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Abstract
One of the main types of inverse problems for partial differential equations are problems in which the coefficients of
the equations or the quantities included in them must be determined using some additional information. Such problems
are called coefficient inverse problems for partial differential equations. Coefficient inverse problems (identification
problems) have become the subject of close study, especially in recent years. Interest in them is caused primarily by their
important applied values. They find applications in solving problems of planning the development of oil fields
(determining the filtration parameters of fields), in creating new types of measuring equipment, in solving problems of
environmental monitoring, etc. The standard formulation of the coefficient inverse problem contains a functional
(discrepancy), physics. When formulating the statements of inverse problems, the statements of direct problems are
assumed to be known. The solution to the problem is sought from the condition of its minimum. Inverse problems for
partial differential equations can be posed in variational form, i.e., as optimal control problems for the corresponding
systems. A variational statement of one coefficient inverse problem for a one-dimensional heat equation is considered.
By the solution of the boundary value problem for each fixed control coefficient we mean a generalized solution from the
Sobolev space.
The questions of correctness of the considered coefficient inverse problem in the variational setting are investigated.
Keywords: coefficient inverse problem, variational statement.
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KBUITYOTKIBI'THITIK TEHAEYI YINIH KOO®PUIITUEHTTI KEPI ECEBIHIH
BAPUAIUAJBIK HIEIIIMI

Hepbec TysIHABUTE quddepeHInanIplK TeHaeYyIep YIIiH Kepi ecenTepiH HeTi3ri TypiepiHiy Oipi ko3dduimentri
TEHJIeyJIep HEMece OJIapFa EHTI3UIreH Meunmepae KodhGureHTTepi kKelbip KoCckIMINa aKmapaTThl MaiiasaHa OTHIPHIIL,
aHBIKTAIYBI THIC podieManap 0oJbIn TadkuTaasl. MyHIal ecentep aepoec auddepeHInaNIbIK TeHIeYIepre apHaIFalH
Kepi ecenrep ko3 dunmenTTi Aen artanansl. Koaddumuentti kepi ecenrep (naeHTUQUKAHIAY ecedi), acipece COHFBI
KBULAAPbI, TEpeH 3epTTey HbICaHbIHAa aiHangsl. Onapra IereH KhI3BIFYNIBUIBIK C©H alJbIMEH OJIap/blH MAaHbI3/IbI
KOJI1aHOANBI KYHIBUIBIKTApbIHAH TybIHAANABL. Onap MyHail KeH OpBIHIapBIH HTepyAi XKocrapiay MoceselepiH memye
(KeH OpBIHIAPBIHBIH CY3y MapaMeTpJepiH aHbIKTay/a), oJley KaObIKTapbIHbIH JKaHa TYpPJEpIiH xKacayla, KOopllaraH
OpTaHbl OaKplIay MoceNesiepiH MHieulye >koHe T.0. KongaHelc TanThl.CTaHAApPTTHl KOI(QQHIMEHTTI Kepi ecenTiy
KOMBUIBIMBI COMKEC MaTeMaTUKAIIBIK (r3kKa eceOiHiH menrimMmineHn Toyeni. Kepi ecentep 1iH KOHBIIBIMBIH TYKBIPBIMAAY
Ke3iH[e Typa eCenTiH KOWbUIBIMBI OeNnriii jem ecentenedi. EcenTiH miemniMi OHbIH MUHHUMYM IIAPTHIHAH 13ACiHEeTl.
JepOec TybIHabUIbL TUddepeHIHanIbIK TeHACYIepre Kepi ecenTepii BapuanrsuIblK TYpAe, SIFHH ColiKec xKyitenep yIuiH
OHTAIIEI OacKapy ecenTepi peTiHae KorFa 00maasl. bip emmem i )KbUTyOTKI3TIIITIK TeHALY YIIIH KOXQPHUIUEHTTI Kepi
eceOiHIH BapHaIUITBIK HYCKACHl KapacTRIPUIaIsl. OpOip OenrineHred 6ackapy Kod(UIMEHT] YIIiH MeKapaiblK eceOiH
Co000J1eB KEHICTINHEH aJIbIHFAH JKAJIIbIIAHFAH MMM/l aJlaMbI3.

Bapuanusutbik xkarnaiia KapacThIpbUIaTHIH Kepi ecerl KOdQQUIIMEeHTIHIH TYPBICTHIFBI Typajibl CYpaKkTap 3epTTEIreH.

Tyiiin ce3aep: KOXPPUIMEHTTI Kepi ecell, ECeNTiH BapHUANUSIIBIK KOWBLTBIMEL.
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BAPUAIIMOHHOE PEIIEHUE KOS ®P®UIIMEHTHOM OBPATHOM 3AJIAUN
JJI1 YPABHEHUM TEILIOITPOBOJHOCTH

OnmHMM M3 OCHOBHBIX THIIOB OOpaTHBIX 3a7ad JJIsl ypaBHEHWH C YacTHBHIMH NPOM3BOAHBIMHU SIBJIAIOTCS 33/1a4H, B
KOTOPBIX TIOJUIEXKAT OIpENeNeHNI0 KO3((GHUINEHTH YpaBHEHWH WM BEIMYHMH, BXOASAIIMX B HHUX, 110 HEKOTOPOH
JonoTHUTENbHON nHpopMmanuy. Takue 3a1aun Ha3bIBAIOT KO3 QUIMEHTHBIMI 0OpPAaTHBIMM 337a4aMU JUIsS YpaBHEHHH C
YaCTHBIMU TpOM3BOAHBIMU. Ko3(h¢uunentHele oOpaTHble 3a7aud (33724 WJICHTU(QUKALMH) CTald MPEAMETOM
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MPUCTAIILHOTO W3y4YeHHsI OCOOCHHO B TOCIEOHHME rojpl. MHTepec K HMM BBI3BaH B IEPBYIO OYEPEAb UX BaKHBIMU
MPUKIAJAHBIMU 3HaYCHUAMU. OHM HAaXOJAT MPUIOKEHUS MPH PEIICHUM 33734 IUIAHUPOBAHHS pa3pabOTKU HEe(DTAHBIX
MECTOPOXKICHUN (OmpeneicHue (QUIBTPAIIMOHHBIX MapaMeTPOB MECTOPOXIICHHIA), MPH CO3JAaHHH HOBBIX BHIIOB
MU3MEPUTEIILHOW TEXHHKH, TPU PEIICHUH 3aJad MOHUTOPWHTA OKpYyXxaromieil cpensl u Ap. CTaHAapTHAas MOCTaHOBKA
KOX(QPUIUECHTHON 00paTHOW 3aJa4yul COACPKUT (PYHKIHMOHAN (HEBS3KY), 3aBHCAIIMNA OT PEIICHUS COOTBETCTBYIOIICH
3a7a4l MarteMaTH4eckoi ¢u3uku. [Ipu GopMyIHpPOBKE MOCTAHOBOK OOPATHBIX 3a[ad MPE/MOJararoTCsi U3BECTHBIMU
MOCTaHOBKHU MPSAMBIX 3a/a4. Pelenue 3a1a4n UIIEeTCsl U3 YCIOBUsI ero MuHuMyMa.. OOpaTHbIe 3a1a4u Al ypaBHEHHI ¢
YaCTHBIMH TPOU3BOJHBIMH MOTYT OBITh MOCTABJCHBI B BapHAlMOHHOW (opme, T. €. Kak 3aJaudl ONTHUMAIbHOTO
YIPaBICHUSI COOTBETCTBYIOLIMMHU CUCTeMaMu. PaccMaTpuBaeTcs BapHallMOHHAS TIOCTAaHOBKAa OJHOM ko duimeHTHON
00paTHO# 3a1a4u Uil OJHOMEPHOTO YpaBHEHHs TEIUIONPOBOAHOCTH. [loj peuieHneM KpaeBOHM 3aja4yu MpU KaxaoM
(UKCUPOBaHHOM yTIpaBIITionieM Koddduimente noanMaercsi 0600meHHoe penienne u3 npocrpancTsa Coboiena.

HccrenoBanbl BOMPOCHI KOPPEKTHOCTH PacCMaTpUBAcMOi KO3 GUIIMEHTHONH OOpaTHO# 3aJa4uM B BapHAIMOHHOU
MMOCTAHOBKH.

KiroueBblie ciioBa: kod¢uirenTHas oOpaTHas 3a/1a4a, BApUAIlMOHHAS TTOCTAHOBKA

1. Statement of the problem. The paper considers a one-dimensional heat conduction equation

2 16_u)_pca_u
OX OX ot

co(u)u; = (A, ), (1) €(0,2)x(0.T) @
with initial boundary conditions
u(x,0)=¢(x), xe(0,a) )
u(O,t) = gl(t)1 3)
u(at) =g,(t), te(0,T). (4)
Usually, a direct task is understood as finding a solution U problems (1) - (4) for the given functions

c,o Aol
Let the following conditions be satisfied
cp(u) e C?[b,c],
A(u) e C*[b,c],
0:,9, eWzl[O,T],
u, eW,[0,a],  9:(0)=¢(0), 9,(0) = p(a),

[b, c] contains domain of values u(x,t) for all sufficiently small variations A . In this case, the domain of
definition of functions c(u), A(u) is fixed, since by virtue of the maximum principle [1]
b =min{min g, (t), min g, (t), minp(x),
¢ = max max g, (1), max g, (t), max ¢(x). .

Then there is a solution to the problem (1)-(4) u eW,*((0,a)x (0,T)) [1].
However, the coefficients are not always ¢, A predetermined. More often, a situation arises when they are

subject to determination based on some additional information. Such problems are called coefficient inverse
problems for the heat equation.

This article considers the coefficient inverse problem in the following setting: the known ¢, p,¢,0,,0,
find a couple of functions (u,/i) so that the additional condition [2]

u(d(t),t)=f(t), te(0,T), 0<d(t)<a, (5)

where d(t), f (t) some famous features. Let be x =d(t) - piecewise smooth function.
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The task of determining (u,/l) (1)-(4) To avoid the indicated difficulty, instead of solving the incorrect
problem (1)-(4) we have to involve stable initial-boundary value problems for the same heat equation. Problem
(1) - (4) with a given coefficient A(u) .

Thus, the operator:

A: 1> f,

conjunctive A with f : (A(i))(t) =f(t), te(0,T), 0<d(t) <a. Investigation of operator properties A
and its adjoint operator allows using variational methods to find an approximate solution to the inverse problem

1) - () [81

2. Variational formulation of the problem of finding the coefficient 4.
It is required to minimize the functionality

J(A) = Jlud(®).t.4)- f @[ dt. 6)

where u(x,t, A) - solution of problem (1) - (4) corresponding to the coefficient A(u) . Here T is fixed number.
The specified functional is minimized according to the following algorithm:
1. Choose an arbitrary initial value of the coefficient A, € C®[b,c].

2. We solve the direct problem (1) - (4) with the coefficient and find its solution u(X,t; 4,)
3. We calculate the value of the functional J(A4,) according to the formula (6).

4. Its necessary to choose A, () = 4,(-) + 04, (:) so that the inequality ~ J (21) <J (2,0 )

ol

. Repeat the cycle until |J (lm)— J (ﬂk] <&, where £>0 specified accuracy.

»

. For selection A, (-) optimal choice is necessary 4, (") .

3. Rationale for the optimal choice d4,.

Let be 54, € C®[b,c]. We denote u(X,t; 4,) =U,, u(x,t; A, +4,) =U, solutions of problem (1) - (4)
with coefficients 4, (u), 4, (u) + 64, (u) accordingly. Convenient designation
oy =u(x,t, 4, + 04) —u(x,t, 4,) =u, — U, . Let us find a problem that satisfies ou, . For this, we write
down problem (1) - (4) with the coefficient A,(u) + 04, (u), using the introduced designations [4]

co(Uy + Uy ) Uy + Uy, = ((Ag (U + Uy ) + 84, (Ug + Uy Uy +AUy) ), 7
(Up +8p)|,_, = (), ®)

(Ug +8Ug )|, , = 0 (0), )

(Up +Ug)| _, =9, (). (10)

By virtue of the maximum principle
b <u,(x,t)+du,(x,t)<cp
V (x,1) € (0,a)x(0,T),
and therefore functions
Ay + 064, €C[b,c] c(u, +du,) eC?[b,c],

and these functions are defined for any (x,t) €(0,a)x(0,T). The solution of the problem (7)-(10)
U, + U, eW,((0,2)x(0,T)). As  U,,U, +du, eW,*((0,a)x(0,T)), then it follows that
3, eW((0,2)x (0, T)).
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We use in (7) the following expansions

Ao Uy +AUy) = A5 (Uy) + A9 (Uy)OU, + 0(||5uo||),

7 (Uy + g) = 8 (Ug) + (84 (Ug)) Uy +0(|oug])), where AUy | = 8o |, 21007

Then for é'uo it is easy to get the following problem
(gD ), = (A0 (U)o, ), + (5 U6y Uy, ), + (U, 2 (o)), +0(l6u ), (12)

(x,t) € (0,a)x(0,T) ,
8, (x,0) =0, (12)
AU, (0,t) =du,(a,t)=0. (13)

Let be (X, t) = (U, (X, 1) (Uy (X, t))), +0(Jous|), then the estimate
[z 0 apeoy) < MalPl 00y < M6, where 57 =64, o, -
Using the equality
(Ao (U)o ) = (9 (Ug )l - U, ), + (g (Ug) 5, ),

and discarding in (11) the quantities of higher order of smallness 0(||§/10||) , we write down the final task for
W= U,

[ (GoWodw)Ou )]y [ (D] gt = [ [ (6% (ug)us, ), weixt, (14)

where [wx(x,t)](d(t)’t) =1//X(d (t)+0,t)—l//x(d (t)—O,t) - function jump y, at the point (d (t),t).
Let be y, satisfies the additional condition
(Ao WIWIX )] g [ 6D gy = 2o (A ()8, 20) = F )]- (15)

Consider the difference between the functionals, taking into account the introduced notation
8 (Ay, 64) = I (A +64) = I(4) =

().t 2, + )~ £ O - (LE@LA) - f 0)]dt=

U (d (1)1, 2) - 2[u, (d (1), t; 40) — f (©)]dt+o0(|67 ) =

IR

Il
O —_— O ey, O ey, —

w(d (t),t)- 2[u, (d(t),t, 4,) — f (t)]dt
Hence, taking into account relations (14), (15), we arrive at the representation
& (Ao, 75) = [w(d (),1)- 2[u, (d (1)1, 4) - F (©)]dt = j j O (Up), ), walxdlt.
0

Now choose 04, so that the condition 6 (4,,04,) <0, then J(4, + o4,) < I(4,).
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