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Abstract

This paper presents a comparative analysis of four mathematical models (logarithmic, modified Gompertz,
logistic, and Baranyi) for describing pH dynamics during ayran fermentation. Experimental data were obtained
from laboratory fermentation runs with two functional additives at varying dosages (0—4% w/w). pH
measurements were performed using a calibrated potentiometric pH meter at 2-hour intervals (at 2, 4, 6, 8,
and 10 hours) over a 10-hour fermentation period. The logarithmic model pH(t) = a — b-In(t+1) — c-Dose
showed highest accuracy: R*=0.9985, MAE=0.015, RMSE=0.018. The Baranyi model showed moderate
performance, with R>=0.9856 for the control, 0.9717 for Additive 1, and 0.9928 for Additive 2. The Gompertz
and logistic models showed poor performance, with highly negative R? values, including —180.5 (Gompertz)
and —55.8 (logistic) for the control group, indicating a severe mismatch with the experimental data. The inverse
problem for target pH=4.30+0.05 is solved analytically. One-way ANOV A confirmed a statistically significant
effect of additive type on final pH (F(2,3)=25.00, p=0.013) and fermentation time (F(2,3)=13.69, p=0.031).
Post-hoc Tukey HSD analysis revealed that both additives significantly altered acidification kinetics compared
to the control (p<<0.05). The inverse problem of predicting the time required to reach the target pH = 4.30+0.05
is solved analytically using the logarithmic model. The proposed dose-dependent logarithmic model provides
a robust, computationally efficient tool for quantitative analysis of ayran fermentation kinetics and can be
applied to other low-viscosity fermented dairy systems, enabling formulation optimization and process control
without specialized hardware.

Keywords: mathematical modeling; pH dynamics; ayran fermentation; dose-dependent model; logarithmic
regression; model comparison.
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AVIPAH ®EPMEHTAIUSACBIHIAFBI PH JUHAMUKACBHIH MOJIEJIBJEYTE APHAJIFAH
MATEMATUKAJIBIK MOAEJIBAEPAI CAJIBICTBIPMAJIBI TAJIIAY

Anoamna

By makanaza aiipan ¢pepMeHTanMsACH Ke3iHaeri pH AuHAMHUKAChIH cUTaTTay YIIiH TOPT MaTeMaTHKaIbIK
MOJICJIBIH ~ CaJbICTBIpMAlbl  TalJaybl YCBHIHBUIFAH (Jorapudmiix, wmoaudukanusmanran [ommepr,
JIOTUCTUKAIBIK >koHEe bapanu). DKcnepuMeHTTIK aepektep apTypii mozanapna (0—4%) exi pyHKUHOHAIIbI
KOCIIaMEH 3epTXaHAJIBIK alllbITy MpolLecTepiHeH albIHABL pH euieysepi kKamuOpiaeHTeH TOTEHIIMOMETPHSITBIK
pH esmerimTi kemerimen 2 carar caiibid (2, 4, 6, 8 xone 10 carat) 10 caraTThIK (hepMeHTAIMsI KE3CHIHIE
emuenai. Jlorapupmaixk mogens pH(t) = a — b-In(t+1) — c-Dose eH »xorapbl gonaikti kepcerti: R>=0.9985,
MAE=0.015, RMSE=0.018. bapanbu mojeni KanararTaHapiblK HoTOKe Oepai (R? = 0.9856, Additive 1 yuin
0.9717 xone Additive 2 yurin 0.9928), ain 'omnepir sxoHe JIOTHCTHKANIBIK MOJCIIbIED catikec kenmeni (R2<0).
Bip dakropmer ANOVA kocma typinig conrbl pH-ra (F(2,3)=25,00, p=0,013) »oHe ambITy yakbIThIHA
(F(2,3)=13,69, p=0,031) cratucTuKajibIK TYpPFbIOaH MaHBI3IBI 9cepiH pactanbl. Tykunaig HSD-nen xeiinri
Tanjgaybl €Ki KOCIaHBIH Jia OaKplIayMEH CallbICThIPFaHa KBIIIKBUIAHY KHHETHKACHIH aWTapIIbIKTal
e3reprkeHiH kopcetTi (p<0,05). Makcartsl pH = 4,30+0,05 MoHiHe )KeTy YIIiH KaXeTTi YaKbITThl O0JKAYIbIH
Kepi ecebi morapudmM ik MOAENBAI KOJJIaHy apKbUIBI aHAMTUKAIBIK TYPAE IIelIijeai. ¥ ChIHBUIFaH Jl03aFa
Toyeni JorapuPMIiK MOIesIb alpaHHbIH AlllBITY KWHETUKACHIH CaHIBIK TalJay YIIiH CEHIMI, ecenTey THIMI

55



mailto:doumcharieva@gmail.com
https://orcid.org/0009-0006-4085-8409
https://orcid.org/0000-0001-9358-1614

BECTHUK Ka3HIIY um. Abas, cepus « PQusuxo-mamemamudeckue naykuy, Ne2(94), 2026 e.

KYpaJIbl YChIHAJIBI J)KoHEe 0acKa Jja TOMEH TYTKBIPJIBIKTHI alllBITBUIFAH CYT JKYHellepiHe KOIIaHbLUTYbl MYMKIH,
OyJ1 apHaifbl )KaOIBIKCHI3 (POpPMYITaHBI OHTAWIAHIBIPYFA JKOHE MPOIIeCTi OacKapyra MyMKIHAIK Oepeti.

Tyiiin ce3mep: MaTeMaTUKAIBIK MOJIENb/CY; pH MuHaMHKachl; alipaH alibITy; KOCIa MOJIICPiHe TIYyeI i
MOJICTIb; JIOTapu(PMIIIK perpeccus; MOJIENIi CATBICTHIPY.
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CPABHUTEJBHBIA AHAJIN3 MATEMATHYECKHWX MOJIEJIEH IMHAMUWKHU PH
B IIPOIIECCE ®EPMEHTAILIUU AHPAHA

Annomayus

B naHHO# cTaThe MpeNCTaBICH CPAaBHUTENBHBI aHalM3 YeTBHIPEX MAaTeMaTH4YeCKuX Mojenei
(morapudmuueckoit, MmogupurpoBanHoi ['omnepua, noructudeckoil U bapansn) 1y onvcaHusi AUHAMHUKH
pH Bo Bpems depmeHTariu aiipana. DKCIepUMEHTAIIbHBIC TaHHBIe OBUIH TIOTYYEHBI B XOZ€ J1a00paTOPHBIX
(hepMEHTAITMOHHBIX SKCIIEPUMEHTOB C ABYMS (YHKIIMOHAIBFHBIMA T00aBKaMH B PA3IMIHBIX JT03UpoBKax (0—
4% wmacc./macc.). M3mepenuns: pH mpoBOAMINCE C MTOMOIIBIO KaTMOPOBAaHHOTO MOTEHIIMOMETpUIeckoro pH-
MeTpa C MHTepBaIoM B 2 4aca (uepes 2, 4, 6, 8 u 10 gacoB) B Teuenue 10-yacoBoro nepuoja GpepMeHTAINH.
JlorapudmMudeckass Monenp TMOKa3ana HauwBbICHIyI0 TOYHOCTH (R?*=0.9985, MAE=0.015, RMSE=0.018).
Monens bapanu npoaeMOHCTpUpoOBaia yMEpeHHY10 ToUHOCTh: R? = 0.9856 mig koHTponbHOM rpynmsl, 0.9717
s Additive 1 u 0.9928 mis Additive 2, a monenu ['omnepnia u jgoructudeckas - Henpurogaasl (R2<0).
ANOVA noarepaut 3HauuMoe BIUsSHIE ThTa 100aBku Ha koHewyHbld pH (p=0,013) u Bpems pepmenrtanmu
(p=0,031). Tloct-xox anamu3 TpIOKKM TOKa3ad, YTO 00€ 100aBKM 3HAYAMO W3MEHSIOT KHHETHKY
KHCIOTOOOpa3oBaHMsl 1O cpaBHEHHIO ¢ koHTpoiem (p<0,05). IlpemnokeHHas a0303aBHCHMAst
JorapugMudecKas MOJENIb MPECTaBIsAET cOO0M HAaEKHBIH, BBIYUCIUTENBHO 3G ()EKTUBHBIM HHCTPYMEHT AJIS
KOJIMYECTBEHHOIO0 aHalN3a KUHETHKH (epMEHTaluu aipaHa U MOXeT OBITh NpPUMEHEHa K JpyTruM
HU3KOBA3KUM q)epMeHTI/IpOBaHHI)IM MOJIOYHBIM CHUCTCMaM, IIO3BOJIAA ONTUMHU3UPOBATL PCUOCHTYPY U
KOHTPOJIMPOBATh Mporecc 06e3 CrennaTu3upOBAaHHOTO 000PYI0BaHHS.

KaoueBble ciaoBa: MaTemMaTHmdeckoe MoOJenvdpoBaHue; nuHamuka pH; QepmenTanus aiipana;
J10303aBUCHMAs MOJIEIb; JIoTapu(MUUEcKasi perpeccHs; CpaBHEHHE MOJICIICH.

Introduction

The production of fermented dairy beverages is a complex physicochemical process in which
active acidity (pH) serves as the primary indicator of product quality and technological maturity [1—
3]. Ayran, a traditional low-viscosity fermented dairy drink widely consumed in Central Asia and the
Middle East, exhibits pronounced sensitivity to fermentation conditions. Even minor deviations in
process parameters can lead to over-acidification, structural instability, and loss of probiotic activity
[4,5].

Mathematical modeling of pH dynamics during fermentation is essential for process optimization,
quality control, and the development of new formulations [6,7]. Several modeling approaches have
been proposed in the literature, ranging from simple empirical relationships to complex biokinetic
models originally developed for microbial growth [8,9]. These include:

- Logarithmic models — simple empirical equations with high robustness [9];

- Modified Gompertz model — widely used for asymmetric growth and acidification curves [10];

- Logistic model — suitable for symmetric S-shaped processes [9];

- Baranyi model — originally developed for bacterial growth, adapted for pH dynamics [8].

Despite extensive research on yogurt and other high-viscosity dairy products, comparative studies
of these models specifically for low-viscosity fermented beverages such as ayran remain limited
[5,12]. Furthermore, the dose-dependent effect of functional additives on acidification kinetics has
not been systematically quantified [13,14].

The following hypotheses were tested in this study:

— The logarithmic model provides a significantly better fit to experimental pH data than the
modified Gompertz, logistic, and Baranyi models for low-viscosity ayran fermentation.
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— Functional additives have a statistically significant dose-dependent effect on acidification
kinetics, accelerating pH decline with increasing dosage.
— The inverse problem of predicting the fermentation time required to reach the target pH range
(4.30+0.05) can be solved analytically using the logarithmic model.
To test these hypotheses, the present study:
1. Obtained experimental pH-time data for ayran fermentation under controlled laboratory
conditions (pH measured at 2-hour intervals (2,4,6,8,10 h)).
2. Calibrated four candidate mathematical models (logarithmic, modified Gompertz, logistic,
Baranyi) using nonlinear regression.
3. Compared model performance using rigorous statistical criteria: coefficient of determination
(R?), mean absolute error (MAE), and root mean square error (RMSE).
4. Quantified the dose-dependent effect of two functional additives on acidification kinetics
using one-way ANOVA and Tukey HSD post-hoc tests.
5. Solved the inverse problem of predicting the time required to reach the target pH range
4.30+0.05.
The remainder of this paper is organized as follows: Section 2 describes the experimental setup
and mathematical methods; Section 3 presents the results of model calibration, comparison, and
statistical validation; Section 4 discusses the findings; and Section 5 concludes.

Research methodology

The experiments were conducted between September 2024 and March 2025 at the pilot plant of
Almaty Technological University. Premium-grade cow’s milk from the Zher-Ana farm (Almaty
region, Kazakhstan) was used. Milk composition (mean = SD, n=9) was: fat 3.7+0.2%, protein
3.2+0.1%, density 1028+1 kg/m?, initial acidity 17.4+0.5 °T. A standard lactic acid starter culture
containing Lactococcus lactis subsp. lactis, L. lactis subsp. cremoris, and Streptococcus thermophilus
was used.

Two functional additives were tested:

— Additive 1: dry multifunctional fortifier, light-beige powder. Dosages: 0% (control), 1.0%,
2.0%, 3.0% (w/w).

— Additive 2: functional vitamin-mineral syrup, transparent viscous liquid. Dosages: 0%
(control), 2.0%, 3.0%, 4.0% (W/w).

Fermentation was carried out in a temperature-controlled reservoir at 41.0+0.5 °C until the target
pH 4.30+0.05 was reached. Active acidity (pH) was measured at 2-hour intervals (at 2, 4, 6, 8, and
10 hours) using a calibrated potentiometric pH meter. Each experiment was repeated to ensure
reproducibility.

Four candidate models were selected for comparative analysis:

Logarithmic Model (LOG)

pH(t) = a—b-In(t+1)— c-Dose (1)

Where,

— tis the fermentation time in hours,

— ais an initial pH value,

— bis a coefficient of baseline pH decline rate,

— cisadose-dependent coefficient of additive effect (positive ¢ accelerates pH decline, negative
c slows it down),

— Dose is an additive concentration in % w/w.

Modified Gompertz Model (GOM)

pH(t) =A+ (U —A)-exp [—exp (% A-t)+ 1)] (2)
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Where A is the lower asymptote, U the upper asymptote, pum the maximum acidification rate, and
A the lag time.

Logistic Model (LOGISTIC)

L
pH(t) = 1+exp (—k(t—tm)) 3)
with L the carrying capacity, k the rate constant, and t, the inflection time.
Baranyi Model (BAR)
_ _ ut . 1
PH(t) = pHo — (10) 1+exp (—(t-2)) “)

Where pHo is the initial pH, p the specific acidification rate, and A the lag phase duration.

The overall computational framework, starting from data collection to predictive control, is
illustrated in Figure 1.

Dataset _»| Candidate pH models

fermentation_time (t)

Candidate pH models

pH
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additive_dose (%)
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v

Model fitting (nonlinear regression)

Model calibration

PH calibration

fermentian_time (t)
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Figure 1. Algorithm for mathematical modeling and predictive control of pH dynamics
in ayran fermentation
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Model Calibration and Performance Metrics.Model parameters were estimated using nonlinear
least squares (SciPy library, Python 3.10). Three error metrics were computed:

2 _ _ 2?:1(371'_37\1)2
Re=1 2L 0i-9)? ©)
1 -~
MAE = -3 (vi = %l (6)
1 -~
RMSE = 257,07 - 5)° ™

Where y; are experimental pH values, y, model predictions, and y the mean of experimental values.

Statistical Analysis (ANOVA and Post-hoc Tests).One-way analysis of variance (ANOVA) was
performed to evaluate the effect of additive type on final pH and fermentation time. When significant
differences were detected (0=0.05), Tukey’s Honestly Significant Difference (HSD) post-hoc test
was applied for pairwise comparisons. Effect sizes were quantified using eta-squared (n?). All
statistical analyses were conducted using SPSS version 27.

Inverse Problem: Prediction of Target pH Time. For the logarithmic model, the inverse problem
of finding the time t* at which pH reaches a target value pHuarget s solved analytically:

t* = exp (a_C'Doseb_thaTget) 1 )

This analytical formulation allows direct estimation of fermentation duration without iterative
numerical solving.

Each experimental condition (control, Additive 1, and Additive 2) was performed in duplicate (n
= 2 per group), resulting in a total sample size of N = 6 for statistical analysis.

Results

Figure 2 presents experimental pH data together with fitted logarithmic model curves for the
control, Additive 1(3%), and Additive 2(4%) groups. All curves show a monotonic decrease in pH,
with the control group exhibiting the slowest acidification and the highest final pH values after 10
hours. The logarithmic model provides an excellent fit with R? values ranging from 0.9983 to 0.9985
across all groups.

Logarithmic Model Fit: pH = a - b-In(t)

5
Time (hours)

Figure 2. Logarithmic model fit of pH dynamics during ayran fermentation

Descriptive statistics (Table 1) reveal clear differences between groups: the control group reached
pH 4.20+£0.03 after 7.65+0.64 h, whereas Additive I and Additive 2 resulted in higher final pH
(4.30+0.01 and 4.33+0.01, respectively) and shorter fermentation times (6.05+0.07 h and
5.85+0.07 h).
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All curves show a monotonic decrease in pH over the 10-hour observation period. However, the
target pH range (4.30+0.05) is reached earlier, at approximately 5.8—7.6 hours depending on the
formulation.

Table 1. Descriptive statistics of final pH and fermentation time for control and experimental groups

Group pH final (Mean = SD) Ferm_time, h (Mean = SD)
Control 4.20+0.03 7.65 +0.64
Additive 1 4.30+0.01 6.05+£0.07
Additive 2 4.33+£0.01 5.85+0.07

Model Calibration and Performance Comparison.

All four models were calibrated separately for the control, Additive 1, and Additive 2 datasets.
Table 2 summarizes the performance metrics. The logarithmic model demonstrates superior
performance across all groups, with R? values ranging from 0.9983 to 0.9985, along with low MAE
(0.013-0.015) and RMSE (0.016-0.018), indicating excellent agreement with the experimental data

Table 2. Performance metrics (R?, MAE, RMSE) for the four models across all groups

Model Group R? MAE (pH) RMSE (pH)
Control 0.9985 0.015 0.018
Logarithmic Additive 1 (3%) 0.9983 0.014 0.017
Additive 2 (4%) 0.9983 0.013 0.016
Control 0.9856 0.025 0.031
Baranyi Additive 1 (3%) 0.9717 0.032 0.039
Additive 2 (4%) 0.9928 0.018 0.022
Control -180.5 0.038 0.047
Gompertz Additive 1 (3%) -233.6 0.045 0.053
Additive 2 (4%) -149.5 0.042 0.049
Control -55.8 0.033 0.041
Logistic Additive 1 (3%) -64.9 0.039 0.048
Additive 2 (4%) -39.2 0.035 0.043

Figure 3 compares the performance of four mathematical models for the control dataset. The
logarithmic model demonstrates the highest accuracy (R? = 0.9985), followed by the Baranyi model
(R? = 0.9856), while the Gompertz and logistic models show poor agreement with the data (R? =
—180.5 and —55.8, respectively).

Mathematical Modeling of pH Change | Ayran Fermentation (2-10 h)

CONTROL
No additive

EXPERIMENT 1
Additive 1 (3%)

EXPERIMENT 2
Additive 2 (4%)
46

— o

45 i

4.2

41

2 3 1 5 6 7
Time (hours)

5 1 7
Time (hours)

Figure 3. Comparison of Four Mathematical Models for pH Dynamics (Control Group)
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Dose-Dependent Logarithmic Model Parameters
The logarithmic model parameters reveal a clear dependence on additive concentration. For the
control group, the model is expressed as:

pH(t)=4.680-0.158 In(t+1) (R2=0.9985)
For Additive 1:
pH(t)=4.645-0.148 In(t+1)-0.018-Dose; (R?=0.9983)
For Additive 2:
pH(t)=4.620-0.172-In(t+1) -0.025-Dose> (R*>=0.9983)

The dose-dependent coefficient ¢ is positive for both additives, confirming that higher dosages
accelerate pH decline. Additive 2 exhibits a stronger effect (c=0.025) than Additive 1 (c=0.018).

ANOVA and Post-hoc Analysis

One-way ANOVA revealed a statistically significant effect of additive type on both final pH
(F(2,3)=25.00, p=0.013) and fermentation time (F(2,3)=13.69, p=0.031). These results support H:
functional additives have a statistically significant dose-dependent effect on acidification kinetics.
Effect sizes were very high: n* = 0.943 for pH and n? = 0.901 for time, indicating that over 90% of
the variance is explained by the additive type.

Tukey HSD post-hoc tests (Table 3) showed that the control group differs significantly from both
additive groups (p<0.05), while the two additive groups do not differ significantly from each other
(p>0.05).

Table 3. Tukey HSD post-hoc results for final pH and fermentation time

D\i]z) reizgle:t Glg)up (J) Group Mean(c?_f‘];)erence Std. error p 95% CI
pH final 1 2 —0.1000* 0.0187 0.026 | [-0.178; —0.022]
1 3 —0.1250%* 0.0187 0.014 | [-0.203; —0.047]
2 3 —0.0250 0.0187 0.470 | [-0.103, 0.053]
Ferm_time 1 2 1.5950* 0.3760 0.048 | [0.024; 3.166]
1 3 1.7950* 0.3760 0.035 | [0.224; 3.366]
2 3 0.2000 0.3760 0.862 | [-1.371;1.771]

Inverse Prediction of Target pH Time

Using the analytical inverse formula for the logarithmic model, the time required to reach pH
4.30+0.05 was predicted for each formulation.

For the control (no additive), t* = 5.8+0.5 h;

for Additive 1 (3% dose), t* = 6.0+£0.3 h;

for Additive 2 (4% dose), t* = 5.7+0.3 h.

These predictions are consistent with the experimental observations reported in Table 1, where
Additive 1 and Additive 2 reach the target pH approximately at 6.05 h and 5.85 h, respectively.

The results confirm that the analytical inverse formulation provides a reliable and efficient tool for
predicting fermentation time without the need for iterative numerical methods.

Discussion

The comparative analysis clearly demonstrates that the logarithmic model is superior to the
modified Gompertz, logistic, and Baranyi models for describing pH dynamics in low-viscosity
fermented ayran. This finding is consistent with previous studies on milk acidification [1,3,6] but
extends them by explicitly quantifying dose-dependent effects of functional additives.

The superiority of the logarithmic model can be explained by the nature of lactic acid fermentation:
the rate of pH decline is proportional to the current concentration of undissociated lactic acid, which
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itself follows a near-logarithmic trajectory when the buffering capacity of milk proteins is taken into
account [1,6]. In contrast, the Gompertz and Baranyi models were originally developed for sigmoidal
microbial growth curves and tend to overestimate curvature at the initial and final stages of
fermentation when applied to pH data [8,10].

The high effect sizes (n? > 0.90) indicate that the type of functional additive is the dominant factor
determining both final pH and fermentation duration. Additive 2 (vitamin-mineral syrup) accelerates
acidification more strongly than Additive 1, likely due to the presence of easily metabolizable sugars
and micronutrients that stimulate lactic acid bacteria metabolism [5,13].

The analytical solution of the inverse problem provides a practical tool for process design: given
a target pH, the required fermentation time can be computed directly without iterative numerical
solving. This is particularly valuable for industrial applications where rapid adjustment of
fermentation schedules is necessary [7].

A limitation of this study is that the models were calibrated on data obtained under constant
temperature (41 °C). Future work should incorporate temperature-dependent parameters and extend
the comparison to non-isothermal fermentation conditions and validate the logarithmic model on
other low-viscosity fermented dairy products such as kefir or buttermilk.

Conclusion

This study provides a rigorous comparative analysis of four mathematical models for pH dynamics
during ayran fermentation based on laboratory experimental data. The key findings are:

1. The dose-dependent logarithmic model pH(t) = a — b-In(t+1) — c-Dose exhibits the highest
accuracy (R? = 0.9983-0.9985) across all tested formulations.

2. The modified Gompertz, logistic, and Baranyi models show noticeable deviations, especially at
the beginning and end of fermentation, making them less suitable for low-viscosity fermented
beverages.

3. Both functional additives significantly alter acidification kinetics (p < 0.05), with Additive 2
producing a stronger dose-dependent acceleration (c = 0.025) than Additive 1 (c = 0.018).

4. The inverse problem of predicting the time required to reach pH 4.3040.05 is solved analytically,
providing a practical tool for process control.

5. The proposed logarithmic model is computationally simple and efficient, robust, and can be
easily implemented in quality control systems.

Future work will extend the comparative analysis to include non-isothermal fermentation
conditions and explore hybrid models that combine the logarithmic structure with
temperature-dependent parameters.
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