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Abstract

The article shows the ways of applying the method of fictitious domains in solving problems for ordinary
differential equations. In the introduction, a small review of the literature on this method, as well as methods for the
numerical solution of these problems, is made. The problem statement for the method of fictitious domains for ordinary
differential equations is considered. Further, the inequality of estimates was shown. The solution of the auxiliary
problem approximates the solution of the original problem with a certain accuracy. The inequality of estimates is
obtained in the class of generalized solutions. For the purpose of visual application of the fictitious domain method in
problems, a boundary value problem for a one-dimensional nonlinear ordinary differential equation is considered. The
problem was written in the form of a difference scheme and led to a solution using the sweep method. In the numerical
solution of the problem, numerical calculations were carried out for various values of the parameter included in the
auxiliary problem, based on the method of fictitious domains. The numbers of iterations, execution time, and graphs of
these calculations are presented and analyzed.

Keywords: fictitious domain method, solution estimation, sweep method, second-order nonlinear differential
equation, numerical calculations.

Anoamna
KA JUPSEPEHIMAJ/IABIK TEHJEYJIEP YIIIH »KAJIFAH AMUMAKTAP 9/ICIHIH KOJIZJAHYBI
C.E. Kacenos', A.H. Temupbexos®, A.JK. Camwibaeé®, JI.H. T eMup6el<03a3
10n-Dapabu amvinoaser Kazax ynmmoix ynusepcumemi, Anmamer x, Kazaxcman
2 Ow mexnonozusanvix yuueepcumem, Owt k., Kvipevizcman
346aii amvinoazwl Kazax ynmmulx nedazozuxansiy ynusepcumemi, Aimamor x, Kazaxcman

Makanaga xai gudQepeHIranaplk TSHASYJISp YIIH JKajfaH aiMakrap OMiCiH ecenTepii MibiFapyaa KOoJaaHy
xosmapbl kepcetiiredn. Kipicneae ockl omic OoWbIHIIA 9pe0HETTEpre, COHIA-aK OChI MoceJeaep/i CaHIBIK IICIry
oficTepiHe MIAFBIH MIONY >kacanabel. JKail muddepeHIManablK TeHASYJIep VIIiH JKalfaH aiMakTap YIIH €CenTiH
KOUBUTBIMBI KapacTBIPBUINBL. ApBl Kapail jKaifaH aiiMakrap oici OOWBIHIIA KOMEKI €CENTiH KOWBUIBIMBIH TOJBIK
KEJTipe OTBIPHIN, KOMEKII ecem MIeNIiMi 0acTamKpl ecel IISHIiMiH Oenrim Oip MONIIKIEeH KYBIKTaUTHIHBIH Oaraiay
TEHCI3/Ir apKbUIBI KepceTinmi. baramay TeHCI3Iiri almpUIaHFaH HICHOIIMAEP KIACHIHAA aiblHAbL. JKamraH aiimMak
ONiCIHIH ecenTepie HAKThl KONIAHYBl KOPCETy MaKCaThIHAA OipeimieMai CHI3BIKTBI eMeC JKail TudQepeHIHaNIbIK
TEHJIeYl YIIiH meKapablK ecedi KapacThIpbulbl. EcenTi albIpbIMIBIK Cyi10a TYPiHAE JKa3blIbIl, Kyanay oici OoWbIHIIa
mernryre kentipinai. Ecenti cannpik menry 6apachlHIa )KallFaH aiiMaKTap 9JIiCiHe HETi3/IelreH KOMEKII eCcenke KipeTiH
napaMmeTpAiH SpTYPIi MOHJEP] YUIiH CaHIBIK ecenTeyiep kyprizinami. Con ecenTeynepiH uTepanus CaHbl, OPBIHAATY
YaKBITHI ’KOHE Tpa(UKTEpi KEATIPLTIIN CaTBICTHIPBUIIBI.

Tyiin ce3mep: xamraH aiMak ofici, memiMai Oaramay, Kyajgay oJici, eKiHII PpeTTi CHI3BIKTHl eMec
nuddepeHaNIBIK TEHILY, CAaHIBIK €CeTITeyIIep.
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IMMPUMEHEHHME METO/IA ®UKTUBHBIX OBJIACTEM /11 OBbIKHOBEHHBIX IUP®EPEHIIUA/IbHBIX
YPABHEHUH

B cratbe nokaszaHbl crioco0bl MPUMEHEHH MeToa (GUKTUBHBIX 00JIacTeil MpU PeIeHUH 3a1a4 Ul OOBIKHOBEHHBIX
nmuddepeHMaIbHbIX ypaBHeHHH. B BBeJeHHN cielaH HeOOIbIIoW 0030p JUTEpaTypHl MO0 TAaHHOMY METOIY, a TaKke
METOJIaM YHCIICHHOTO PEelIeHHs 3TUX 3aJa4. PaccMOTpPEHO MOCTaHOBKA 3aJa4yM Ul MeToJa (pUKTHBHBIX obyacTel I
OOBIKHOBEHHBIX IU(QepeHMaNbHbIX  ypaBHeHHd. Jlanee ObUIO I1OKa3aHO HEPAaBEHCTBO OLEHOK peIlleHue
BCIIOMOTaTEIbHOM 3371241 C ONPE/ICICHHOW TOYHOCTBIO MPUOIIIKAET PelleHne HCX0IHOH 3a1aun. HepaBeHCTBO OLleHOK
MOJIY4eHO B Kiacce 0000meHHbIX petteHnid. C [ebio HarIsJHOTO MPUMEHEHUST MeTo1a (PMKTUBHBIX 00JIaCTH B 33/1a4aX
paccMOTpeHa rpaHM4Has 3ajada JjIs OJHOMEPHOT'O HEIMHEHHOTo OOBIKHOBEHHOTO JU((EpPECHIMATEHOIO YPaBHEHHS.
3ajady 3amucany B BUAE Pa3HOCTHOM CXEMbI M NMPHUBENHU K PEIICHUIO IO METOJy NMPOTOHKHU. [Ipy YNCICHHOM pelIeHHH
3aJa4u 6I)IJ'II/I MMPOBEACHBI YUCJIICHHBIC paCYCThI IJIA PA3JIMIHBIX 3HAYCHUH napamMeTpa, BXOAAIETO0 B BCIIOMOT'aTCJIbHYTO
3aj1a4y, HA OCHOBE MeTola GUKTUBHBIX oOnacteil. [IpuBeaeHbI U aHaTM3UPOBAHbl YHCIIA UTEPALINil, BpeMs BBIITOJTHEHUS
Y rpaduKH 3TUX BEIYHCICHUH.

KnroueBble caoBa: Meroq (UKTHBHBIX O00JacTH, OLCHKA pEIICHHsS, METOA NPOTOHKH, HEJIHHEeHHOe
nuddepeHInanbHOe ypaBHEHHE BTOPOTO MOPSAKA, YUCICHHBIE PacyeThl.

1 Introduction. The method of fictitious domain are widely used for numerical solution of problems of
mathematical physics in a free zone [1,2]. With A.N. Konovalov [2], he developed the theory of the fictitious
areas to solve the problem of free zones in the quantitative implementation of discrete models. On its basis, a
new class of local-two-way approximations was created in direct and spectral problems.

R. Glowinski, T-W. Pan, J. In the work of Periaux [3], a set of fictitious domain methods is considered,
based on the actual use of the Lagrange multiplier, defined at a specific boundary. Due to true boundary
conditions, the proposed method is often used to simulate viscous non-compressible potential flows.
According to the proposed methodology, the initial differential problem has an effective control problem
with the tribune point, and the iterative method of combined gradients is used for numerical implementation.

2 Report presentation

__y 9 o _
Lu = i;laXi a; (x) x +c(X)u = f(x), (1)
X =(Xy, Xy ey X, ) € Dy,
u(x)=0, xedb,. (2)

(1), (2) let's assume that the solution and coefficients of the problem are sufficiently smooth
a;(X) =a;(x), x(c) >0 and let next elliptic conditions satisfied

iggl zn: a;(X)&¢&; 2 /J_Zn: & ®)

4 (1), (2) in the method of fictitious domain to solve the first limit problem (FDM) & does not depend on a
positive constant

D=D,ub,,

D,ub,=S.
5 0

Lo=-
570X,

Aj(x)% +cv=F(x) (4)

]
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where
8;(x), xebD,
A;(X)=10,xeD,, i=],
2,XeD2,i=j.

) = {c(x), x e D,

0, x € D,.
f(x), xeD,
P00 = { 0, x e D,.
(4) we set the limit conditions for the equation
v(x)=0, xedD. (5)
()]ls=0, {Z Ay () cos(r, ) }s =0, (6)
i,j=1

where v - S normal to the boundary; [-]lS sign is S function jump on the surface. Let's estimate the
difference w(x) = u(x) —v(x)
3 False areas method solution evaluation.

L.o(x)=0,xeD, xg8§, (7
o(x) =0, x € oD, )
[00]l;=0. {Z A cos(v,xi)%}ﬂo(x), ©

where @(X) = > _a; cos(v, xi)S—u, xeS.
Xi

i,j=1

(7) equations w(x) and multiply (8) and (9) subject to conditions D We obtain the following equilibrium

by integrating
| [Z a.,(X)——+c Jd j [ J dx = —j P(X)o(X)ds. (10)

ij=1 D,

We remove the first term of the left part of formula (10) and apply the Cauchy-Schwartz inequality to the

right, then
izj [ de<\/j¢ (x)ds\/ja) (x)ds (11)
we take. i

Width to assessment the positive side 0 <J <6, was @; We use the inequality true (11) for the
boundary band

.[w (x)ds<C [5Ja) (X)dx+= jZ(éwj dx} (12)

a) i=l |

and D equal to zero in the boundary part of the region, @(x) which was true for the Friedrichs inequality
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j o* (\)dx < C, [ Z(an dx (13)

D i=l

we use. (12) where 0 = ¢, selecting and continuing to integrate to the right of the inequality, we obtain the
following

jw (x)dS < C, {Im (x)dx+jz[ JZ J (14)

D, i=1

®(X) =0 x e 0D since (14)’s the Friedrichs inequality can be applied to the first connector on the right
(13). From here we take

j o’ ()dS <C, | z(a“’j dx (15)

D, i<l
(15) Taking into account the inequality, we obtain the following estimate from (11):

2 1/2
L Ow

— | dx| <C.&? (16)

3z o <
and use (13) we take
1/2
(Iwz(x)de <C.?. (17)
D,

Similarly, we obtain the inequality from equation (10) using the elliptical condition (3)

uf Z[ jdxs \/j oS \/j &’ (X)dS < C,&°. (18)

D, i=1

Using Friedrich's generalized inequality

ja) (x)dx<C(J.a) (x)d3+jz( Jz ] (19)

D, il
and (15), (16) and (18) from the estimates leads to the following inequality

j @*(X)dx < Cye?. (20)

D,
Thus, we have the problem (4) - (6) v(X) solution of the problem (1) - (2) u(x) decision W;(Dl) , €
We have proved that the approximation is accurate, ie

Ju-v

<Cye (21)

W3 (D)

where Cy constant does not depend of ¢ .
Free limited area D, The following scheme of approximate solution of the first boundary value problem
can be given (1), (2). D, the smallest area D cover with a parallelepiped. (4)-(6) so that the solution of the




Abali ameiHOarbl Ka3¥IY-HiH XABAPLLBICbI, « Duzuka-mamemMamuKa £biabimoapsi» cepuscel, No2(74), 2021 x.

problem approximates the solution of the original problem with the required accuracy we choose & . Then

we solve the problem (4) - (6) by the difference method with the required accuracy.

4 Numerical solution of the problem.
One-dimensional statement of the problem:

y'=2yy'=f(x) 0<x<0.5
y(0) =y(0.5) =0

where
(3—2x)-e**—1 e** —e?*

f&x) = 1—e —(1_6)2+2x

The exact solution of the problem (22), (23):
1—e%*
y(x) = 2e—D +x

Auxiliary report for the fictitious domain method:

d

d d
a(a(x) d—Z) 20— (W) = f50) 0<x<1

v(0)=v(1)=0

d
Pllemos = [a(0) Z = Y Lemos = 0

where

1, 0<x<0.5

=1{1
a0 {—2, 05<x<1

&
1, 0<x<0.5
b(x)z{ 05<x<1
f(x) 0<x<05
fre) = { 05<x<1

(22)
(23)

(24)

(25)

(26)

(27)

(28)

Inheritance method for nonlinear second order differential equations. To construct the difference form of

equation (26), we reduce it to the following form:

dv
P =2 (a0 ) - 2w G )
We write differently:
vin+1 _ vin :l . virf:ll _ vin+1 W Uin+1 _ vin_+11 ~
T h l+1/2 h l—1/2 h
@l = D - (b v = vl + F + 0D - (v — by v _fe
h 2
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where

Qi t _aitai4
Aity1/2 = 5 Ai—1/2 = 3

We write the last equation in a convenient form

A v = B v+ G vl = D (29)
where A =1 (ai}-l;/z N ! +hlv?|) bi_1>,
B; = (1 + Taiﬂ/z;_zai_l/z + 2t |17;ln| bi>
EVCRCESL L

Dy = —(vf — of)

We solve equation (29) by inheritance.

Let's do numerical calculations.[0; 1] segment of the grid with a step h = 1/N Let's build a grid in steps,
where N = 100. Iteration ||[v™*! — v™|| < e = 10~* stop under the condition.Numerical calculationse =
{1; 0.1; 0.01} was conducted on three grounds.

Table 1. The results of the calculation by the method of inheritance

€ values n number of iterations Execution time (in seconds)
1 88 4.27
0.1 28 1.31
0.01 16 0.51

In order to test the algorithm for numerical solution of the problem, we first solve the problem in the
segment and compare the graphs of the numerical solution with the exact analytical solution (Figure 1).

015

01

=
=
0.05;
ok
| TR N TR N N N [T NN NI )
0 0.2 0.4 06 0.8 1
X
Figure 1. y(x) 's function graph Figure 2. ¢ for a different value v(x) function
& approximate solution; e exact solution graph
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5 Conclusion.

We see that the method of inheritance of our chosen numerical solution corresponds to the exact solution.
Therefore, you can see that the algorithm is chosen correctly. Looking at the second figure, we can see from
the graph that different values of the parameter obtained for the method of false zones have a significant
impact on the solution of the problem. We also notice that the parameter value has an effect on the number
and time of iterations of the report. We see that the method of inheritance of our chosen numerical solution
corresponds to the exact solution. Therefore, you can see that the algorithm is chosen correctly. Looking at
the second figure, we can see from the graph that different values of the parameter obtained for the method
of false zones have a significant impact on the solution of the problem. We also notice that the parameter
value has an effect on the number and time of iterations of the report.

This research is funded by the Science Committee of the Ministry of Education and Science of the
Republic of Kazakhstan (Grant No. AP09058430 Development of numerical methods for solving Navier-
Stokes equations combining fictitious domains and conjugate equationsy )
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