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ANALYSIS OF A PARABOLIC APPROXIMATION FOR A LINEAR UNSTEADY
NAVIER-STOKES PROBLEM

Abstract

The paper investigates a parabolic approximation of a linear unsteady Navier—Stokes problem for an
incompressible viscous fluid. The proposed approach replaces the incompressibility constraint with an
evolutionary pressure equation that includes a small regularization parameter. Such a transformation makes it
possible to apply methods from the theory of parabolic differential equations and simplify the analysis of the
mathematical model. The study employs techniques of functional analysis, energy estimates, and the Galerkin
method to examine the properties of the approximating system. Conditions ensuring the existence, uniqueness,
and regularity of generalized and strong solutions are established. Particular attention is paid to the
convergence of the approximating solution to the solution of the original Navier—Stokes system as the
approximation parameter tends to zero. Quantitative estimates characterizing the convergence rate in various
functional spaces are obtained. To demonstrate the practical relevance of the proposed approach, a model
problem related to transient flow in a pipeline system is considered. The results indicate that the parabolic
approximation provides a satisfactory balance between computational efficiency and solution accuracy. The
estimates obtained justify the method's applicability to the mathematical modeling of unsteady hydrodynamic
processes and may serve as a basis for developing efficient numerical algorithms in computational fluid
dynamics.

Keywords: Navier—Stokes equations; parabolic approximation; incompressible fluid; unsteady flow;
convergence analysis; energy estimates; computational fluid dynamics.
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!Cankr-IleTepOypr ['yMaHUTAPIIBIK KOCIMOAAKTap yHUBEpCUTETI AMaThl pummransl, Anmarts K., Kazakcran
?Kazak YJITTBIK KbI3JIap TearoruKaiblK YHUBEPCUTETI, AMaThI K., Kazakcran
CBI3BIKTBIK CTAIIMOHAP EMEC HABBE-CTOKC ECEBIHIH TAPABOJIAJIBIK
KYBIKTAYBIH 3EPTTEY

Anoamna

Makarnaia TYTKBIP ChIFBUIMANTBIH CYHBIKTHIKTBIH KO3FAJIBICHIH CHITATTAUTBIH CHI3BIKTHIK CTAIIMOHADP eMeC
HaBpe-CTokc eceOiHiH mapabonaiblK JKYBIKTAy TOCUIi  KapacThIpbUIaJbl. ¥ CHIHBUIFAH —MOJICNbB/IE
CBIFBIJIMANTBIHIBIK IIAPTHI KBICBIM YVIINIH EHTI3LINEH ABOJIOLUSIBIK TEHICYMEH aJIMACThIPbUIAIbI, OYJI
OacTarkbl ecenTi 3epTTey Il KEHITIETyre jKoHe MapadoallblK TUITET] TEHASYJIep TEOPHSICHIHBIH SJiCTepiH
KOJIlaHyFa MYMKIHIIK Oepemi. 3eprrey OapbiChiHAa (YHKIMOHANJBIK Tajjgay, SHEPreTHUKAJIbIK Oaranay
omicrepi xoHe ["anepkuH Tociii nai anaHbpUIIbl. AMMIPOKCUMAIIMSUIAHFaH XKYHe YIIH MIenriMHiH 6ap 60yl
MEH JKaJIFBI3JIBIFBl JQJNENJICHIN, OHBIH TYPaKThUIBIFBI MEH TETICTIriHE KaTBICTBI KACHUETTEepi 3epPTTEJi.
CoHbIMEH KaTap, JKybIKTaJFaH IenriMHiH Oactankbel HaBbe—CTOKC KYHECiHIH IIelIiMiHe >KaKbIHAAY
3aHJIBUIBIKTAPBI KAPACTHIPBUIBII, KYBIKTAY ITapaMETPIHIH 9CepiH CHUIATTAHThIH CaHIbIK Oaranayap ajlbIH/Ib.
AnbIHFaH HOTHIKEJEep MapaboalblK JKYBIKTAYJbIH MaTeMAaTUKAJIbIK TYPFBIIAH HETI3NIENreH TOCil EKEHiH
kepceteni. XKyprizijares MoJeNnpaik ecentey TaKipuOeci napameTpiH KilliperoiMeH KaTeliKTiH a3asThIHbIH
JKOHE TCOPHSUIBIK KOPBITHIHABLIAPABIH CaHIbIK HOTH)KEJICPMEH COMKeC KeJIETIHIH pacTajbl. ¥ ChIHBUIFAH 9JIiC
THAPOJMHAMMKAIIBIK TPOIECTEP/l MOJAECIbACY KE3iHIAC KOJJAAHBUIATBIH THIMII €CENTey aJrOpUTMICPIH
a3ipyieyre Heri3 0oJia anaibl.
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Annomayus

B cratbe paccMmarpuBaeTcs mapabdonrdeckast almpoKCHMAITHS JIMHEHHOH HecTalroHapHoi 3amaun HaBse—
Crokca 1y BS3KOW HEC)KMMaeMOW >KUAKOCTU. McciemyeMblid MOAXOX OCHOBaH Ha 3aMEHE YCIIOBHSA
HEC)KUMAEMOCTH CTIeMaIbHBIM BOJIIOIIMOHHBIM YpaBHEHUEM AJIS JaBIICHUs, COJCPIKAIIMM MaJbIii ITapaMeTp.
Takas momuduKanus MO3BOISIET MPUBECTH MCXOMHYIO CHCTEMY K Oojee ymoOHO# st aHanmm3a (opme u
WCTIONB30BaTh METOABI Teopuu mapabonndecknx muddepeHnrnatbHbIX YpaBHEHHH TPU HWCCIEIOBAHUN
CBOHUCTB pemeHus. [ u3ydeHus: anmpoKCUMUPYIOMIEH MOAEITH TPUMEHSIOTCS METOAB! (PYHKIIMOHATIHLHOTO
aHanM3a, DHEpPreTHYeckne OIeHKH U Merto] [anepkuna. IlomydeHBl YCIOBUS CyIIECTBOBAHUS H
€IMHCTBEHHOCTH OOO0OIIEHHOTO pEeHmIeHMs, a TaKk)Ke YCTAaHOBIEHBI TpPeOOBaHUS, MPH KOTOPHIX peEIICHHE
oOnajaeT TMOBBIMICHHON peryisipHOcThio. Ocoboe BHUMaHUE YICNCHO WCCIENOBAHUIO CXOAMMOCTH
aHHpOKCHMI/Ip}/IOHICﬁ CHUCTEMBI K HCXOZ[HOﬁ 3aaa4de. HOJ’Iy‘IeHLI KOJIMYCCTBCHHBIC OLICHKH IIOrpCHIHOCTH,
XapaKTepU3yOIUe 3aBUCHMOCTh TOYHOCTH DEHICHHS OT MapaMeTpa anmpOKCHMAIMd U ITO3BOJISIOIINE
OTIPEIETTUTHh CKOPOCTh CXOAMMOCTH B COOTBETCTBYIONINX (PYHKIIMOHAIBHBIX MpocTpaHcTBax. [IpakTmuaeckas
3HAYNUMOCTb pa6OTLI CBjA3aHa C BO3MOXHOCTBIO HCIIOJIB30BaHUA MPCMJIOKCECHHOTO IOoAXoAaa IIpr
MOJICTTUPOBAaHUH HECTAIIMOHAPHBIX THUIAPOJAWHAMUYECKHX TIPOIEccOB. PaccMOTpeHHBIN TpuMep Te4YeHHUs
KUJKOCTH B TPYOOTIPOBOIHOM CUCTEME IEMOHCTPHUPYET, YTO MapadondecKas anmpoKCUMAIHs 00eCTIeYuBaeT
MPUEMIIEMOE COYETAHHE BRIYMCIUTENBHON 3((PEKTHBHOCTH M TOUHOCTH pacuéToB. [lomyueHHbIe pe3ynbTaThl
MOTYT 6I>ITI) HCIIOJIb30BaHbl IIPpH pa3pa60TKe YUCJICHHBIX METOAOB PCHICHHA 3ada4 TUAPOAWMHAMUKH U
MaTeMaTHYECKOH (DU3HKHL.

KuawoueBbie cioBa: ypaBHeHus HaBwe-CTokca; mapabonmueckas anmpoOKCHMAIMs; Hec:)KuMaeMas
KHUJAKOCTH, HECTAIIMOHAPHOEC TCUYCHHEC, CXOJIUMOCTH peIIIeHPIfI; OHEPIreTUYCCKUEC OLCHKU; BBIYUCIIUTCIIbHAA
TUAPOIUHAMHUKA.

Main Provisions

This paper investigates a parabolic approximation of the linear nonstationary Navier—Stokes
problem for an incompressible fluid. This approximation is based on replacing the incompressibility
condition with an evolution equation for pressure with a small parameter. For the approximating
system under consideration, a priori estimates are obtained that ensure the existence and uniqueness
of a generalized solution, and conditions are established under which the solution is more regular. An
analysis of the convergence of the approximation to the solution of the original Navier—Stokes
problem as € tends to zero is presented. Quantitative error estimates are constructed in various
functional spaces, allowing one to determine the rate of convergence of the approximate solution. It
is shown that decreasing the approximation parameter leads to a consistent reduction in error and
ensures that the results are consistent with the original hydrodynamic model. The results confirm the
mathematical correctness of the approach under consideration and provide a theoretical basis for
developing effective computational algorithms to model nonstationary processes in hydrodynamics
and mathematical physics.

Introduction

Non-stationary hydrodynamic problems occupy an important place in mathematical physics and
applied modeling. The Navier—Stokes equations, which underlie most modern hydrodynamic models,
are traditionally used to describe the motion of a viscous, incompressible fluid [1-3]. Despite the
significant amount of research devoted to this system, the issues of constructing effective approximate
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models and substantiating their accuracy remain relevant. This is due both to the complexity of the
analytical study of the original system and the need to develop computationally efficient methods for
solving practical problems. One of the main difficulties in analyzing non-stationary Navier-Stokes
problems is the presence of an incompressibility condition, which determines the relationship
between the velocity field and pressure. Therefore, approaches that regularize the original system and
replace the incompressibility constraint with an additional evolution equation for pressure are of
considerable interest. One such approach is the parabolic approximation method, which allows one
to reduce the original problem to a more convenient form for analysis and utilize the apparatus of the
theory of parabolic equations [4-7].

The practical significance of such methods is confirmed by their relevance to computational fluid
dynamics, which is used to model flows in pipeline systems, hydraulic structures, ventilation systems,
and other engineering objects. As computational demands increase, models that provide an acceptable
balance between solution accuracy and computational costs are particularly important.

This paper considers the linear non-stationary Navier-Stokes problem and its corresponding
parabolic approximation. The focus is on investigating the mathematical properties of the
approximating system. Theorem 1 establishes the conditions for the existence, uniqueness, and
regularity of a solution to the problem under consideration. Theorem 2 then derives estimates for the
convergence of the approximating solution to the solution of the original system as the approximation
parameter tends to zero. The estimates obtained enable assessment of the accuracy of the proposed
approximation and analysis of its applicability to nonstationary fluid-flow problems. In addition, the
results may be useful in developing numerical algorithms for hydrodynamic simulations.

Research Methodology

The methodological basis of the study is based on mathematical analysis, the theory of partial
differential equations, and the apparatus of function spaces. This paper examines the linear
nonstationary Navier-Stokes problem for an incompressible fluid and its parabolic approximation,
which contains a small regularization parameter. The study aims to establish the mathematical
correctness of the approximating model and determine the nature of its convergence to the original
system. In the first stage, the original boundary value problem is formulated, and the corresponding
parabolic approximation is constructed, in which the incompressibility condition is replaced by an
evolution equation for the pressure. This approach allows us to consider the resulting system within
the framework of parabolic equations theory and to utilize known results on the solvability of the
corresponding initial-boundary value problems [7].

The choice of parabolic regularization is based on its ability to preserve the fundamental properties
of the original problem while simplifying the mathematical analysis. Unlike artificial compressibility
methods, which introduce an additional pseudo-time parameter and necessitate studying limit
transitions across several parameters, the approximation under consideration yields a parabolic
system, allowing the direct application of classical results in the theory of parabolic equations.
Compared to penalty methods, which require selecting a large penalty coefficient and subsequently
monitoring its influence on solution stability, the approach used provides a more transparent
interpretation of the regularization parameter and enables quantitative error estimates. Unlike
projection methods, which are primarily focused on numerical problem solving, parabolic
approximation enables an analytical study of the existence, regularity, and convergence of solutions.
These features determine the choice of this method as the basis for this study.

To prove the existence and uniqueness of a solution, the Galerkin method is used, based on
constructing finite-dimensional approximations and subsequent limiting. A priori estimates are
obtained using the energy method, which involves multiplying equations by special test functions and
integrating over the spatial domain and time. To substantiate the obtained estimates, Holder and
Young inequalities, as well as embedding and trace theorems for functions in Sobolev spaces, are
used [8]. The convergence study is based on comparing the solutions of the original and
approximating problems. For this purpose, a representation of the difference in solutions through
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auxiliary functions is introduced, for which a special boundary value problem is constructed. Energy
inequalities are then derived, allowing error estimates to be obtained in various functional norms.
Analysis of the dependence of these estimates on a small parameter enables us to establish the order
of convergence of the approximation and to justify its use in the study of non-stationary
hydrodynamic processes. Thus, the methodology combines analytical methods from the theory of
differential equations and functional analysis, providing a rigorous mathematical justification for the
parabolic approximation under consideration.

Statement of the Problem
Let us consider in the space-time domain
Qr =0x(0,7), Q c R", n=23
a linear non-stationary Navier-Stokes problem for an incompressible fluid
Equation of motion

D, +Vp = AV + f, (1)

Incompressibility condition
divv =0, ()

Initial and boundary conditions
V]p=g = 70 (%), V|aoxor =0, 3)

Here v(x, t) is the fluid velocity vector, p(x, t) is the pressure, f (x,t) is the external mass force,
and 7°(x) is the initial velocity distribution. Condition (2) expresses the incompressibility of the
medium, and the boundary condition in (3) corresponds to the no-slip condition of the fluid at the
boundary of the domain.

To construct a parabolic approximation of system (1)-(3), we replace the incompressibility
constraint (2) with an evolution equation for pressure. This yields the following approximation
problem:

DE + VpE = ADE + f — VO, (4)
div v¢ = e(Ap® — pf), (5)
N N N apé
Vlp=o = 7°(x), V|anx(o,T) =0, p¥le=0 = Po(x), % a0 =0 (6)
T

Here py(x) is the value of the solution p(x, t) of problem (1)—(3) at the initial moment t = 0. It
is known to be determined from the Neumann problem

Apy = div f|t=0'

9po
on

oo = [89° - nlloq + [f - n]| . (7)

The function Q,,(x), m = 1,2 ... is present in equation (4) to satisfy the m-th order matching
condition

k

atk

o*p

T 9tk
o Ot

, k=1.2,..,m.
t=0

(pg - Qm)
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Its differential properties are described in terms of the derivatives D™ f , D"(V)| (=g mmm
D2™((x)). Since we will be describing a solution with a zero-order time derivative, for simplicity
we will set Q,,(x) = 0.

Zero-order matching condition

PEle=0 = Pli=0

Is implemented as the initial condition in the pressure problem.

We now turn to the study of the properties of the solution to problem (4)—(6). First, we obtain a
priori estimates that ensure the existence and uniqueness of a generalized solution and allow us to
establish its regularity under additional assumptions on the initial data. The corresponding results are
formulated in the following theorem.

Theorem 1. A) Let f(x, t) € L,(0,T; W;1(Q)), v°(x) € L,(Q). Then problem (4)-(6) has a
unique generalized solution v%(x,t) € L, (0,T; L,(2)) N LZ(O, T; W} (Q)) and the following
estimate holds

T t

15012, ) + [ IV5EI12. oy de < C | [IIFI] o dt + 15012 8

max [[v-IlL, o) VoL, dt = Flly VOl @ ®
0 0

B) Let f(x,t) € L,(Qr), 7°(x) € W2(Q), dQ; € C2. Then the generalized solution of problem
(4)-(6) becomes strong, i.e. 7¢(x, t) € W,**(Qr), Vp® € L,(Qr) and the estimate holds

HESHWZLZ(QT) + ”vpglle(QT) <Ci- g71/2 (9)

The proof is carried out by the Galerkin method [8] based on estimates (8), (9). The first of them
is obtained by multiplying equation (4) by v¢ B L, (), and the second is a consequence of estimates
of the solution of boundary value problems for parabolic equations and the estimate

1

||Vp£“L2(QT) <(Cy-¢z

which is obtained simultaneously with (8).

After establishing the existence, uniqueness, and regularity of the solution to problems (4)—(6), it
is natural to study the convergence of the constructed approximation to the solution of the original
system (1)—(3). To do this, we obtain a priori estimates of the difference between the corresponding
solutions and determine the order of their dependence on the small parameter €. The results are
formulated in the following theorem.

Theorem 2. Let fi(x,t), Vf(x,t) € W;1(0,T; L,(Q)),7°(x) € WS (Q), 30 c C3. Then the
following estimates take place:

T
3
fllv‘g — vllﬁ,zl(mdt + Orélta;%llv‘g — vllfz(m < C5- €2, (10)
0
|v® — 5||W22'1(QT) < Cy- M2 (11)

Proof. First of all, we note that for the given f , 79 the functions p.(x, t), Ap.(x,t) € L,(Qr).
Next, we assume that the representation is valid

V& =v+ew, p=p+em.

Then the functions @, 7t are the solution of the boundary value problem
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we+ Vmr = Aw, (12)
div w = Ap® — p§, (13)
@l¢=o =0, (14)

Let's get an auxiliary estimate for z. To do this, we integrate (12) with respect to ¢.

t t
w(t) +fV7rdt = vaoT)dt.
0 0
Fair enough
t t
fﬂ'dt <C andt <
0 Ly(Q) 0 w3 (@)
(15)
1
t 2
< 0| maslE©lm +v| [ 196 l,mde| | =c-ve
o 0
Now we multiply equation (12) by @ in L, () and take into account (13), (14)
1d _ 2 ed ) )
S dt lollz, @) + VIVoIL, @) + S dt Iz, ) + eVl ) =
0
- f (pe — Ap)dx — j n%d(aﬂ).
Q a0
Let us integrate the resulting equality with respect to t.
t t
Lo 2 112 & 2 2
> oL, +v | IVOIIL,qdt + 5 T, + & | IVallL,qdt <
0 0
(16)

t
9
s—j[J (p, — Ap)dx + Jn%d(aﬂ) dr
0 |Q a0

We write the second term on the right-hand side as follows:

t t T
dp d dp
a0 o0 0

0 0

Integrating by parts, we find

fjn?—id(@ﬂ)dt=f fﬂdf Z—Z(t)d(ag)_fj f”df
o0 30 \0

0 aa \0 0

0p;
on

d(0Q)dr.
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The first term on the right-hand side is estimated similarly to the second one using the trace
theorem and Young's inequality, so it is absorbed by the left-hand side of the energy inequality for a
sufficiently small choice of the parameter &;.

T
f ndé
0

From here
t

f fng—Zd(aﬂ)drzf

0 0Q

”0291

Ly (aﬂ)
L,(0Q)

The inequalities are fair

)

J ndf

< Cllp:llyz2
L,(00) Fwr ()

T
fnd
0

b[ Vndf

L,(09) Ly (Q) La(Q)

”61%

That's why

J ndf

-1

61 _
+7C2”p‘t”a/22(g) e7Y2 dr

”p‘L’”WZz(Q)dT <
L,(Q)

t t
9
] 2P da0)dr < c]
an
0 0

o)
t 6
< j [e Zl
0
Using the Holder inequalities and (15), we conclude

[]

0 9Q

T
f Vndf
0
T

f Vrdé 2 4 j mdé&
0

Ly(Q) 0 Ly(9)

Lo ()

5o
() + -2 f 1Pl 0

The first integral in (16) is estimated similarly

t
TS 55t
| [ ap = pox < 22020 + 2= [ [1apll o + Ipall @)
0

Thus, for sufficiently small §;, 6, we conclude

T T

1 € _
_Orgtaz%“n'”lzlz(ﬂ) + vfllell,%z(Q)dt + efllVﬂllfz(Q)dt <
0 0

- —112
5 max 1]l ) +3

(17)

<cC ( 3 P @d Ld
< 241 ||Apt||L2(Q) t+ ||ptt||L2(Q) t
0

Estimate (17) implies inequalities (10) and (11). The theorem is proven.
26




Abaii amvinoasvr Kaz¥I1Y-niy XABAPIIBICHI, « Qusuka-mamemamura avlivtmoapuly cepusicol, Ne2(94), 2026

The theoretical results obtained in Theorems 1 and 2 provide the basis for using the approximation
under consideration in computational fluid dynamics problems. The existence, regularity, and
convergence estimates allow the approximating system to be considered a mathematically sound
alternative to the original model for numerical calculations. The practical value of this approach is
most evident in problems that require multiple solutions to non-stationary fluid flow equations, where
reducing computational complexity is particularly important. Let us consider a possible example of
the practical application of the results obtained.

Example of Practical Application

The relevance of developing effective methods for modeling hydrodynamic processes is
underscored by the growing use of computational fluid dynamics (CFD) in industry. According to
analytical forecasts, the global CFD market is showing steady positive growth, reflecting increasing
demand for mathematical models and computational algorithms that deliver high computational
accuracy at reasonable computational cost [9].

Hydrodynamic modeling plays a special role in the operation of pipeline systems, the
transportation of liquids and gases, and the design of energy infrastructure facilities. The development
of trunk pipeline networks and the need to monitor transient equipment operation require methods
that enable rapid evaluation of flow parameters and prediction of changes in hydrodynamic
characteristics over time [10].

Under these conditions, parabolic approximation methods are of practical interest for their ability
to reduce the computational complexity of modeling while maintaining acceptable accuracy.

As an example of practical application, consider modeling unsteady oil flow in a main pipeline
after a change in a pumping station's operating mode. When pumping equipment starts or stops,
transient processes occur in the system, accompanied by changes in flow velocity and pressure
distribution along the pipeline. To ensure safe operation, it is necessary to quickly predict flow
parameters and assess the likelihood of undesirable hydrodynamic phenomena, including pressure
surges and hydraulic shocks.

The mathematical description of such processes is based on the equations of motion of a viscous
incompressible fluid. In practical simulations, repeated solution of the complete Navier—Stokes
equations can be computationally expensive, especially when transient regimes must be analyzed
repeatedly.

The estimates obtained in this study show that for small values of the approximation parameter,
the solution to the approximate problem converges to the solution of the original system with a known
order of accuracy. This enables the proposed approach to be used for operational forecasting of flow
parameters in pipeline networks, as well as for developing software systems to monitor and manage
oil and gas infrastructure. These estimates enable the proposed approach to be used for operational
forecasting of flow parameters in pipeline networks and for developing monitoring systems for oil
and gas infrastructure. To test the viability of the proposed approach and quantify its accuracy, a
computational model experiment is also conducted. Despite the use of a simplified computational
domain, the results obtained allow us to assess the convergence of the approximation and draw
conclusions about its applicability to modeling real hydrodynamic processes.

Numerical Experiment

To illustrate the theoretical results, a computational model experiment was conducted. The test
problem was flow in the square domain Q = [0, 1] x [0, 1]. The reference solution was defined by
smooth analytical functions of velocity and pressure satisfying the initial and boundary conditions of
the problem under consideration. The approximate solution was computed for various values of the
parameter €, and the accuracy was assessed using the L2-norm relative errors of the velocity and
pressure. The results presented in Table 1 demonstrate a steady decrease in the approximate solution
error as the approximation parameter € decreases. The most significant decrease in errors is observed
when moving from & = 107" to € = 1072, after which the nature of the change becomes smoother. In
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particular, a decrease in € from 10" to 10 leads to a decrease in the relative velocity error from
1.738% to 0.055%, and the pressure error from 10.285% to 0.325%. The obtained data are consistent
with theoretical convergence estimates and confirm that a decrease in the € parameter ensures a
consistent convergence of the solutions of the approximating and original problems.

Table 1. Quantitative assessment of the accuracy of the parabolic approximation for various values of the
parameter &

Approximation Relative velocity error, % | Relative pressure error, % Cal.culatlon
parameter & time, c
10 1,738 10,285 13,35
1072 0,55 3,252 14,7
1073 0,174 1,028 16,05
10~ 0,055 0,325 17,4

The obtained numerical results are consistent with the theoretical convergence estimates
established in Theorem 2 and confirm the decrease in error as the approximation parameter tends to
zero. The numerical experiment shows that improved accuracy is achieved without a substantial
increase in computational effort. Although the computation time increases as & decreases, this
increase remains relatively small compared with the reduction in error. To better understand the
behavior of the approximating solution, additional graphical results are presented below. They
illustrate the distributions of the main flow variables and provide a visual representation of the
approximation error over the computational domain.

Convergence of the parabolic approximation

12
10 =@ Relative
. velocity error,
s s "
o
2 6 =@ Relative
® pressure error,
g 4 "
2
0

10 1072 1073 107

Approximation parameter €

Figure 1. Variation of relative velocity and pressure errors with respect to the approximation parameter ¢

Pressure distribution for the reference model Pressure approximation error for € = 10-?

X 0.8 0.0

Figure 2. Spatial distribution of pressure in Figure 3. Pressure approximation error surface
the model problem fore=10"?
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Velocity magnitude for the reference model

[vix.y,T))

Figure 4. Spatial distribution of the velocity module in the model problem

The numerical results are consistent with the graphical representations shown in Figures 1-4. As
the approximation parameter ¢ decreases, both velocity and pressure errors become smaller. The
pressure and velocity fields remain smooth throughout the computational domain, while the
approximation error remains relatively small. These observations are in agreement with the
theoretical convergence estimates obtained for the approximating system.

Quantitative Estimates of the Model Accuracy

The convergence estimates obtained in the theoretical part of the study make it possible to evaluate
the difference between the solution of the original Navier—Stokes problem and the solution of the
approximating system. The behavior of this difference is determined by the regularization parameter
¢ and reflects the rate at which the approximation approaches the original model.

As part of the study, estimates were obtained

T

= =112 = =112
fllve — V) dt + gtasgllve — V7, S C5- 33,
0

and

-

£ _ 5 . e1/2
[|v v”WZZ,l(QT)SC4 gt/

where the constants C; and C, are independent of the approximation parameter. The estimates
show that the discrepancy between the two solutions decreases as the parameter ¢ tends to zero.
Moreover, they provide information about the convergence rate in the corresponding functional
spaces and characterize the influence of the regularization parameter on the approximation accuracy.

The theoretical estimates were compared with the results of a numerical model experiment. The
calculations show that reducing ¢ from 107! to 10 leads to a noticeable reduction in both velocity
and pressure errors. In particular, the relative velocity error decreases from 1.738% to 0.055%, while
the pressure error decreases from 10.285% to 0.325%. At the same time, the increase in computational
time remains relatively small.

The quantitative estimates obtained confirm that the parabolic approximation provides a high
degree of agreement with the original Navier—Stokes model, even for relatively small values of the ¢
parameter. This allows the considered approach to be used in computational fluid dynamics problems
where a compromise between modeling accuracy and computational efficiency is required. These
findings indicate that the proposed approximation can be used in numerical simulations where both
accuracy and computational efficiency are important [11, 12].
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Results of the Study

This study examined a parabolic approximation of the linear nonstationary Navier—Stokes problem
for an incompressible fluid. The analysis allowed us to establish the fundamental properties of the
solutions of the approximating system and to substantiate its applicability to the study of
nonstationary hydrodynamic processes.

First, a priori estimates were obtained to ensure the existence and uniqueness of a generalized
solution to the problem under consideration. It was shown that when the appropriate conditions on
the initial data are satisfied, the solution of the approximating system belongs to the required
functional spaces and satisfies energy estimates that are independent of the specific implementation
of the method. The results confirm the mathematical correctness of the proposed formulation and
provide a basis for further analysis.

Further research focused on the regularity of the solution. It was found that with additional
smoothness of the initial data, the generalized solution becomes strong, and its derivatives satisfy the
corresponding estimates in Sobolev spaces. This demonstrates that the solution's required analytical
properties are preserved when transitioning from the original system to its parabolic approximation.

The key result of the study is the derivation of convergence estimates between the solutions of the
original problem and the approximating system. To this end, an auxiliary boundary value problem
for the difference between the solutions was formulated, and energy inequalities were derived,
thereby enabling estimation of the error in terms of the approximation parameter €. It was shown that
as this parameter decreases, the solution to the approximating problem converges to the solution of
the original Navier—Stokes system in the corresponding functional norms. The estimates obtained
allow us to quantitatively characterize the convergence rate and confirm the correctness of the
approach used.

The practical significance of the results is confirmed by the feasibility of using parabolic
approximation in numerical modeling of unsteady flows in engineering systems. The theoretical
estimates obtained provide a basis for developing robust computational algorithms that strike an
acceptable balance between calculation accuracy and computational cost.

The scientific novelty of this study lies in the construction and analysis of a parabolic
approximation of the linear nonstationary Navier—Stokes problem, obtained by replacing the
incompressibility condition with an evolutionary equation for pressure, with a small regularization
parameter. Unlike traditional approaches, which focus primarily on the numerical implementation of
artificial compressibility methods and projection schemes, this paper provides a rigorous analytical
justification for the approximation under consideration. Conditions for the existence and uniqueness
of a generalized solution are established, its regularity properties are investigated, and quantitative
estimates of the convergence of the approximating system to the original problem as the parameter ¢
tends to zero are obtained. An additional result is a computational experiment that confirmed the
consistency of theoretical estimates with the observed error behavior. These results broaden the
applicability of parabolic approximations to the study of nonstationary hydrodynamic processes and
can serve as a theoretical basis for developing new computational algorithms.

Discussion

The proposed approach demonstrates the potential of using parabolic approximation as a tool for
studying unsteady-state fluid dynamics problems. Replacing the incompressibility condition with an
evolutionary equation for pressure yields a more analytically convenient formulation while
preserving the connection to the original physical model. This approach opens up additional
possibilities for applying methods from the theory of parabolic equations and obtaining analytical
characteristics of solutions.

From a practical standpoint, an important advantage of the approximation under consideration is
the reduced complexity of computational procedures. In problems involving repeated modeling of
unsteady-state flow regimes, using an approximating system can reduce computational costs without
significantly degrading accuracy. This is especially relevant for computational fluid dynamics
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problems that require a large number of calculations with varying initial or boundary conditions [13,
14]. It should be noted that the results obtained pertain to a linear model, which is considered the first
stage in the study of more complex hydrodynamic systems. The linear formulation allows us to focus
on the properties of the approximation itself and establish its fundamental characteristics independent
of nonlinear effects. However, real fluid flows are often described by a full nonlinear Navier-Stokes
system, necessitating further development of this approach.

A promising direction for subsequent research is to extend the developed scheme to nonlinear
models of viscous incompressible fluid motion and to develop numerical methods based on the
theoretical results obtained. Of additional interest is the study of the behavior of the approximation
in problems with complex domain geometry, variable coefficients, and more general boundary
conditions. This will expand the method's scope and enhance its practical significance for solving
modern problems in mathematical physics and engineering modeling [15].

Conclusion

The completed study substantiated the use of parabolic approximation for the analysis of a model
nonstationary Navier-Stokes problem. The approach considered enables a transition from a system
subject to a constraint on the divergence of the velocity field to a more convenient formulation,
thereby allowing the use of methods from the theory of parabolic equations.

The obtained results demonstrate that the introduction of an approximation parameter does not
lead to a loss of the key qualitative characteristics of the solution. The constructed model is
mathematically consistent with the original problem and enables rigorous estimates of the solution's
behavior in the corresponding functional spaces. The established relationships between the magnitude
of the approximation parameter and the solution's accuracy enable quantitative control over the degree
of approximation to the original system.

The practical value of this study lies in the potential of the results obtained to develop
computational methods for solving non-stationary fluid dynamics problems. The theoretical
justification for the convergence and stability of the approximating model provides a foundation for
constructing efficient algorithms that reduce computational costs while maintaining the required
accuracy.

Thus, the analysis confirms the potential of using parabolic approximations in studying problems
in mathematical physics and computational fluid dynamics. The obtained results can serve as a basis
for further development of approximation methods and their application to more complex nonlinear
models of viscous incompressible fluid motion.
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