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Abstract

In this paper we consider the initial-boundary value problem for the acoustics equation in the temporal-triangular
domain. We reduce the original ill-posed problem to an equivalent inverse problem with respect to some direct problem.
This direct problem is well-posed. The inverse problem is replaced by a minimization problem. An algorithm for
solving the inverse problem by the Landweber iteration method is constructed. We apply the method of successive
approximations to the equation, we obtain a natural extension to nonlinear problems. This method leads to optimal
convergence rate in certain cases. An analysis of the iterative Landweber method for nonlinear problems depends on the
source conditions and additional conditions. Convergence analysis and error estimates are usually made with many
assumptions, which are very difficult to verify from a practical point of view. This method leads to optimal convergence
rate under certain conditions. Theoretical analysis is confirmed by numerical results. Visual examples are processed
numerically.
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Anoamna
JK.O. Ockepbekosa
on-D@apabu amvindasvl Kasax yimmuix ynueepcumemi, Anmamul , Kazaxcman
AKYCTHUKA TEHJEYI YIIIH )KAJIFACTBIPY ECEBIHIH CAHIBIK AJITOPUTMI

By JkympicTa YIIOYpBIITBI - YyakbIT OOJBICBIHAA AaKyCTHKa TeHJeyl YIIiH OacTamkel IeKapalblK —ecen
KapacTbIppuiazbl. bi3 Gacrankel Oepinren ecenti Kanaaii-na Oip Typa ecenke KaThICThI Kepi ecenke Keitipemis. by
Typa ecen KHUCBIHIbI ecenm Oomansl. Kepi ecem muHMMU3aimst eceOiMeH aybiCThipbuianbl. JKymbicta Jlanmsebep
UTEpaIMsACH dICIMEH Kepi ecenTi MmIenry alropuTMi KYpbUIIbl. benrineHreH HykTeci Oap TeHOEYTre NOWeKTi KYBIKTay
OIiCiH KOJIAHBII, CHI3BIKTHIK €MEC €CENTiH JKaJFachlH ajambl3. by omic Oenrimi Oip skarmaiiapaa OHTalIIbl JKHHAKTAITY
KBUITAMIBIFBIHA OKeneni. JlanaBeOepmiH WTEpaTHUBTI OMICIH CHI3BIKTBIK €MeC ecenTep YIIiH Tangay OacTarKbl
mrapTTapra JKOHE OIEPaTOPABIH CHI3BIKTHIK €MECIITiH MICKTeHTIH KOCHIMINA ImapTTapra OaiimaHbICTHI. TeopHsIIbIK
Tangay CaHIbIK HOTIDKEIIEPMEH TeKcepineai. KepHekimik yiIiH MpIcanap KepCceTiIreH.

Tyiiin ce3aep: kepi ecem, xanracTeipy ecedi, akycTuka TeHaeyi, Jlanasedep ofici.

Annomayus
JK.O. Ockepbekosa
Kazaxckuii nayuonanvnulil ynusepcumem umenu anv-Papabu, e. Aimamei, Kazaxcman
YUCJEHHBINW AJITOPUTM PEIIEHUS 3AJIAYA TPOJOJIKEHUSI J1JISI YPABHEHUS AKYCTUKH

B nanHOIl cTaTke paccMaTpUBaeTCs HaudaJdbHO - KpaeBas 3ajada JUll YpaBHEHHsS] aKyCTHKH BO BpPEMEHHO-
TpeyroibHOH oOmacTu. MpbI CBOJMM HCXOJHYIO HEKOPPEKTHYIO 3ajady K OKBUBAJICHTHOH oOparHOil 3amaue
OTHOCHTEJIFHO HEKOTOPOH MpsAMOH 3agadn. JTa npsimas 3aj1ada sBisieTcst KoppekTHoid. OOparHast 3a/1a4a 3aMeHeHa Ha
3a7a4y MUHHMH3anuH. [locTpoeH airopuTM pemeHus oOpaTHOW 3ajadu, WTEpalMOHHBIM MeTonoM JlaHnseOepa.
[lpumenuM MeTOA TIOCIENOBATEIbHBIX NPHONMKEHUH K YpPaBHEHHIO, MOIYyYHUM €CTECTBEHHOE MPOJIOKEHUE
HEJIMHEHHBIX 3agad. AHamu3 uTepanuoHHOro Meroxa JlammseGepa sl HEMMHEHWHBIX 3afad 3aBUCHUT OT YCIOBUH
HCTOYHHKA W JIOTIOJIHUTEIBHBIX YCIOBHHA. AHAIN3 CXOIUMOCTH M OLIEHKH OMIMOOK OOBIYHO MPOU3BOAATCS CO MHOTUMHU
JIOMYIIEHUSIMHA, KOTOpPBIE OYEHb TPYAHO MPOBEPUTH C TNPAKTHYECKOH TOYKH 3PEHHUS. ODTOT METOA TPHBOAWUT K
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OINTHMAaJIbLHOU CKOpPOCTH CXOAUMOCTH IIpHU OHNPCACICHHBIX YCIIOBUAX. TeOpeTI/I‘IeCKI/Iﬁ aHaJIu3 TMOATBECPIKACH
YHNCJICHHBIMU PE3YyJIbTaTaMU. BI/I3yaJ'H)HI)Ie MIPpUMEPHIL 06paGaTLIBaIOTC5I YHUCJICHHO.
KaroueBble ciioBa: 06paTHas1 3ajayda, 3agada npoaoJLKCHUS, YPAaBHCHUEC aKyYCTUKU, METO/] J]aHz(Be6epa.

Mathematical modeling of many processes taking place in the real world leads to the study of direct and
inverse problems for partial differential equations that have no analogs in classical mathematical physics. In
many inverse problems, the desired inhomogeneities are located at a certain depth below the layer of the
medium whose parameters are known. In geophysics, this is usually homogeneous or layered media. In this
case, an important tool for practitioners are the tasks of continuing geophysical fields from the earth's surface
towards the occurrence of heterogeneities.

In acoustics, only small vibrations of the medium are considered, therefore sound waves with small
amplitudes are considered. The complete system of general linear acoustic equations for pressure and particle
velocity has the form:

ov

—+Vp=0
/?at p

op
—+Vv=0,
'Bat

where p — medium density, v — particle speed, p — wave pressure and £ — medium compressibility.

Any particular solution to systems of equations is a free wave. We bring the complete system of equations of
acoustics to one single equation, with respectto p.

Consider a heterogeneous medium. Let the density of the medium o= p(x,y) depends on the
coordinates. We differentiate the second equation in time and imagine the order of differentiation of speed

with respect to time and coordinate replace the value % on her values from the first equation [1].
82
= A=V (p( )V,

Where, ¢ = Sp.
Consider the continuation problem for the acoustics equation in the domain Q =A(L,)x (0, L,), where,
AL) ={(x,t):xe(O,L,), te(x2L, —x)} (figure 1).

¢ (%)

L

Figure 1. Domain: Q=A(L,)x(0,L,)

_ % Py
Uy = Uy +U, — (;XuX +—=U,)

1)
u,(0,y,t) = g(y,t), ()
u(o,y,t) = f(y,t), 3)
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u(x,0,t) =u(x,L,,t)=0.
(x0.) =u(x,L,,) @

Problem (1) — (4) is ill-posed [2,3]. Consider the continuation problem (1)— (4) assuming that po(X, y) is
constant in Q.

Direct and inverse problems
We consider the ill-posed problem (1) - (4) as the inverse to the next direct problem.

In domain Q=A(L,)x(O,L,), here A(L,)={(x,t):xe(0,L,),te(x2L, —x)}, required to determine
u(x,y,t) by given q(x,y) and g(y,t) from the relations:

Uy = Uy, +U,, —(%uX +%uy), (X, y.1) e A(L),

)
u0y.)=g(y,t), ye(OL,)te(02L), 6)
u(x,y,x)=q(x,y), xe(0,L),ye(0,L), ©)
u(x0,t) =u(x,L,,t) =0, (x,t)eA(L). (8)

In the direct problem (5) - (8), it is required to determine u(x, y,t) from given q(x,y) and g(y,t). Direct
problem (5) - (8) is well-posed. A more detailed study of this problem can be found in the papers [4-6].

The inverse problem is to determine the function, from relations (5) - (8), according to additional
information on solving the direct problem (5) - (8)

u@, y,t) = f(y,1). 9)

The numerical solution of such inverse problems leads to a one-dimensional equation of the following
problems.

In the domain A(L,) ={(x,t):xe(0,L,),t e(x,2L, —x)} it is required to determine v(x,t) by given
q(x) and ¢(t) from the relations:

Vie = Vi —FOOV(X,1) € A(L) (10)
v, (0.0) = ¢(t) t e (0.2L,) 1)
v(x,x) =q(x),xe(0,L,), (12)
where,  r(x)= %M&(%) L M=) —%’/’Tf)) fe ™ and

1
f(t)=f(t)-e?
In the direct problem (10) - (12), it is required to determine v(x,t) by given q(x) and ¢(t).
The inverse problem is to determine the function q(x) from relation (10) - (12) from additional
information on solving the direct problem.

Inp(0)

u(o,t) = f(t). (13)
We introduce the operator as follows:
A:g(X)— f(t)
A:H'(O,L) > H'(0,2L)
We state the inverse problem (10) - (13) in operator form, while leaving all the notation accepted in the
work [5].
Ag=f. (14)
We introduce the objective functional and for solving minimization problem J(q,) — min we apply
Landweber iteration.

2L,

3(@) =] Ad, — f|* = [(v@tia,)— F©)dt (15)

d,, =9, —,Jq,, here & = (O, AHfz) (16)
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We see from Equation (16) that the Landweber algorithm is a special case of gradient descent
minimization of a functional J (q,) [7].

Calculation of the gradient of the objective functional.

Set increment ¢, + A9, , then

N =V -v=v(xtq, +a,)-Vv(xtq,). (17)
Using the notation (14), we calculate the increment of the objective functional J(q,) .

2L, 2L,

3@, +&,)-J(4,) = [ [vO,tq, +d4,)— f (OFdt— [ [v(0,t;q,)— f (t)]dt

= I [v(0.t;q, +&,) —v(0,t;9,)]-[v(0.t;q, + &,) — T (1) +v(0,t;q,) — f (1)]dt

2L><
= [ &v(0,£;0,)2[v(0,t;q,) - f ()]dt+0(P&P). (18)
0
To obtain the expression &v(0,t;q,,) , we consider the statement of the perturbed problem for equations (10) - (12).
\7'['[ = \7xx - I’(X)\7, (19)
v, (0.t) = ¢(1), (20)
V(X,X) =, +,. (21)

Subtract relations (10) - (12) from relations (19) - (21) and, taking into account (17), we obtain the
problem for increment.

N, = N, —r(X)ov, (22)
&, (0,t) =0, (23)
N(X,X) =, (24)
Multiplying (22) by an arbitrary function y (x,t) and we integrate over A(L,) .
LXZL —X

LX
0= [ (S v, +r()dydxdt= [ [ ydtdx— [ jy/&/xxdxdt
00

A(Ly) 0

<

X C—y

ZLXZLx_t

- [ [ v dxdt+ [[ r(opavdxdt
L 0

X Ally)

Integrate by parts this expression
2L, —x

[0 (2L, — %)~ @) 06 0 — ) X2L, —X) + W0 + | w,ddtldx

~ [~ 3O - MY + (3O + i, e

0 _
2L, 2L, -t

Od
— [ [wdv,) L, ~t.0) = (v 3,)(0.0) — (w, W) (2L, ~t,1) + (, (O + | y,dvdx]dt
LX 0
+ H r(x)wovdxdt
A(Ly)
Given (23) and due to the fact that
dy

w, (x,2L, —x) -, (x,2L, —x) = dd&/ | o = &, (x,2L, —x) (directional derivative t = 2L, —Xx);
X — =

dx

v, (x2L, —x) -y, (x2L, —x) = SV (x,2L, —x) (directional derivative t = 2L —X);
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dy

v, (% X) +y, (X, X) = O l. =w,(xx) (directional derivative x =t);
X dT(zl
N, (X, X)+ N, (X,X) = O(ljﬂ l. =(),(x) (directional derivative t = x ), integrate by parts and get
X &:1
0= [[ W v+ rOOw)0nct

A(Ly)

+ j[t//(xZ L, =) ((x2L, = X)), o, =W (X2L, = X)W (X2L, = X)), licpr, -, JdX

2L,

+ I[W(X,X)(W(X,X))t iz = (X, X)(V(X, X)), |, JAX = jl//x (0,1)6v(0, t)dt

0
Where does the formulation of the conjugate problem follow

Wi =W — (XY, (25)
w(x2L, —x) =0, (26)
v, (0,t) = 2(u(0,t) - f (1)). (27)

Then, given (18), we obtain

(&,,30,) = TT&(ZW(X,X))t = dX.

By definition the main part of the functional increment is the gradient [3], i.e.
3G, = (2w (X, X))y ey (28)
here y (x,t) is the solution of the conjugate problem (25) — (27).

An algorithm for solving the inverse problem by the Landweber iteration method
1) Set descent parameter « .

2) We choose the initial approximation ¢ .

3) We solve the direct problem (10)-(12) with a given q, .

4) We calculate the value of the functional by the formula (15).
5) If the value of the objective functional is not small enough, then we solve the conjugate problem (25) - (27).
6) We calculate the gradient of the functional by the formula (28).

7) We calculate the following approximation q,,, =q, —aJq,, here o € (0; AH 72) and turn to step 2.

Numerical results
For the numerical solution of the inverse problem, we use the method inverse transformation difference

schemes [8, 9].

Consider the finite-difference scheme of this problem.

In domain Q we construct a grid @, with step h=1/N, where N is a positive integer.

Then in the grid we write the corresponding difference direct problem for the equations of acoustics

Then in the grid o, = {x =jih,t=kh;i=1,N -1,k =i2N — i} we write the corresponding difference form of

direct problem for the acoustics equation. Thus, the problem (10) - (12) has the following form:

Thus, the problem (10) - (12) has the following form:

. fg+, M+
Ut Ut =0l ul —h T e T

i i 4 i+1 4 i-1
= (U gt
Ui =G,

11
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us = f,.
: - . - 2 fiatlhiy
For convenience, we introduce new notation: a,,, =1—h B then we get,
U U = a U, + 8 U (29)
= (U U g (30)
Uii =G, (31)
us = f,. (32)
Taking into account (31) and setting k =i+1 in (29) we obtain the following expression
Gy = G +U 7 =0 (33)

Algorithm for the method of inverse transform difference schemes
1) Calculated by the formula (32) g, =ug = f,.

2) Calculated by the formula (31) @, = %(ug +ug)+h-¢' re u2 = f,.
3) Calculated by the formula (32) ug = f,; by formula (30) uf ; by formula (33) q, .

k
i+1

4) And so on, we calculate by the formula (32) u2' = f,; ; by formula (30) u”"™*; by formula (29) u
along the characteristic; calculated by the formula (33) q;.

Computational Experiment

(x-0.5)?
Let's conduct a computational experiment for N =100, h=0.01, g(t)=0, p(X) =e 2 ph=01
(x-0.5) (x=0.75)2
Lq(x)=03€ 2 +e »* ) (figure 2, figure 3).
z
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Figure 2. u(x,t) Figure 3. q(x)
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