] . The solution of the
initial boundary value problem (4)-(5) can be represented in the form

u(x, ) = j G(x,s, A)P(s)ds.
0
Lemma 1. The solution of the Dirichlet problem (4) - (5) can be represented in the form

u(x,@:i% (t’ngzgx'%(t)dﬁfn (tgztfigx’%mdt, ©

where D(t,1)=-S/(t,4)S,(t,4)+S, (t,1)S, (t,4) and the functions Sy(X,A) and S, (X, 1) are
linearly independent solutions of the homogeneous Cauchy problem
=S5 (X)+0a(x)S, (x)=A4S,(x), 0<x <7, S5(0,4)=0, S5(0,4) =1
—S7(x)+a(x)S,(x)=4S,(x), 0<x<zx, S,(7,4)=0, S, (7, 4)=1
Proof. We show that the right-hand side P (X) of (6) is a solution of problem (5).
We first calculate the first derivative

85




BECTHUK Ka3HIY um. Abas, cepus « Pusuko-mamemamuyeckue Hayku», No2(70), 2020 e.

o (x2)=[> (St [f()tsﬁ()x Ao t)gt + 3= Dﬂ()t,sl()x A (t)dt+S°(XI’D/1()XS’2 ()’”)p(x)_
Sy (% 4)S, (% 4) .

D) )

X

hence 5, (6.4)S! (x.2) S, (t,2)Sy(x,4)

o (02) =[G P(t)dt+]: St Pl

0
Then we calculate the second derivative

So (X, 4)S. (% 4) P S, (%,4)Ss(x,A)

4

:[S (t.2)S!( x,1 T Sg A)P(t)dt+ S ()32 S P(x)

D(t,4)

or

P(t)dt—P(x)

since Sq(X,A)=(a(x)=4)S,(x,4), S (x,4)=(q(x)-2)S,(x,4), then

from

£5(1.4)S, (x,2) (t.4)Sy(x.2) (6)

u"(x,ﬂ):(q(x)—ﬂ)[J ’D(t;) P(t)dt+]:‘8” ,D(t’;)

0

P(t)dtj—P(x): =(q(x)=2)u(x,4)-P(x)

this implies the relation (4).

Now let us verify the fulfillment of boundary conditions (5).
We substitute x =0 into (6), then obtain
©S_(1,4)S,(0, /1

»  D(t4)
Substituting X = into (6), then
25, (t,4)S (7,4
u(r,4)=| o (LA)S. ( )P(t)dt =
»  Db(t2)
The lemma 1 is proved.
From Lemma 1 the next theorem follows.
Theorem 1. The Green's function of the Dirichlet problem (4) - (5) has the form

=15, (0,2) = o‘ =0

S, (1,4)S, (%, 4)
~ D(t,4)
1S, (64)S, (%, 2)

D(t,4)
where D(t,4)=-S.(t,4)S,(t,4)+S, (t.4)S,(t,2), Sy(x,4) and S_(x,2) from the lemma 1.

In conclusion, of this subsection, we want to write, that

when 0 <t < X

whenx<t<rz

S (L A) S,(tA)

PEA=s ) s

. d . .
Consequently, the next relation is true e D(t) = 0. Because of it, we can write
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S,(0,4) S,(0,4)
5.(0,2) S,(0.4)

D(t, 1) = D(0, 1) = =S _(0,1) =-S,(, A).

2. The Green's function of problem (1) - (2) - (3)
In this section, we calculate the solution Y (X,), ¥, (X, ), Y (%5 ),0< X; <7, j=1,...,m of problem
(1) - (2) - (3) by the right-hand sides f,(x, ), f,(X, ),..., T, (X, ) of equation (3).
First we consider the particular case when fz(xz): =1, (Xm)z 0. That is, by the set of functions
f,0 ) (%)= 0,00, £, (X, )= O must be found Y, (%), Y, (%, ) Y (X, )
Let be e, - the edge of the graph G . We introduce on the edges €; the functionsS (xj : /1) S (xj \ /I)
that are solutions of the homogeneous Cauchy problem:

_y} (Xj)+qj(xj )yj(Xj ): ﬂ‘yj(xj)’
S0,(0)=0, S,,(0)=1

S,;(7)=0, S;z'j (r)=1
We introduce the solution of problem (1) - (2) - (3) in the form:

Y2 (%o, 4) =BSq, (7,2) S (X2, 4)--Sopm (77, 4)

Y (X A4) = B,Sg; (77, 4) Sy (72, A) .S (Xpns A)

Y (% 2) = BiSyy (X 2) S (72 4) S () + [ 20202 S0 0600 2)

»  Di(t2)
N s,ﬂ(t,,z)(sm ()xl,l)
2 D, (t, A

f, (t)dt+

f,(t)dt

()
where D, (t,4)=Sg, (t,4)S,; (t,4)—=S.,(t, 1) Sy (t, 2)
We show that the functions given by system (7) satisfy equations (3), boundary conditions (2), and the
relations:

vi(7)=y;(x), j=2,..m (8)

First, let us verify the fulfillment of boundary conditions (2).
Substituting the value x, =0, x, =0, ..., X,, =0 into (7), we obtain

mak Kaxk

Y,(0,2) = BSy; (7,2) S5 (0,2) .S (71, 2) =[Sy (0, 2) = o‘ ~0

mak Kaxk

Y (0,2) = BSg, (7,2) Sy (7, 2) Sy (0,4) =[Sy (0,2) = o‘ =0

mak Kaxk

o 5,,(0.7) =o‘ _0

t, A

o(0,2) = B.S0,(0,2)Sup (7. 2).-Sor (m)+;f % ("sz go,z) fL(t)dt =
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Let’s check conditions (8).
Substituting the value X, =7, X, =7, ..., X, =7 into (7), then

Y, (7,4) = B,Sg; (7,4) Sz (7, 2.8 (7, 2)

Yo (7,2) = BS, (7,4) Sgy (7, 4).Som (7, 1) 9)
Y, (7, 2) = BiSy (7, 4) S (7, 2) -S4y (ﬂ,/l)+f Sou(t.4) S (7 4)

o Di(t4)

L (t)dt=|S_,(7,4)=0

mak Kaxk ‘

=B,Sy, (7,4) Sy, (7, 4)..Sop (7, 4)

This implies the relation (8).
Now let us verify the fulfillment of equations (3).
We first calculate the first derivative of the relation (7).

Vs (%, 2) = BSoy (7,2) Sty (X5, 2).-Syr (7,4)

Y (X 2) = By, (,2) 4y (7, 4) Sl (X, 2)

(60 7) =B85 (%S (2.4). S (1) | 2L ;}&j;vﬂfl o+ [ Sty )

0

Xq 1\"

Then we calculate the second derivative of the relation (7).

V2 (X0 4) = BSgy (71, )80y (Xp0 A) S (7, 2)
Yo (X, A)=B,Sy, (7,2) Sey (7, 4)...Sg (X, A)

yln(xl,/l) — Bls(’),l(xl’l)soz (ﬂ,ﬂ)...SOm (7Z',/1)+J‘ SOl (t,/I)S,rl(Xl,/l)
(WY

JSalt RS 00A) g SuCu IS0 ) ¢ () SaCuAS00A) ¢ ()

f.(t)dt+

Y (Y D, (%, 1) D, (%, A)
B,SL (X1 4)Sop (7, 4) -S4y (7[,/1)+:|j Su (t"il)(‘:f";l ()Xl'ﬂ)f1 (t)dt+j|£ Sn (té)(fi())(l N (t)dt—1, (%)

Yo (X 4) = (0 (X ) = 2) BSpy (7,2) Sz (7,2 Sy (Xps 4) = Gy (X )= 2) Vi (X A)
Yy (%, A) = (0 (%)= 2)B,S; (X1, 4) Sep (7, 2)...Sgpy (7, 4) +
1S5 (1,4)S,, (%, 4) 7 s,ﬂ(t,,l)sm(xl,z)f

+(a,(%)-4) l 5 1) fi(t)dt+ | 5 1) (t)dt |- f.(x,)=

z(ql(x1)_/1) yl(xl’/l)_ fl(xl)
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This implies the relation (3).

Theorem 2. When f,(x,) =0,...,f_ (X,,) = 0the solution of the Dirichlet problem (1) - (2) - (3) can be

written in the form

where A(4)= ism(ﬁ,z)...soj,l(;z,x)sg,j (;z,x)sojﬂ(;z,x)...som (7.4)

j=1

Proof. According to the relations (7), the second equality from (1) gets the form
3 78, (t,4)S (7,4
Blzsm(”’ﬂ“) So; 1(71' ﬁ,)S (72' ﬂ) Sm(ﬂ',/l):—.[ 01( ) ﬂl( )
1= D, (t,1)

0

f.(t)dt
Consider a truncated system
Y, (%, 4) = By (7, 4) Sgp (X50 4)-:So (7, 4)

g Sm(té)(tsjg”’ﬂ)fl(t)dt - Blgsm(m Soys (712) 85y (7. 2) S (7,2)

0

This implies

Sor (7, 4)Sy, (X5, A)...Syp (77, 4) 7 Su (1, 4 S (z,A
yz(xz,i):_ 01( )oz( 2 ) 0( )J‘ 01( ) 1( )

A(2) »  Di(t2)
Similarly, from equations (10) and (7) we obtain

Sy (7. 2)Sy (7.4) S5 (7. 2)...8 I Su(t2)S (7,2)

ym(xm'/?“)= A(ﬂ,) ) t, )

Consider a truncated system

Y1(X1 /1) B Sol(Xl,l)Soz (ﬂ,/l)...SOm (ﬂ,i)*_:f SOl(t’;l)(?TZgXl'ﬂ)

aa(2) - =R D

We write the system of solutions in the form

ﬂ X, £g t,ﬂvs y
yl(Xl,/I):_Sm(Xp/I)Sozﬂ}v j dt-l'jwfl(t) X 171( )01(X1 )

0 L4 0 Dl(t’}") % D,(t 4)
bl 1) j g

0 1
=SS DSl AR )y

0 1 ’

f,(t)dt+

f (bt

(10)

(11)

(12)
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Y (%, 4)=— SOl(Xl,/l)SOZA(;(z/,l/;)msom = I . (t,él)(st,:)(ml) b

+x£ SOl(t,él)(?l()xl,ﬂ) (Ot +;’f S, (t,[;ll)(fz()xl,/l) f,(t)dt

5= SRSl ) )OI 2) 4
v (xm,ﬂ,) _ Sm(ﬂ,l)soz (Aﬂ'(’j))"'SOm (Xm’l) I So (t,;l)(st",;)(”- l) f; (t)dt

It follows that for f, = f,=...f, =0 and arbitrary f,(-) the solution of the problem (1) - (2) - (3) is
given by the formula (13).
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