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Abstract 

In this paper, a hybrid finite difference/finite element method for solving the saturation equation in the problem of 

two-phase non-equilibrium fluid flow in porous media is constructed. The model under consideration is obtained on the 

basis of the non-equilibrium fluid flow model by S. M. Hassanizadeh with the generalized global pressure concept. Due 

to the hyperbolic nature of the equation, it has several difficulties leading to the need for a careful choice of the solution 

method. The classical Galerkin method leads to the appearance of non-physical oscillations at phase interfaces. The paper 

investigates the application of stabilized finite element methods for their suppression. Three classical stabilized methods 

are compared: the streamline upwind Petrov-Galerkin (SUPG), the Galerkin least squares (GLS), and the unusual 

stabilized finite element method (USFEM), and several stabilizing parameters. The comparison of these methods and 

stabilization parameters is carried out on the basis of three computational experiments. 
Keywords: non-equilibrium flows in porous media, stabilized finite element method, SUPG, GLS, USFEM. 
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ЕКІ ФАЗАЛЫ ТЕПЕ-ТЕҢ ЕМЕС АҒЫН ЕСЕБІНДЕГІ ҚАНЫҚТЫҚТЫ АНЫҚТАУДЫҢ 

ТҰРАҚТАНДЫРЫЛҒАН АҚЫРЛЫ ЭЛЕМЕНТТЕР ӘДІСІ 

 

Бұл жұмыста кеуекті ортадағы сұйықтықтың екі фазалы тепе-тең емес ағымы есебіндегі қанықтық теңдеуін 

шешуге арналған ақырлы айырымды/ақырлы элементтер гибридті әдісі жасалды. Қарастырылып отырған модель 

С.М. Хассанизаденің тепе-тең емес сұйықтық ағынының моделі және жалпыланған глобальды қысымы негізінде 

алынды. Теңдеудің гиперболалық сипатына байланысты, оны шешу бірқатар қиындықтарды туғызады және 

шешу әдісін мұқият таңдауды қажет етеді. Классикалық Галеркин әдісі фазалардың бөліну шекарасында 

физикалық емес осцилляциялардың пайда болуына әкеледі. Мақалада оларды жою үшін тұрақтандырылған 

ақырлы элементтер әдістерін қолдану қарастырылады. Тұрақтандырылған үш классикалық әдіс - Петров-

Галеркиннің ағынға қарсы әдісі (SUPG), Галеркиннің ең кіші квадраттар әдісі (GLS) және стандартты емес 

тұрақтандырылған ақырлы элементтер әдісі (USFEM), сонымен қатар бірнеше тұрақтандырушы параметрлер 

салыстырылады. Аталған әдістер мен тұрақтандыру параметрлерін салыстыру үш есептеу тәжірибесі негізінде 

жүзеге асырылады. 

Түйін сөздер: кеуекті ортадағы тепе-тең емес ағындар, тұрақтандырылған ақырлы элементтер әдісі, SUPG, 

GLS, USFEM. 
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СТАБИЛИЗИРОВАННЫЙ МЕТОД КОНЕЧНЫХ ЭЛЕМЕНТОВ ДЛЯ ОПРЕДЕЛЕНИЯ 

НАСЫЩЕННОСТИ В ЗАДАЧЕ ДВУХФАЗНОГО НЕРАВНОВЕСНОГО ТЕЧЕНИЯ 

 
В работе построен гибридный метод конечных разностей/конечных элементов для решения уравнения 

насыщенности в задаче двухфазном неравновесном течении жидкости в пористых средах. Рассматриваемая 

модель получена на основе модели неравновесного потока жидкости С. М. Хассанизаде с обобщенным 

глобальным давлением. Из-за гиперболического характера уравнения его решение сопровождается рядом 

трудностей, приводящих к необходимости тщательного выбора метода решения. Классический метод Галеркина 

приводит к появлению нефизических осцилляций на границах раздела фаз. В статье исследуется применение 

стабилизированных методов конечных элементов для их подавления. Сравниваются три классических 
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стабилизированных метода: противопотоковый метод Петрова-Галеркина (SUPG), метод наименьших квадратов 

Галеркина (GLS) и нестандартный стабилизированный метод конечных элементов (USFEM), а также несколько 

стабилизирующих параметров. Сравнение этих методов и параметров стабилизации проводится на основе трех 

вычислительных экспериментов. 

Ключевые слова: неравновесные течения в пористых средах, стабилизированный метод конечных 

элементов, SUPG, GLS, USFEM. 

 

1 Introduction 

The dynamics of multiphase fluid flows in porous media depends non-linearly on both the structural and 

mechanical properties of the fluid and the properties of the surrounding skeleton. However, in real reservoir 

conditions, the property of delayed phase saturation has a significant influence on the flow process. The study 

of this behaviour led to the emergence of the theory of non-equilibrium fluid flows in porous media. The need 

to take this phenomenon into account in the development of oil fields is discussed in many works [1, 2]. It is 

necessary to take into account non-equilibrium at all stages of oil field development since the dependences of 

the pressure drop on time obtained during laboratory studies of samples of a porous medium for determining 

the functions of relative phase permeability differ significantly from the theoretical curves calculated in the 

framework of the classical theory of fluid flows in porous media. The effect of non-equilibrium can be 

significant: the time of the saturation establishment in the real oil fields conditions is about a year. 

There are several approaches to constructing a non-equilibrium model of fluid flow in porous media. The 

first approach [3] is based on thermodynamic arguments and volume averaging of microscopic conservation 

equations of mass and moment. In [3], the concept of dynamic capillary pressure 
dyn

c
p , instantaneous local 

difference between phase pressures, was introduced, which relates to the static capillary pressure 
stat

c
p , 

capillary pressure under quasi-static displacement by the relation  
 

   sLsppp tcwo  = , 

 

where L  is a positive valued phenomenological coefficient and s  is the water saturation. During the drainage 

process, st  is negative, therefore 
stat

c

dyn

c
pp > , which is confirmed by experimental observations [4]. Dynamic 

capillary pressure has been the subject of many experimental [5] and theoretical [6, 7] studies. 

The approach proposed by the authors of [3] does not take into account the effects of non-equilibrium on 

relative phase permeabilities. A more complete model, including the effects of non-equilibrium in both 

capillary pressure and relative permeability, is proposed by the authors of [8]. An uncountable number of large-

scale pore rearrangements occur when the multiphase fluid is displaced. The characteristic time of 

redistribution for the restructuring of flow networks can be significant. As a result, the flow of each phase does 

not depend only on the current saturation. The approach under consideration is based on the assumption that 

instantaneous (dynamic) phase permeabilities and capillary pressure depend on static phase permeabilities and 

capillary pressure at some effective saturation [9]. 

In this paper, we consider the non-equilibrium model developed in [3]. First, we construct the computational 

model by utilizing the generalized global pressure approach. In this case, the equations of the model are 

reduced to a system of partial differential equations for pressure, velocity and saturation. The saturation 

equation is of convection-diffusion type with a predominance of convection. The use of the standard Galerkin 

method leads to the appearance of non-physical oscillations [10, 11]. There are several approaches to suppress 

these oscillations. One of the approaches is to employ the Galerkin method with discontinuous basis functions, 

the main disadvantage of which is a significant increase in the number of degrees of freedom. One of the 

effective ways to construct non-oscillating schemes is to utilize the combined finite element volume method 

for saturation with the counterflow calculation of the mobility coefficient. 

In this work, we use the approach based on the stabilization technique. It consists in adding artificial 

viscosity to the equation depending on velocity and some stabilizing parameters. The paper deals with the 

study of the stabilization influence on the sought approximate solution. Specifically, we consider three classical 

stabilization methods and several stabilizing parameters, and present the numerical tests analysis confirming 

the effectiveness of their application to the saturation equation in the non-equilibrium flow problem. 
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2 Formulation of the Problem 

Let us consider the problem of two-phase non-equilibrium incompressible fluid flow in porous media with 

a non-equilibrium law in a bounded convex domain 
2R  with a boundary ND

 = ,  =
ND :  

 

  ,,= spqus wwt


  (1) 

 

   ,,= spqus oot


  (2) 

 

  
 

 ,,,= owp
sKk

u  









 (3) 

 

    ,= sLsppp tcwo   (4) 

 

with initial and boundary conditions  
 

     ,,=,0 xxsxs
o  (5) 

 

 0,>,0,= txnu 


  (6) 

 

where K,  are the porosity and absolute permeability of the medium; the subscript   denotes the phases of 

water w  and oil o , respectively; s  is the water saturation;   ukp


,,,  is the pressure, relative phase 

permeability, viscosity, and fluid velocity of the phase  , respectively; q  is the source/sink term; L  is 

substitution time. 

We introduce the total velocity vector as follows to obtain a computational model:  
 

 .=
ow

uuu


  (7) 

 

By making use of (3) one can easily derive the relation between the total velocity and gradients of phase 

pressures:  
 

  ,=
ooww

ppku  


 (8) 

 

where 
1= 

  k  is the mobility of the phase  . We introduce a new variable, the generalized global pressure 

p , such that:  

 

 ,= ppp
ooww

   (9) 

 

where ow
 =  is the total mobility. By using equations (1)-(4), the explicit form of p  can be easily 

obtained:  
 

       ,
2

1

2

1
=  dpffphhphphp cow

s

c
s

cowooww
   (10) 

 

where  shh
ww

=  and  shh
oo

=  are some functions called weights such that 1=
ow

hh  , and 



 =f . 

In order to obtain the pressure equation, sum up equations (1) and (2) and use (8) and (9):  
 

 
  ,=

0,=
1

qpuk

u




 




 (11) 

where ow
qqq = . The phase velocities are expressed in terms of the total velocity by the relation  
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        ,=
1

sLsssusfu
tww

 


 (12) 

 

where       0>=
ds

dp
sfsKs c

wo
  ,       0>=

1
sfsKs

wo
 . Substitute (12) into (1) to get the saturation 

equation:  
 

           .=1 qsLssssusfs twt  


 (13) 

 

Thus, the computational model consists of the equations(11), (13) and the corresponding initial and 

boundary conditions.  

In [12], the mixed finite element method was constructed for solving the equations (11), the convergence 

of the method was investigated and its a posteriori analysis was carried out. In this paper, we focus on solving 

the equation (13) with the following initial and boundary conditions in more detail:  
 

   ,,=,0
0

xsxs  (14) 

 

 0,>,,=;,= txgnsxgs
NNDD




 (15) 

 

Assuming that the vector u


 is known and f , D
g , N

g  are given functions. Suppose that this problem has 

a unique solution in the class of sufficiently smooth functions. For simplicity, we assume that 1= . 

Let  
 

    ,=|:;0,= 11

DD
gvHTHvV


        .0=|:= 1

0 
 vHvV  

 

Next, we define a weak formulation of the problem (13)-(15): find Vs  such that for all 0
Vw :  

 

             ,,=,,,,
1

wqwsswsusfwssws
t

'

wt
 


 (16) 

 

where  ,  denotes the scalar product in  2L . 

Let h
  is the quasiuniform partition of   and NE  is the number of elements in h

 . Define the finite 

element space VV
h
  as follows:  

 

       .|=
1

01

0 hehhh
KKPvCHvV   

 

Let us introduce a uniform grid on the time interval  T0,  by points tnt
n

= , where 0>t  is the time 

step. Discretize the time derivative in (16) using the backward Euler scheme as follows:  
 

          wqw
t

ss
swsusfwssw

t

ss nn
nnn'

w

nn
nn

,=,,,,
1

1

1


























 




. (17) 

 

Construct the following iterative method based on (17):  
 

      










 



wsusfwssw
t

ss mnmn'

w

mnmn

nmn

,,, ,1,,1,

1, 
  

    wqw
t

ss
s

nmn

mn ,=,
1,

1,

1 
















  (18) 

 

where 
mns ,

 is the sought function at the m -th iteration. 
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3  Stabilization of the Equation 

Let us first consider the special stationary case in which   0
1

s ,  1,

1
= mnsk  ,  usfu mn'

w

 1,

1
= 

 are known 

functions. By denoting ss mn =,
, it follows from (18) that 

 

       .,,=,,
011

Vwwqwsuwsk 


 (19) 

 

Seek the solution in the form )(=
1=

xss
jj

NE

j

  where  x
j

  denote the basis functions. According to the 

standard Galerkin method, we choose ).(= xw
i

  Thus, we arrive at the following system of equations with 

respect to j
s :  

 

        .1,=,,=,,
11

1=

NEiqsuk
ijijij

NE

j

 


 

 

This yields the system of algebraic equations  

 

 FAS =  (20) 

 

with elements  
ji

AA
,

= ,  
i

FF = ,  

 

         .,...,,=,,=,,,=
T

2111, NEiiijijji
sssSqFukA  


 

 

According to the stabilization technique, we modify the elements of the stiffness matrix ji
A

,  in the 

following way:  

   .
~

,=
,,,, KijihjiK

K

ji

stab

ji
AqsAAA    (21) 

The specific choice of the operator A
~

 leads to different stabilization methods. For example [13],  
 

  
  .=

~
:USFEM

,=
~

:GLS

,=
~

:SUPG

11

11

1

hhh

hhh

hh

wuwkwA

wuwkwA

wuwA













 (22) 

 

One of the important points in the implementation of stabilized methods is the choice of the stabilization 

parameter K
 . The parameter is chosen based on the problem properties, for example, on the principle of 

discrete maximum, convergence and stability analysis, and others. We give the following examples of the 

stabilizing parameters for linear elements in accordance with the chosen method [13]:  
 

 














1,<when
12

1,when
2

=

1

2

K

K

K

K

K

SUPG

K

Pe
k

h

Pe
u

h


  (23) 

 ,
24

=

1

2

1


















K

K

K

c

K
h

u

h

k


  (24) 

 ,
24

9=

2

1
22

2

1










































K

K

K

s

K
h

u

h

k


  (25) 
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 ,
212

=

1

22

1


















K

K

K

a

K
h

u

h

k


  (26) 

 ,
3

6
=

1

1

2

1































k

hu

h

k KK

K

fv

K



  (27) 

where 
16

=
k

hu
Pe

Kk

K



, K
h  is diameter of the triangle K . 

In the non-stationary case, the matrix A  and the vector F  depend on time. Let n
A  and n

F  denote the 

matrix A  and vector F  evaluated at n
tt = . Then (18) reduces to the system of algebraic equations  

 

    ,=
1

1

nn

stab

nn
tFMStAMS 




 

 

where M  is the mass matrix, S  is the solution of (16) at n
tt = . 

 

4  Comparison of the Stabilizing Parameters 

Let us compare the stabilization methods (22) and the stabilizing parameters (23)-(27) based on three 

computational experiments. The first computational experiment is to test the stabilization effect on the 

approximate solution using the SUPG method as an example. The second computational experiment is to 

estimate the deviation from the upper and lower bounds of the solution using stabilization methods and 

stabilizing parameters and different grid configurations. The third computational experiment is to compare an 

approximate solution with a known exact solution. 

Example 1. In  20,1= , consider the problem (15), (19) with the parameters  22,22=1 u


, 

  4

1
10xk , ,0=q  =

N , and  

 

  
  



 

.otherwise0,

,0.80,=or0.80,=:,1,
=

122121
xxxxxxx

xg
D  

 

Choosing the coefficient 1
k  in this form makes the problem with a predominance of convection. This 

equation has a gap along the straight line 12
0.8= xx  , including at the point  0.80,  on the boundary of the 

domain. Figure 1 (a) and Figure 1 (b) shows the solution obtained without stabilization on different meshes 

with different level of thickness. During computational experiments, thickening the grid along the gap line and 

near the break at the border does not fully suppress the oscillations. Figure 1 (c) shows that the stabilization 

significantly improves the quality characteristics of the approximate solution. 

 

   
a) b) c) 

Figure 1. Thickening the grid and using the stabilized method 

a) Thickening the grid near a break at the boundary; b) Thickening the grid along the gap line; 

c) The use of the stabilized method. 
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Example 2. Let  TQ
T

0,=  , where   is a unit square as in Example 1, and 
10

=
DDD
 , 

 0=:=
20

xx
D

 ,  1=or0=:=
111

xxx
D

 , and DN
 \= . In T

Q , consider the equation (13) with 

the parameters 1=T ,  0.15,1=u


,   410s ,   0
1

s ,   ssf
w

= , and the initial and boundary conditions 

are as follows:  
 

      0.=
,0,

,1,
=0,=,0

0

1 xg
x

x
xgxs

N

D

D

D









In the computational experiment, three grid configurations 

were used, which contain 968, 3744 and 15110 elements. The value of the parameter   is set to 
210

. The 

calculations were performed until the time layer 100=n  was achieved, which corresponds to the time value 

1=T . Obviously, the values of the exact solution are between 0.00 and 1.00. Implementation of (22) without 

the use of stabilization leads to the appearance of non-physical oscillations the absolute value of which is more 

than 60% (Table 1).  

 
Table 1. Boundaries of the interval containing the values of the exact and approximate solutions 
  

NE  
Exact bounds Without stabilization SUPG+ c

  GLS+ c
  USFEM+ c

  

lower upper lower upper lower upper lower upper lower upper 

968 0.00 1.00 -0.38 1.74 -0.04 1.04 -0.03 1.03 -0.04 1.03 

3774 0.00 1.00 -0.30 1.32 -0.03 1.02 -0.02 1.01 -0.03 1.01 

15110 0.00 1.00 -0.21 1.17 -0.02 1.00 -0.02 1.01 0.01 1.01 

 

The upper row of Figure 2 shows an approximate solution without the use of stabilization at 10
= tt , 50

t , 

100
t , and in the lower row with the use of the SUPG method and the stabilization parameter c

 . Table 1 

illustrates the deviation dependence of the approximate solution on the exact bounds, depending on the choice 

of the stabilization method and the stabilizing parameters. Stabilization made it possible to reduce the deviation 

from the exact boundaries to less than 3% for all of the three methods considered. 

 

 

 
Figure 2. The approximate solution of the Example 2. 
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Example 3. In  TQ
T

0,=  , where    0.5,0.50.5,0.5=   the problem (15), (19) with the 

parameters   4

1
10=  ks ,  21,21=u


,   ssf

w
= , and the right-hand side  

 

         






 











 2
tanh,,

1
,,

2

1
,,

2

1
=, 212

12

22 txx
txktxtxtxf  

    
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

















 
 





,,

2

1

2
tanh,,

1 4

3

2

212

32
tx

txx
txk  

 

is considered where      2sech=,, 21 txxtx  ,   const=
21

ks  , and 
210=  . The exact solution 

of the problem is     2tanh0.5=, 21 txxtxs  . 

In this computational experiment, the accuracy value was estimated in the 2L -norm. Two values of the 

parameter   equal to 1/30 and 1/60 are accepted. The grid configuration was chosen in the same way as in 

Example 2. To estimate the influence of the term with the third derivative of the solution, we considered two 

cases, 
6

2
10= k  and 

2

2
10= k . According to the results of numerical tests presented in Tables 2 and 3, SUPG 

was the most effective in the first case, and GLS and USFEM were in the second case. 
 

Table  2. 
2L -errors of the approximate solution depending on the stabilization method and stabilizing parameters 

when 
6

2
10= k  

   

Methods e
N  

1/30=  1/60=  
c

K
  

s

K
  

a

K
  

f

K
  

c

K
  

s

K
  

a

K
  

f

K
  

Without 

stabilization 

968 1.3052 1.2246 1.1218 1.1089 1.1473 1.0045 0.8286 1.0083 

3744 0.9934 0.9924 0.8214 1.0086 0.9645 0.8531 0.5425 0.8028 

15110 0.7911 0.8512 0.7457 0.7645 0.7654 0.7491 0.4289 0.6732 

SUPG 

968 0.0615 0.0717 0.0754 0.0718 0.0243 0.0283 0.0192 0.0185 

3744 0.0312 0.0499 0.0447 0.0413 0.0171 0.0089 0.0093 0.0090 

15110 0.0091 0.0248 0.0098 0.0200 0.0033 0.0045 0.0047 0.0043 

GLS 

968 0.0723 0.0792 0.0749 0.0721 0.0247 0.0285 0.0288 0.0287 

3744 0.0425 0.0447 0.0432 0.0496 0.0179 0.0089 0.0090 0.0093 

15110 0.0212 0.0219 0.0213 0.0236 0.0132 0.0041 0.0043 0.0041 

USFEM 

968 0.0547 0.0545 0.0557 0.0589 0.0076 0.0189 0.0191 0.0190 

3744 0.0346 0.0475 0.0345 0.0315 0.0527 0.0095 0.0096 0.0095 

15110 0.0129 0.0212 0.0237 0.0132 0.0497 0.0043 0.0042 0.0044 

 

Table 3. 
2L -errors of the approximate solution depending on the stabilization method and stabilizing parameters 

when 
2

2
10= k  

   

Methods e
N  

1/30=  1/60=  
c

K
  

s

K
  

a

K
  

f

K
  

c

K
  

s

K
  

a

K
  

f

K
  

Without 

stabilization 

968 1.2211 1.1835 1.0256 1.1164 1.2858 1.1764 1.2014 1.3875 

3744 0.6547 0.7436 0.9182 0.8384 1.0645 0.7621 0.8574 1.0064 

15110 0.4583 0.5487 0.6365 0.5912 0.6257 0.4471 0.6314 0.5947 

SUPG 

968 0.0689 0.0708 0.0658 0.0618 0.0296 0.0187 0.0214 0.0173 

3744 0.0252 0.0338 0.0228 0.0294 0.0131 0.0114 0.0112 0.0117 

15110 0.0128 0.0100 0.0111 0.0182 0.0068 0.0051 0.0054 0.0058 

GLS 

968 0.0558 0.0587 0.0587 0.0554 0.0141 0.0114 0.0047 0.0146 

3744 0.0268 0.0241 0.0248 0.0223 0.0054 0.0047 0.0075 0.0052 

15110 0.0193 0.0187 0.0158 0.0187 0.0021 0.0024 0.0036 0.0027 

USFEM 

968 0.0518 0.0514 0.0525 0.0582 0.0647 0.0141 0.0116 0.0112 

3744 0.0284 0.0251 0.0287 0.0237 0.0574 0.0051 0.0057 0.0053 

15110 0.0161 0.0163 0.0178 0.0187 0.0331 0.0029 0.0025 0.0021 
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5  Conclusion 

Based on the results of the conducted studies, it can be concluded that the use of stabilization has 

significantly improved the qualitative pattern of the sought approximate solution. The presented numerical 

examples illustrate the effectiveness of the proposed approach to solving the saturation equation in the problem 

of two-phase non-equilibrium fluid flow problem. 

In future works, the authors intend to strictly theoretically study the stability and convergence of the 

proposed numerical schemes. In addition, a separate work will be devoted to the study of the non-equilibrium 

effects within the framework of the considered model using more realistic data. 
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