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Abstract

The problem of numerical implementation of multiphase filtration models in highly porous fractured formations is
of great applied importance in the oil industry. In this paper, we consider the equation of filtration of a viscoelastic fluid
in a fractured porous medium with fractional time derivatives in the sense of Caputo. For the numerical solution, an
approximation was constructed using the finite difference method for integer and fractional time derivatives and the
finite element method with respect to the spatial variable. The stability a priori estimates for the numerical method with
respect to the initial data and the right-hand side of the equation were obtained. The convergence of the constructed
method in the spatial direction with the second order of accuracy and in the time variable with the accuracy order of

min {2—a,2—ﬂ,2—7}, where a, B,y e(O,l) are the orders of fractional derivatives. The results of numerical tests for

the model problem are presented, which show the efficiency of the proposed method for modeling the flow in fractured
porous media.

Keywords: finite element method, filtration problem, fractional derivative in the sense of Caputo, fractured porous
medium, a priori estimates, stability, convergence.

Anoamna
H.B. Anumbexosa, I.P. baiizepees', A.C. Bepoviuues?
1C. Amanaconos amwinoazel Hlvizvic Kazaxeman ynueepcumemi, Ockemen ., Kazaxcman
246aii amvinoazel Kazax ynmmulk nedazozuxansiy ynusepcumemi, Anmamor 5., Kazaxcman
KEYEKTI OPTAJAFbI AFBIHHBIH BOJIINEK MOJIEJIH HIEINYTE APHAJIFAH AKBIPJIbBI
SJEMEHTTEP 9ICI

Keyexkriniri »orapbl KapbIKIIanbl Kabarrapna ken (asanbl (QuibTpanus MOAENBICPIH CaHIBIK )KY3€re achipy
Mocereci MyHail eHepkociOiHIe YiKeH KojjaHOaisl MoHre me. bym sxymbicra KamyTo MarbIHACBIHAAFBI OeJiex
TYBIHABUIAPEl 0ap KaphIKIIAIBl KEYeKTI OpTajgarbl TYTKBIP-CEpPHIMAI CYHBIKTBHIKTBIH  (WIBTpanus TeHJCYl
KapacTeIpbiIaapl. CaHABIK MIENIiM YIIiH OYTiH jkKoHE OOIIeK YaKbIT TYBIHIBUIAPH! YIIIH aKbIPIBl albIPEIMIAp OMICIH, ajl
KEHICTIKTIK aifHbIMaibIChl OOMBIHIIA aKBIPJIBI 3JIEMEHTTEp OMICIH KOJJIaHa OTHIPBIN XKYBIKTay XKacaiabl. bacramker
MOJIIMETTEp KOHE TEHJCY/IH OH >Karbl OOMBIHINA CaHIBIK 9ICTIH OPHBIKTHUIBIFBI YIIIH alipUOpPIIBIK Oarajay ajbIHIbI.
KypbutFaH oIiCTIH KEHICTIKTIK OarbIT OOWBIHINIA CKIHIII PETTi MOJJIIKIICH JKOHE YaKbIT alHBIMANBICH OOWBIHIIA
min {2—a,2— p.2- 7/} PETTi JONiKNeH )KUHAKTANYbl JoJesIeH i, MyHIaFsl &, 3,7 € (O,l) — 06JIIeK TYBIHABLIAP/IbIH
peti. XKapbIKimansl KeyeKTi OpTalaFbl CYHBIKTHIK aFBIHBIHBIH MOJIENI YIIiH YChIHBUIFAH SMICiHIH THIMIUTITIH KepceTeTiH
YITUTIK €CeNTi CaHIBIK, MISTTYIiH HOTIDKENepl KeATipiireH.

Tyilin ce3mep: akpIpibl 3IEMEHTTIK ofic, ¢mibTpanus ecebi, KamyTro MarbiHAaCBIHIAFel OOINIIEK TYBIH/BI,
KAPBIKIIAIBI KEYEKTi OpTa, allpuopIIbIK Oarajay, TYPaKThUIBIK, )KHHAKTBIIBIK.
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METO/J KOHEYHBIX JIEMEHTOB AJIs1 PELIEHU ST IlPOBHOfI MOJAEJIA TEUEHUSA
B IIOPUCTBIX CPEJAX

[Ipobnema dYmCICHHOW peam3anmuyd Mopeled MHorodasHOW (WUIBTPalMKd B CHIBHOIOPHCTHIX TPEUIIMHOBATHIX
IUTacTax MMeeT OopIOIoe NPUKIagHOE 3HAUeHHe B HedTemoObIBarommiedl MpOMBINUIEHHOCTH. B HacTtosmel pabore
paccMaTpuBaeTCsl ypaBHEHHE (DMIIBTpanny BSI3KOYNPYTOH KUAKOCTH B TPELIMHOBATO-TIOPUCTOH Cpene ¢ ApOOHBIMHU
MPOM3BOJHBIME TIO0 BpeMeHM B cMbicie Kamyro. [l YHCIGHHOTO pEUmIEHHS NOCTPOEHA allpOKCHMAanus C
UCTIONIb30BAaHUEM METO/la KOHEYHBIX Pa3HOCTEH /ISl LEJBIX M JPOOHBIX BPEMEHHBIX NMPOM3BOAHBIX U METO/Ia KOHEUHBIX
9JIEMEHTOB 10 IPOCTPAHCTBEHHOH nepeMeHHOH. [1oy4eHb! anpropHbIe OIIEHKH YCTOMYMBOCTH YHCICHHOTO METOAA MO
HayaJbHBIM JaHHBIM M 10 IPaBOM dYacTW ypaBHeHHs. JlokazaHa CXOAMMOCTh IOCTPOSHHOIO METOAa 10
MIPOCTPAHCTBEHHOMY HAIIPAaBJICHUIO CO BTOPBIM IOPSAKOM TOYHOCTH M IO BPEMEHHOW IEPEMEHHOW C IMOPSIKOM
TOYHOCTH min{2—a,2— p.2- ;/}, a,ﬂ,}/e(O,l) — HOpANKA APOOHBIX HPOM3BOAHBIX. IIpENCTABIEHBI PE3YIHTATHI
YHUCJIICHHOTO PEIICHUsS MOJAEIBHON 3a/add, KOTOpBIC ITOKa3bIBAOT 3(P()EeKTHBHOCTh MPEIJIOKEHHOTO METOAa IS
MOJIETIMPOBAHMS TEUCHHS B TPECIIMHOBATHIX MIOPUCTHIX Cpeiax.

KnroueBble c10Ba: KOHCYHO-JIEMEHTHBIH METOJ, 3a/1a4a (UIbTpaluy, JpoOHast MPOU3BOAHAs B cMbIcie KamyTo,
TpEIIMHOBATAs TIOPUCTast CPEAa, AIPUOPHBIE OLICHKH, YCTOHYNBOCTD, CXOAUMOCTD.

1 Introduction

The study of filtration processes in fractured formations is an urgent area of modern computational fluid
dynamics both from the aspect of constructing new mathematical models of the fluid flow process applicable
for real problems, and from the aspect of constructing modern numerical algorithms [1, 2]. As recent studies
show, the processes of filtration flows, where their dynamics are influenced by a fractured-porous medium
and memory effects, are more realistically described using the theory of fractional-order integro-
differentiation [3-6]. To describe such processes, the fractional derivative in the sense of Caputo was used to
take into account the memory formalism [7]. The fractional derivative in the Caputo-Fabrizio sense was used
to account for longitudinal dispersion in a flow of two miscible fluids [8]. In [3, 9], the Darcy’s law was
reformulated with the help of a fractional derivative in the sense of Riemann-Liouville.

Much research is being done on numerical methods for solving fluid flow problems. Due to the need for
calculations in complex geometric areas, the finite element method was used in [10, 11]. In [12], an extended
mixed finite element method was used for the spatial fractional Darcy flow in porous media. In our previous
work [13], finite difference schemes were constructed for solving initial-boundary value problems for the
convection-diffusion equation with a fractional time derivatives in the sense of Riemann-Liouville, which
can be used as a model filtration problem.

The purpose of this work is to study the finite difference/finite element method for implementing the
model of filtration in a fractured porous medium proposed in [3], as well as to study the stability with respect
to the initial data and the right-hand side of the equation. The results of computational experiments carried
out for various orders of fractional derivatives and grid configurations are presented.

2 Formulation of the Problem
In [3], a model of a single-phase flow of an isothermal fluid in a homogeneous porous medium is
presented by replacing the porosity function, the equation of state and Darcy’s law with their fractional-
differential analogs:
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where f :i; Ci, :ia—p, i -19% are classical isothermal compressibility of fluid and porous
P p ou ¢ ou

medium, and Cis C,y ar€ the generalized fractional differential isothermal compressibility [3].

In this paper, we mainly focus on studying a special one-dimensional case of the model (1) under the
assumption that the pressure gradient is small, which is often valid for filtration processes. In domain
Q, =Qx[0,T], where Q=(0,1) find u satisfying

a Y4 4 _
e, 780,78 ({28 <, cca o0
ot e ot? ot

u(x,0) = u,(x), xeQ, @)
u(0,t)=u(L,t)=0, t>0,
where @, 8,7 €(0,1).
Throughout this paper, the following assumptions will be used:
(1) Problem 2 has a unique solution that has the number of derivatives required for the analysis.
(I F isalinear operator defined on Q such that
Flp)= up(x,t), 3)
where x>0 is a constant.

Let us define a variational formulation of Problem 2. Find UEHl(O,T;Hg(Q)) such that for any

veHi(Q):
0 _ (o _ (o’ o’u, :
(Ej(at_j(at_ MF( & ”(f) @

u(x,O) = uo(x), xeQ, (5)
where @, 8,7 €(0.1).

On the time interval [0, T], we introduce the finite difference grid

o, ={, =nr,n=01,.,N,Nr =T}

We denote by u" the semi-discrete approximation of the function u with respect to time at point t =t, .
We use the formula [14]

Au(t,) = i ;s(us —us’l), (6)

approximating the fractional derivative of order 0 <y <1 in the sense of Caputo with the order of
approximation O(rz‘v), where

-V

T

S, = e )[(n—s+1)“ —(n—s)“]

-V

Let the values u' e H3(€2), i =0,1,...,n—1 be known. Find u" € H}(€2) such that for all v e H(Q):
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a) when n=1:

(UI _uo ’Vj+6¢a(AaU1,V)+ Cfﬁ(Aﬂul,V)-i‘(F(AVUi),VX): (fo,V); (7)
T
b) when n>2:
(Sun 4uZn Sl v +6¢a(AaUn’V)’chﬁ(Aﬂun’V)Jr
T

(Fu v, )= (7,0) ®
uo = uo(x)' X eﬁ, (9)

where @, 8,7 €(0,1).

Now let us define a fully discrete formulation of Problem (4)-(5). In Q, introduce a quasi-uniform
triangulation K, . Let Q,:Hi(Q)—V, denote the elliptic projection. Let the values u; eV,

i=0,1,..,n—1 be known, where
V, =, eHA Q) C(@)v, e P,(e) veeK, |

P,(e) is the space of polynomials of degree at most | on e eK, . Find u €V, satisfying the following
identities for any v, €V, :

a) when n=1:
[@,vh}%wuﬁ,vh)+c‘:fﬂ(A”uﬁ,vh)+
+(Flu, v, )= () (10)
b) when n>2:
(BUQ —4uZQT1 +Up~? 1th+(_)¢a(AaU;,Vh)+ Ew(Aﬂu;,vh)+
+(Flavuy, v, )= (v, (11)
U = Qul, (12)

where @, 8,7 €(0.1).

3 A Priori Estimates
To obtain a priori estimates, we use the following auxiliary lemma. For any function u" € LZ(Q), the
following inequality holds [2]:

1

(A"Un,un)z O —®E,1_E§r:/,l uOH;’

G+l +r s ul]l) L 21 and @ =0,

where O = %(5{1

The discrete scheme (10)-(12) is unconditionally stable with respect to the initial data and right-hand side,
and the following estimate holds:

10
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s 80, <o + TR, +Jusl; )

h

Proof.
a) Let us choose v, =u; in (10). Then using (6), we obtain

(—”i = ,u;]+e¢a(5lfl(u¢ Pt 6y, (01t~ )l )+
+(Florluf —up i) = (fo.u))

Making use of Lemma 3 and considering (3), we get

il +[lus =3} +27(c,.05 +c,0¢ + 0] )<
< ZT(fO,uﬁ)Jr”uﬁ"z + 2T(6¢a®g +Cp,0F + ﬂ®g)+

2
=~ ca = <f 0 0
+2(€,,6% +¢, 80 us; + w7y,

u .
h,x 0

By applying the Cauchy and Young inequalities to the first term on the right-hand side, we obtain:
o], + 2t —ui], + 40, < 4| o ] (1)

where ®n = (_:W@g + (_:fﬂ@f + ,u(E)ﬁ , C= max{Z +T(C¢a510,¥1 + (_:fﬁé‘lél)vT/ualy,l}'
b) In case of N>2, choose v, =u, in (11) and utilize (6) to obtain

[3u“n_4uz'r‘:+ v)+c [25 Sug —ust)v J+
+6fﬂ(25fs(u,§ —uﬁl),vhjjt(F(Z;ér{s(u;X —uﬁ,j)j,vh,XJ = (fo,vh)

By applying Lemma 3 and using the assumption (3), we arrive at the inequality

2 2 2
ol +||2u;‘ —up s —2uy +u? .t
— 2 2
+40, = 47| f, R THi I TR Tha

0 2
+4z®n_1+2r(c¢a5n1+c S’ } Un |,

Sum the last inequality with respect to n from 2 to n to get

n:4frf_00 X

= . 2 2
i 1 1 0
+Hu H +H2u -u H +
Ollg Ho hil h hlio

2

+400, + 2fi(e¢a5ﬁ +8,0% Jusl[ + Zfﬂi AT
i=2 i=2

N . . 1 .
and taking into account the elementary inequality ab < E(a2 + bz) we arrive at

11
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Uy

2 5 — 2 L
4810, < (162 +4T)\ By, +ary Juil +
i=2
+||uﬁ||z +||2uﬁ —uﬁ”; + 470, +

n 2 n
= = <B |0 0
+ ZTZ(Cwé‘ii + Cfﬂé‘i,ll‘uh Ho + ZT,UZ i;,/luuh,x
i=2 i=2

2
o

Making use of the discrete Gronwall’s lemma, we obtain

n

u| +8®, < C((lGrz w4t )R+ 30\u§”§ +2fut -ul[ + 4z®1)+

+ 2Ti(é¢a5ifg +C,00 )|u;’||§ + 2mzn: e,
i=2 i=2

EJ (14)

Combining (13) and (14), we arrive at the assertion of the theorem.
Let us present the convergence results the proof of which are presented in [2]. Let {ui }20 U e Hé(Q) be

the solution of Problem (7)-(9). Then, under assumptions (I)-(Il) and a,,B,y/e(O,l), the following
inequality holds:

< Cz_min{z—a,z—ﬁ’,z—y}’

Jutt,)-u"

2
HT %”u(tn)—u” )

where c, = min{6¢a5rfl,6fﬂ5fl,y5r{l}.

N
Let {ul:}i:O* u; €V, be the solution of Problem (10)-(12). Then, under assumptions (I)-(II) and
a,p.ye (0,1) for u; eV, and sufficiently small 7 , the following inequality holds:

o+ r\/g”u(tn)— ur

where ¢, =min {5,,5%,C,,8%,, i, .

Jutt,)-u;

ez p?)

4 Implementation of the Method and Computational Experiments
In this section, we present the results of numerical experiments to verify the theoretical estimates
obtained. We seek the solution in the form

NN
up = > ufv;(x)
j=1
where v, (x) are basis functions, and choose v, =V, (x) Then taking into account (3), we get
NN
(Alu P Vi )+ Z[(Ewér?,n +Cyy 0y, ij Vi )+ MO, (Vj,x Vi )}Jjn =
j=1

_ NN
= (fO’Vi )+Z[(5¢a5n”fn +CyyOrn ij ’Vi)+ﬂ§ny,n(vj,wvi,x)}“‘?_l -
i1

NN n-1

‘Zz[%ﬁis +Cy s Iuj —U?'l)(vj Vi )_
j=1 s=1
NN n-1
DY A TS AN

j=1 s=1
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where Auf is the approximation of the integer derivative with respect to time used in Problem 2.

To test the theoretical convergence estimates obtained in Theorem 3, a number of computational
experiments were carried out for a model problem. Consider the initial-boundary value problem

a B 4
o, 0u Ty g ax(2t —1)4t? — 4t +1)+
ot ot ot ot

+8sin 7t f (ar,t) + 7 £(B,1)+ 277 £(,1)) x e Q> 0,
u(x0)=0, xeQ,
u(0,t)=u(L,t)=0, t>0,

16ty —9v? + 24t%y — 42ty + 26v + 48t° — 96t + 72t — 24
where a, 4.7 £(01), (1) = —— VF(l—v)(“//—4)(:— 3)(VV— 2)v-1) '

The exact solution to this problem is u(x,t) = (4t> — 4t + 1) sin ().

In the computational experiments, we consider different values of z ranging from 1/10 to 1/160 with a
fixed grid size h =1/20000 . It follows from Table O that the convergence order decreases with increasing

values of the fractional derivative’s orders. Specifically, the scheme achieved the convergence order of 1.90
when «a = =y =0.1 and the convergence order of 1.10 when any of «, 8,y is equal to 0.9. This result is
consistent with the theoretical estimates indicated in parentheses in the «Order» column.

Table 1. L -errors and convergence order for Example

a=f=01 2=p=05 a=/=09
4 i L2 -error Order L2 -error Order L2 -error Order
1/10 1.3980e-02 - 2.0710e-02 - 5.2335e-02 -
1/20 4.0621e-03 1.78 (~1.90) |6.8566e-03| 1.59 (~1.50) | 2.3283e-02 | 1.17 (=1.10)
y=01 [ 140 1.1228¢-03 | 1.86(~1.90) |2.2250e-03| 1.62 (~1.50) | 1.0490e-02 | 1.15(~1.10)
1/80 3.03526-04 | 1.89(~1.90) |7.2301e-04 1.62 (~1.50) | 4.7846-03 | 1.13 (=1.10)
1160 | 8.1199e-05 | 1.90(~190) |2.3719e-04| 1.61 (~L150) | 2.2017e-03 | 1.12 (~1.10)
1/10 4.2604e-02 - 4,7297e-02 - 7.2854e-02 -
1/20 15517602 | 1.46(~150) |1.7339e-02| 1.45 (~150) | 3.0496e-02 | 1.26 (~1.10)
y=05 1/40 5.5576e-03 1.48 (~1.50) 6.2503e-03 | 1.47 (~1.50) | 1.2866e-02 | 1.25(~1.10)
1/80 1.97516-08 | 149 (~150) |2.2334e-03| 1.48 (~1.50) | 5.4951e-03 | 1.23 (~1.10)
1160 | 6.9940e-04 | 150 (~150) |7.9429¢-04| 1.49 (~1.50) | 2.37856-03 | 1.21 (~1.10)
1/10 1.5551e-01 - 1.5610e-01 - 1.7391e-01 -
1/20 72442602 | 1.10(~1.10) |7.2310e-02| 1.11 (~1.10) | 8.1161e-02 | 1.10 (~1.10)
y=09 [ 1/40 33765¢-02 | 1.10(~1.10) |3.3537e-02| 1.11 (~1.10) | 3.7882¢-02 | 1.10 (~1.10)
1/80 15750e-02 | 1.10(~110) |1.5576e-02| 1.11 (~1.10) | 1.76866-02 | 1.10 (~1.10)
1160 | 7.3487e-03 | 1.10(~L1.10) |7.2419¢-03| 1.10 (~1.10) | 8.2569¢-03 | 1.10 (~1.10)

5 Conclusion

Thus, a finite difference/finite element scheme has been constructed for the fractional differential
equation containing several fractional time derivatives in the sense of Caputo. Numerical experiments fully
confirm the theoretical estimates obtained in Theorem 3. The results obtained can find application in the
numerical solution of other equations containing a fractional time derivative and will form the basis for
further research in this direction.

13
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