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Abstract

The nonlinear Schrodinger equation is a nonlinear partial differential equation and integrable equation that play an
essential role in many branches of physics as nonrelativistic quantum mechanics, acoustics, and optics. In this work,
motivated by the ideas of Ablowitz and Musslimani, we successfully obtain a two-dimensional nonlocal nonlinear
Schrodinger equation where the nonlocality consists of reverse time fields as factors in the nonlinear terms. The nonlocal
nonlinear Schrodinger equation admits a great number of good properties that the classical nonlinear Schrodinger equation
possesses, e.g. PT-symmetric, admitting Lax-pair, and infinitely many conservation laws. We apply the Darboux
transformation method to the two-dimensional nonlinear Schrodinger equation.

The idea of this method is having a Lax representation, one can obtain various kinds of solutions of the Nth order with
a spectral parameter. The exact solutions and graphical representation of obtained solutions are derived.
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Axoamna
A.M. Coizowixosa®, I' H. Ilaiixosat, B.5. Kymym?
YILH. I'vmunes amwindazel Eypasus ynmmuix ynuueepcumemi, Hyp-Cynman k., Kazaxcman
3E.A. Byxemoe amwvindasvl Kapazanovr memnexemmix ynusepcumemi, Kapazanowl x., Kasaxcman
ABJIOBUII-MYCJIMMAHHN CUMMETPUSI INAPTBIHA HET'T3JEJT'EH EKI OJIINEM I JIOKAJIb/IbI
EMEC CBbI3bIKTbl EMEC IIPEJUHTEP TEHAEYI

Cepiktel emec Llpenunrep Tenneyi — Oyl peNSTUBUCTIK KBAaHTTHIK MEXaHHMKA, aKyCTHKa XKQHE ONTHKA CHSKTHI
(U3MKAaHBIH KONTEreH CaJaylapblHAAa MaHBI3/IBl PeJl aTKapaThlH CBI3BIKTHIK eMec aepOec nuddepeHnnanabl sxoHe
MHTETpaJlaHaThiH TeHaey. byn makamaga AOGmoBuI-MycclMMaHU WAESIApbIH HETi3re aja OTHIPHIN, €Ki eJmemi
JOKJIBABI eMec ChI3BIKTHI emec lllpenuHrep TeHaeyi MIBIFApbUIABI, MYHIAFbl JIOKAJIbJBl €MEC OJI CHI3BIKTHI €MecC
MYLIeeperi Kepi yakpIT epicTepiHeH Typassl. Jlokanpasl emec ChI3bIKTHI eMec LllpeanHrep TeHaeyi, KIIACCHKABIK
cBI3BIKTHI eMec LlIpeanHrep TeHeyiHe e KenTereH KaKkchl KacueTTep i Kaobuiaaiael Mpicansl: PT-cuMmmerpusicsl, Jlake
KyOBI J)KOHE ILIEKCi3 KenTereH cakrany 3aHuapsl. Exi enmemai cbi3bikThl emec Ll penunrep tenaeyine lapOy Typrnenuaipy
oJlici KON JaHBUIABL

Byn opicrin Herizingeri Jlakc yCBIHBICHI CHEKTPJiK mapamerpMeH N-Imi THOTI LIENNMAEPIiH OpTYpiH aiyra
MYMKiHZiK Oepeni. Exi emmempi jokaibisl eMec ChI3bIKThI emec Llpeaunrep TeHieyiHiH HaKThl MISIiMIepi albIHIbI.
CoHbBIMEH KaTtap, 9pTYpJii TapaMeTpIiep/IiH KoMeriMeH ajbIHFaH MeIiMACPAiH rpauKaIbiK KOPIiHICI TYPFBI3BUIIBL.

Tyiiin ce3nep: dapOy typaennipyi, Lpenurrep TeHaeyi, CHMMETpHS, JOKaJIbIBI eMec, AOIOBUI-MycInMaHH.

Annomayus
A.M. Coizowixosa®, I' H. Illaiixosa®, B.5. Kymym?

'Espasuiickuil nayuonanvhwiil ynusepcumem umenu JI.H. lymunesa, 2. Hyp-Cyaman, Kaszaxcman
3Kapazanounckuii 2ocyoapcmeennuiii ynusepcumem umenu E.A. Byxemoea, 2. Kapazanoa, Kazaxcman
JIBYMEPHOE HEJIOKAJIbHOE HEJIMHEMHOE YPABHEHHE IIIPEAHTEPA HA OCHOBE
YCJIOBUSA CUMMETPUHU ABJIOBULIA-MYCJINMAHHA

Henuneitnoe ypaBHenue IlIpenuHrepa — 3T0 HEJIMHENHOE YPABHEHHME B YaCTHBIX MPOU3BOAHBIX U HMHTETPUPYEMOE
ypaBHEHHE, KOTOPOE UIpaeT BAXHYIO POJb BO MHOTMX pa3aenax (HM3MKH, TAKUX KaK HEPEeISTHBHUCTCKAas KBAaHTOBAs
MEXaHHKa, aKyCTHKa M oNnTuka. B pabore, ocHOBbIBasch Ha uzaee AOnoBuua m MycciauMaHH, MOJTYYEHO JBYMEpHOE
HeJIOKaJIbHOE HelMHeitHoe ypaBHeHue llIpeanHrepa, B KOTOPOM HEJOKAILHOCTH COCTOUT M3 OOPATHBIX MOJIEH BPEMEHU
B HEJNMHEHHBIX uieHax. HenokansHoe HenuHeliHOe ypaBHeHue [lpeauHrepa 10MycKaeT MHOKECTBO XOPOILIUX CBOMCTB,
KOTOpPBIMH 00JafaeT Kilaccuueckoe HeiauHelHoe ypaBHenue lllpenunrepa, Hanpumep PT-cummerpuro, napy Jlakca n
0ecKOHEeYHOE MHOKECTBO 3aKOHOB coxpaneHus. [Ipumenen metox JlapOy npeoOpazoBaHust K AByMEPHOMY HEJTMHEHHOMY
ypaBHenuto [lIpenunrepa.
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Wpest aTOro MeTosa COCTOUT B TOM, 4TO IpejcTaBiieHre Jlakca mo3BosieT noiy4aTh pa3innuHble BUIbI pereHnid N-
'O TIOPSIKA CO CIEKTPalbHBIM napameTpoM. [loaydeHsl TouHble pereHns 1 rpaguyeckoe NpeICTaBICHUE MOy YeHHBIX
pELICHUN.

KaroueBbie cioBa: npeoOpazoBanue JlapOy, ypaBHenue lllpenmHrepa, cuMmeTpusi, HEJIOKILHOCTb, AOJIOBHII-
Mycnumanu.

Introduction

Nonlinear integrable equations exist in all aspects of scientific research and play an important role in
physics. There are numerous nonlinear integrable equations that are applied to lattice dynamics, fluid
mechanics, elasticity, electromagnetics, etc [1-4]. For example, the Korteweg-de Vries equation describes the
evolution of weakly dispersive and small amplitude waves in quadratic and cubic nonlinear media, respectively
[3,4]. The integrable cubic nonlinear Schrodinger equation which is well-known for its application to the
evolution of weakly nonlinear and quasi-monochromatic wave trains in media with cubic nonlinearities [3,4].
In order to solve these equations, many research, and effective methods have been produced, such as Darboux
transformation [5-7], the Hirota bilinear method [2], and inverse scattering transform (IST) [3,4]. However,
there is a special kind of equation called nonlocal equation among many nonlinear integrable equations [8-14].
As the name suggests, nonlinear integrable nonlocal equation refers to the nonlinear integrable evolution
equation with the nonlocal nonlinear term, for example, q*(x,t) is replaced by q*(—x, —t), q*(x,—t),
or qg*(—x,t). In this work, we study the two-dimensional nonlocal nonlinear Schrodinger (NLS) equations
where the nonlocality consists of reverse time fields

iqt (X7 y!t) + qu (X! y!t) _V(X’ y,t)Q(X, y!t) =0, (1)
v (X, y,t) +2(a(x, y, g (x, y,-t)), =0, )

where * means a complex conjugate, q(x,y,t) is complex function, v(x,y, t) is real function. System (1)-
(2) is called T- symmetric because is invariant under the action if the PT operator, i.e. the joint
transformation t - —t. We apply the Darboux transformation which is a powerful tool to solve integrable
equations.

Darboux transformation

In this section, we construct the Darboux transformation for the two-dimensional nonlocal NLS equation,
and then we derive its exact solutions. Equations (1)-(2) are yielded by the integrability condition of the
following spectral equations

Y, =AY, (3)
¥ =2¥, +BY, (4)
where the matrices A and B are given by
A=-ilo, + A, ()
1. : q, (X, y,t)
B=—Ziv(x,y,t)o, +i . g : 6
2 : [_ Qy(xl yv_t) 0 ( )
with
0 X, y,t 10
A= A )
-q (x,y,-t) 0 0 -1
The gauge transformation with nonsingular matrix M = (mjk (x,t, /1))2 , (k=1,2)
X
YH =Ty = (11 - M)W (8)

Changes the spectral problem (3)-(4) into new one
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P xm _ Ayt )

v =22 +B" ", (10)
where Am and Bm depend on qm ,Vm and 4.

. b [ b 0. . .
The relation between q ,v  and A . B ' is the same as the relation between q,v and A-B. Itis

obvious that Darboux matrix T satisfies equations

T,+TA=A"T, (11)
T, +TB = 24T, + BT. (12)

By direct computation based on equations (11)-(12), we can obtain a relation between potential functions
(1] :
q'*'and q:

q[l](x’ y!t) = q(X! y!t) - 2im12' (13)
q™(x y,~1) =" (x, y,~t) - 2im,,, (14)
v =v+4im, =v-4im,, . (15)

with a constraintm,, = —m;, (X, y,—t) . By setting

M =HAH™, (16)

H= foo A= A0 17
U, g Lo 4 (7

where (fyf2)" = (Y1 (x, y, ), P, (x,y, ) is a solution to equation (3)-(4) with 1 =2, and (919,)" =
W3 (x,y, —t), ¥ (x,y, —t))T is the solution when A = —1} = 1,, we can obtain the explicit expression of M,

M zl(mll lej, (18)

A m21 m22

with

where
myy = Ay (X Y, Dy (X, Y,—t) = 4w, (X, Y, Dy, (X, y,-1),

my; = (4 + /T{)Wl(xv Y, w5 (X, y,-t),
My, = (4, = 4,)w, (% Y1t)‘//1* (x,y,~1),
My = AW, (% Y, w5 (X Y,—t) = Ay (X, Y, Ow; (X, Y1),

A=y, (X Y,~) =y, (%, y,-t) .

So, the new solutions are written as

2i(4 + )y, (X Y. w5 (X, y,-t) (19)
- :

q[l] (Xv y!t) = Q(X, y!t) -
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z _ [ A (%, Y, Dy (X, Y1) = A, (%, Y, D, (X, Y, t)
v (x,y,t)_v(x,y,t)+4l[ A Jy. (20)

Exact solutions
We obtain another type of solution for the reverse-space two-dimensional NLS equations (1)-(2) by taking
the seed solutions asq = 0, v =0. Then the corresponding associated linear system takes the form

Y, =—iAY, (21)
¥, =iiv,, (22)
W, =24Y,, (23)
¥, =21¥ (24)

2y "

This system (21)-(24) admits the following exact solutions

\Pl — e—iilx+iply+2iﬂly1t1, (25)

¥, = gl Ay -2t (26)

where 4, =a+bi g =c+id anda,b,c, d are real constants. After substitution (25)-(26) in (19)-(20) the
exact solutions for the two-dimensional nonlocal nonlinear Schrodinger equation are written as

4aiei(91—92)+(11—12)

[1] _
A (xy.0)= SO0 i 7) _ g 00 () ! (27)
i ei(‘91+‘92)+()(1+lz) +e*i(91+92)*(l’1+lz)
- _4b(ei(91+92)+(zl+;cz) _ e Ot 2) )y (28)

where
6, =—ax+cy +2t(ac—bd), y; = bx — dy — 2t(bc + ad),
0, =ax—cy +2t(ac—bd),x, = bx — dy + 2t(bc + ad).

The graphical representation of solutions (27) and (28) is presented in Figure 1 and Figure 2.

E 4 4
35 a=1; b=I;c=1;d=1
=3; a=1; b=1;c=1;d=1 i St

Figure 1. Exact solutiong*lthe two-dimensional Figure 2. Exact solution v!*the two-dimensional
nonlocal NLS equation (1)-(2) nonlocal NLS equation (1)-(2)
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Conclusion

In this paper, we proposed the two-dimensional nonlocal NLS equationwhere the nonlocality consists of
reverse time fields. We presented a Lax pair formulation for this equation. By constructing the Darboux
transformation, we obtained the exact solutions. The figure of obtained solutions are presented. Using our
approach one can find also other kind solutions of two-dimensional nonlocal NLS equation.

The research work was prepared with the financial support of the Committee of Science of the Ministry of
Education and Science of the Republic of Kazakhstan, IRN project AP08956932.
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