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Abstract

The steadily growing interest in the study of loaded differential equations is explained by the expanding scope of their
applications and the fact that loaded equations constitute a special class of functional differential equations with their own
specific tasks. These equations are used in the study of inverse problems of differential equations, which have important
applied significance. The paper investigates the solvability problems of homogeneous and nonhomogeneous boundary
value problems, as well as spectral issues for loaded differential operators of mathematical physics, when the loaded terms
are not a weak perturbation of the differential part of the operator. They require special theoretical research.

Keywords: boundary value problem, unlimited domain, differential operator, spectrally loaded equations, spectrally
loaded heat equations, generalized spectral problems, characteristic integral equations.
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KYKTEJITEH XKXBIUTYOTKI3I'TIITIK OITEPATOP YIIIH INEKTIK ECEII

Kykrenren nuddepeHuraniplk TEHASYIEP/Ii 3epTTEyTre IereH TYPAKThI OCII KeJle )KaTKAH KbI3bIFYIIbLIBIK OJap IbIH
KOJJaHy asCHIHBIH KCHEIOIMEH MOHE JKYKTENreH TEeHICYJCpPHiH ©3IHIIK HAKTHl MiHAeTTepi Oap (yHKIHOHAIIBIK
nudepeHIMaIIbIK TCHACYICPIiH apHaibl KIAChIH KYPaWTHIHABIFBIMEH TYCIHIIpiieai. Byl TeHmeyiep MaHBI3IbI
KosimaHOanel MoHI Oap auddepeHnranaplK TeHACYICPIiH Kepi ecenTepid 3epTTeye Koananbuaasl. JKyMpicTa GipTeKTI
kKoHe OIpTeKTI eMec LIeKapalblK €CeNTep/iiH HICHIly ecenTepi, COHJaii-ak YKTeIreH TEePMHUHIEP ONepaTopblH
muddepenumanaplk  OenmiriHiH - anci3  Oy3buTybl OOJIMaraH Ke3/le MaTeMaTHUKAIBIK (HU3MKaHBIH KYKTEJIreH
nuddepeHIMaIIbiK onepaTopiapsl YIIiH COSKTPIIK Macenenaep 3eprreneai. Onap apHaibl TEOPHSUIBIK 3epPTTEYyIepPIi
Ka)KeT eTei.

Tyiiin ce3iep: niekTik ecenrep, HIeKci3 aitmMak, nuddepeHIranIbIK OnepaTop, CeKTPAIIbl )KYKTEITeH TeHACYIIED,
CHEKTPAJIIbl )KYKTEJITCH JKbUTY TEHCYJIEPI, KAITbUIAHFaH CIIEKTPIIIK eCenTep, CUIIATTAIFaH HHTEIPAIIBIK TSHICYIIEp.
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2Kapazanounckuii ynueepcumem um.E.A.Bykemosa, 2. Kapazanoa, Kazaxcman
KPAEBAS 3AJJAYA JIUISI HATPY KEHHOI'O OITEPATOPA TEIIJIOITPOBOJIHOCTHU

HeykimoHHO pacTymuii MHTEepec K H3YYCHHIO HArpyXeHHbIX Iu(QepeHIMaIbHbIX ypaBHEHHH OOBICHAETCS
pacmmpeHreM o00JacTH MX MPUIOKEHHH M TeM, UYTO HarpyKeHHbIE YPaBHEHHS COCTaBIIIOT OCOOBIA KJlacc
(GYHKIMOHANBEHO- TN QEPEHIINATIBHBIX ~ YPaBHEHUII CO CBOMMH CHEHU(QHUYECKUMH 3aJadyaMHd. OTH ypaBHEHHS
UCTIONB3YIOTCS MPU HM3YYEHHH O0paTHBIX 3anad Jud(epeHnnanbHbIX YpaBHEHUH, MMEIOMINX Ba)KHOE IPHKIIAJHOE
3HaueHue. B pabore mccienyroTcest IpoOsieMbl pa3pelnMOCTH OTHOPOIHBIX M HEOAHOPOHBIX KPaeBbIX 3aj1au, a TaKxKe
CHEKTpaJbHBIE BOMPOCHI ISl HAarpyXeHHbIX JIU(QepeHIHanbHbIX ONepaTopoB MaTeMaTH4ecKol (M3UKH, Korja
Harpy>KeHHbIE WICHbI HE SIBJIAIOTCS ClIa0bIM BO3MylleHHeM auddepeHnnansHoi dactu omeparopa. OHH TpeOyroT
CHELHUaIBHOTO TEOPETUIECKOTO HCCIIEIOBAHMS.

KiroueBble cioBa: xpaeBas 3ajgada, HeOrpaHW4YeHHas 001acTs, AuddepeHInaNbHBINH omepaTop, CIEKTPAITbHO
Harpy>XCHHBIE YpaBHEHHS, CIEKTPAIbHO HArpyXCHHBIE YPABHEHHUS TEIUIONPOBOAHOCTH, 0OOOIICHHBIE CIIEKTPaJIbHBIE
3aJa49M, XapaKTCPUCTHUCCKUEC NHTCTPAJIbHBIC YPABHCHHUA.
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1. Introduction

Loaded differential equations as an object of the theory of partial differential equations and mathematical
modeling appeared quite a long time ago. Loaded differential equations find numerous applications in practical
problems. For example, the problem of the longitudinal movement of a load suspended from an elastic thread,
the problem of vibrations of a string loaded with concentrated masses, the study of torsional vibrations of a
thread to the end of which a mass is suspended, the problem of long-term forecasting and regulation of the
level of groundwater and soil moisture. Boundary value problems for loaded equations have become
particularly relevant in connection with the study of the vibration stability of aircraft wings, since to solve such
a problem it is necessary to calculate the natural frequencies of a wing loaded with motors. In addition, similar
problems occur when calculating the natural oscillations of antennas loaded with concentrated capacitances
and self-inductions. Loaded equations also arise in the study of nonlinear equations, particle transport
equations, optimal control problems, in the numerical solution of integro-differential equations, in the
equivalent transformation of non-local boundary value problems, etc.

Loaded differential equations represent a special class in connection with specific problems. Equations of
this kind arise in the study of nonlinear equations, for example particle transport equations, optimal control
problems, inverse problems, in the case of an equivalent transformation of nonlocal problems, etc. [1].

Interest in the study of regional value problems for loaded differential equations is associated with the
growing volume of their applications [2-5].

In this paper, we study boundary value problems for spectrally loaded parabolic equations in unlimited
domains, when the order of the derivative of the loaded term coincides with the order of the differential part
of the equation and the load point in the spatial variable moves with variable speed. In this case, new properties
of the loaded differential operator appear, which are not inherent in operators with a weak perturbation. They
require special theoretical research [6-7].

This serves to substantiate both the theoretical and practical relevance of the formulation and study of
boundary value problems for spectrally loaded differential equations for the study of the spectral characteristics
of these problems, as well as the establishment of criteria for the correctness of boundary value problems and
the selection of the corresponding functional classes.

In this paper, boundary value problems for spectrally loaded parabolic equations are investigated, where
the order of the derivatives in the loaded terms of the differential equation is equal to the order of the derivatives
included in the equation itself. In the study of boundary value problems, the method of reduction of the
boundary value problem to singular Volterra integral equations of the second-order is used [8-10].

2. Problem statements
Consider in the domain Q = {XE R, ,teR, } boundary value problems for spectrally loaded heat
equation:

{ut - |"Ixx + /’i’uxx (X!t) x=a(t) = f !
Lu=f < )
u(x,0)=0,u(0,t) =0;
vmges ) Ym0 (x—a(t))@!v(ﬁ,t)dg‘f:g, -
v(x,0)=0,v(0,t) =v(oo,t) =V, (o0,t) =0;
and generalized spectral problems:
U —Uy = =AU, (X’t)\x:a(t)’
Lu=-4 ot 3
v UXX(X )‘ © <:>{u(x,0)=0,u(0,t):0; ©
Liv=—17 -8"(X—a(t)) ® Tv(é,t)dg N !V(é’ hde. @)
0

V(X,0) =0,v(0,t) =Vv(wo,t) =V, (o,t) =0;
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The specified functions are selected from the classes

@®)> L@, @) 6 geL(Q),
(a(®) (a | je<x§t D, f)dédr] eL(R). (5)
[x=a(t)

o(x—t) e E'(Q) is the delta function centered on an open line X :a(t) of the domain Q, E'(Q) is a
space of generalized functions with compact support in the domain Q,

2 @ ,
erfzﬁ!exp(—gg )dé&,

Here the Green function G(x,&,t—17) is defined by formula

G(x,&t—-7) = ﬁ {exp[— (XTT@J - exp(— %J} (6)
Remark 1.

If the function f does not depend on the variable x, then the second condition for the function f from (5)

follows from the first: (a(t)) f eL(@Q
In problems (1) - (4), it is assumed that the motion of the load point is described by the function x(t) = a(t)

under condition lim—== ()

t—0 \/E

The functional classes U and V for solving boundary value problems and the domains of the operators L
and L+, D(L) and D(L~) are defined as follows, respectively

— Ula® (VO U (@) o U —uy) e LQ).(a®) o Uy (D) €L(R), (D)

{ V) o b 8)
D(L,) = D(L,) = {ufu U, u(x,0) =0,u(0,t) = 0}, 9)
D(L,)=D(L) = {v|v eV, v(x,90) = 0,v(0,t) = 0,v(c0,t) = 0,V (oo, t) = 0}, (10)

The boundary value problem (2) is conjugate to problem (1). Indeed, according to (1)-(10) we have
<Lu,v>=<u,L'v>VYueD(L),Vve D(L").

Problem 1. It is necessary to investigate the solvability of boundary value problems (1) and (2) under
conditions (5)-(10).
Problem 2. It is necessary to study the spectral problems (3) and (4) for determining pairs {i, u, (X,t)} and

{/l,v/1 (x,t)} under conditions (7)-(10).

3. The reduction of boundary value problems to integral equations
We reduce boundary value problems (1) and (2) to the study of adjoint singular VVolterra integral equations
of the second kind. For this, we invert the differential part in the boundary value problem (1) and have:
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u(xt) = Ajerf( \/_ju,m(q 7)), a(r)dr+”G(x Et—1)f (&, 7)d&r, (11)

where

° X
Ko(X,t—7) = | G(x,&,t—7)d :erf( j
: Jotat-nds=erf| S 7=
It follows from relation (11) that to find a solution to problem (1), it is sufficient to determine the loaded
summand uxx(x,t)‘x:a(t). To do this, we differentiate both parts of the relation (11) by the variable x twice

and enter the following notation
w-3/2

(®) = (@) > Uy (6o

Kt e) = {aa) } 0 exp(_ (a(t)) J
T

a(z) 2\ (t-1)%? 4(t-7)
L) = () [ szz IIG(X Et-n)f (& r)dgdr)l X (12)
we obtain the integral equation
Koup= (1= 2K, Ju= u(t) - A[ K, (6, ))u(z)dr = f(t), teR,. (13)

Remark 2. Note that the boundedness of function f;(t) (12) on R. follows from condition (5) on f.
The kernel K, (t,7) of the integral equation has the following properties:

1° the kernel K, (t,z) continuously, 0 <7 <t <o;

2° the kernel K, (t,7), 0<7 <t <oo;

3° the following limiting ratio is valid

!ingIKz(t,r)dr =0. (14)
0
Proof of property 3°.
lim K. (t.2)dz = limf| Z® a(t) (e®) )y, _
tLrI)]_(l; ( T) 3 tLI;To] |:a(z-):| Z\F(t Z.)3/2 exp 4(t—T) v
3/2-w

_iim ([ 2@ 4 ( a®) ’ _(a®))
_t'Lwﬂa(tJ Vr(a ) (th—rj exp( 4(t—T>JdTS

t

3
4 (3} S 1 3\ -
<lim—: -] e2 ——— 7<lim € 2tH”JZO
0 x (zj [t<1+ao(t»]2“’£ SN ( j

Conditions were used here: 0 <7 <t < o0, E — o >1 and inequality
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2" exp(-z") < (%)n exp(—%), for any z>0, and also that a(t) = [t(1+ &, (t))]” and 1+ ¢, (t) < C .

Remark 3. From the relation (14) it follows that the integral equation (13) refers to "Volterra’s for which
the solution exists and is unique. We proceed to the consideration of the conjugate boundary value problem
(2) and inverting its differential part, we obtain:

v(x,t) = —ZTTG(X,@T —1)0"(¢ — (7)) ®]3V(77,r)d nd&dr +

+T.TG(X'§'T_t)g(§,T)d§dr,

Integrating relation (19) over the variable x from 0 to co and denoting

3/2-0 %2
v(t) =(a() « [v(ndn,
we obtain the integral equation O
Kiw = (1 - IK; W =0() - 2 [ Ko (. )o(0)dz = g, (1), tER., (1)
where the following notation was used: t

3/2-w

= fe®) e e@ _(a@)’
%a(nY [a(r)j 2a(c-1) ex‘{ 4(f—t)J’

3/2 )

g,() = Ol(t)

itz

Remark 4. Note that the integrability of function (16) gl(t) on R, follows from condition (5) on g .
Note that the kernel of the conjugate integral equation (15) has the following property:

ItimTK2 (r,t)dz=1. (17)

jg(é r)ydddr. (16)

It follows from the limit relation (17) that the norm of an integral operator acting in the space of bounded
and continuous functions and defined by the kernel K, is equal to one (although the kernel K, has an

integrable singularity). This fundamentally distinguishes equation (15) from Volterra equations of the second
kind. Thus, the solution of conjugate boundary value problems (1), (2) is reduced to the study of a pair of
conjugate integral equations (13) and (15), which in the future we will call the initial ones.

4. Study of characteristic integral equations
Consider the characteristic integral equations corresponding to integral equations (13) and (15):

K= (1 - 2K e = )~ 2[ K(t u(e)de = £,0), t <R,

Kiv= (| —/TK*)V =o(t) —ZT K(r,t)u(r)dr =g.(t), teR,, (18)
where t
K(z.t) = (a(t) js/z . | a- Zw)s/z[a(f)]z([a(r)]E)
a(r)

' 7a 20\
2o+ ~lat]
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1-20w

_{hmﬁf—bmﬁf)'

The kernel of the characteristic equation K(z,t) has the same properties as the kernel K,(z,t) and the
following limiting relation is valid for it:

xXex

(19)

!irLlTK(T,t)drzl, (20)

It can be shown that the difference between the kernels IZ(r,t) =K, (z,t) — K(z,t) must have a weak
feature [12-15]. This follows from the statement of the next theorem.

Theorem 1. If the function a(t) = [t(1+ e, (t))]”, where a,(t) =t’o(t), 5> 0, the function o(t) is
twice continuously differentiable for 0 <t <7 < o0 |o-(t)| <C, o(t) %0, then the following estimate is valid

=32

t]/2+w

a(r) | @
K, (z,t) = K(z,1)| < C(@ ){ (t)} mx

o - EOROT o)
8([a(t)]7 - [a(r)]T) 4

To prove this theorem, we reduce integral equations (15) and (18) to equations on a finite interval (0,t).
To do this, we make changes of variables in these equations:

a(t) =

1 1
at) M awy

Then integral equations (15) and (18) take the form, respectively:

32-w

/
Ha@ ] g a@] L ( tale@)]”
v(t) ﬂ{{(m} ZJ—@_qﬁqam( ) v(z)dz, = g,(t),

!

e o] ol )]“4”{ ( )i}
V(Q)—ZJ[M} © (1-20)% ' el al7y)] 20 |alh
1-20 120 \¥2
N at) 2z ([a(tl)h ()] )

a-20)a®)] el
[bmﬁ hmﬁ”]

xXex

v(r)dz =g, ().

We denote these kernels of equations (19) and (20) by K,(t,,z;) and K'(tl,rl) and write them in the
form:
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Ki(t, ) = Pyt 7)e *®%, K'(t, ) = P'(t, 7,)e 04,

where
32-w
, (a@)) ¢ P a@)] | _M
P/(t,7,) = (a(tl)J 2\/;(1:1 _Tl)s/z ' Q, (t11 Tl) = 4(tl - Tl) ,
it b @] o )] { ( )3}]
P'(t,z,) = alr) | @ (1—20))3/2 aly J o |a(n)]| 20 | a(rn
v ) 2in |

([a(tl)]% - [a(rl)]%)e:/z

1-2w

(1- Za))[a(t o la()] o |
)] -l

Q7)) =

The following theorem holdsto

Theorem 2. If the function a(t,) = [t, 1+, (t,))]”, where o, (t,) =t,"o(t,), 8> 0, and the function
o(t,) is twice continuously differentiable for 0< 7, <t, <o, u |o(t,)| < C, o(t;) # 0, then the following
estimate holds:

3/2-w
, Kt 1 a(r,) t
|K (t, 7)) — Ki(t, 1)| C(w ){ (tl)} \/tl—Tl
x[expl-Q'(t, 7)/2}+ expl- Q) (¢, 7,)/2}] (21)

First we prove a few lemmas.

Lemma 1. If the function c(t,) = [t, (1 + a, (,))]”, where o, (t,) =t,”o(t,), B> 0 and a,(t,) increases
monotonically at 0 <7, <t; <oo, |o(t,)| < C, then the following estimate holds:

32-0
a(rl)j| . tll_Mﬁ
a(t) (t - 71)3/2 .

|P (tl7T1) P (t1171)| {
Proof of Lemma 1.

32-w

— {a(m} L1 620 e - fat)] @ (@]
) ‘M ([l ~fate)] =)

3/2-w

N A {am)y BRI (SN SN S A
i el IS (O R E
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2]

1-2w 1-20 32
<l-20)2 e} o )] 2 (am)l) — fa(w)]? -L[“(H)]Ty “lotw)] - J

32-w -1-2w

_ a(fl)} 1 1 (1—2a))%[t L+ a,(t ))]?[r L+a(@m)] ©
= L 2w 32 1 o\1 1 0\
L“l) wle ([ Gk —[a(a)hj

1-20 3/2
x (1+ ay(z,) + 7,0 (rl))— 2,97, (1+ (rl))]_”{([a(rl)]T)’rl_tl [a(rl)ﬁ)m (t, - 2'1)} ,
t,=7,+6,(t,—7,), 0<6, <1.

Because a(t,) = [t,(L+ a,(t,))]” , we get:

Y2-0
a(ﬂ)}

P00 -P@D)| < f{a(tl) (1— 202 [, @+ e (W) [0+ (e )] 2

5% (w)[t WL+ 2o @]+ a4 (1) + e (1)) 2 —rl)/

% (1 00 (1) + 10 (2) ) - (L (1) + () 2 L+ ot (L arp ()0 e () + bz (0) ), — ) —

32
-5 a) 11l (6) 2a) +Lal M~ |

So, we finally get: |P'(t,, 7,) — P, (t,, 7,)|
32-0 32-w

L fa@] e @20 267at)  gla@) ] vt
N a(t) 5 () (t, _2.1)3/2 = a(t) G —2)"

Lemma 1 is proved.

Lemma 2. if the conditions of lemma 1 are satisfied, then we have
20+

t o
Q'(t,7) ~ Qi 7)< My Z—+ Mt ™™

170
Proof of Lemma 2.
We have:

Q'(t,,7,) - Q5(t,, 7,)| =

bala@) o] e ‘
At -7) ([a(tl)] el )‘

_1-20 [a(tl)]%[a(fl)]ﬂ try[a(n)] ([a(t Nk —[a(rl)] j
4w e ‘(1 20)t,—7)[at)] o la(@)] o

<
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120 [L@+a)] ln@ra @)
4 [0+ e, [ @+ ay(m))]

ICIES) e I (TCH) e Rl

thfl[t1(1+ao(t1))] _[71(1‘*‘050(71))]_ 1—20) -1=
(L-2w)2° % ™ (L= 20)® 21201 _ (L=20) 2020
S e GO RO e i
t12w+ﬁ 20-1
£M1t1_71+M2t1 .
Lemma 2 is proved.
Proof of Theorem 2. First, we establish the following inequality:
32-w 3/2-w
o 12,32 - 1o
P;(tl,q){@} A ey, )[a(m} v
a(t,) t-7) (t) t-7)

For those parameter values o and 0 <7 <t <oo,at which Q'(t,,z,) >Q;(t,,z;) the required estimate
follows from these inequalities:

|K'(t1' ) — K (t, 2'1)| < |(P’(t11 7,) - PR (t, z'1))6)(p{_ Q'(t,, z'1)}| +

+[Py(t, 7)) exp{-Q'(t, 7,) {l—exp{- Q; (t,, ;) + Q'(t,, 7)) <
(4, 7) —Q'(ty, Z'l) exp{— Q'(t,, Tl)}-

<|P'(t,, ) — Py (L, )| exp{- Q' (L, 7,) } +

2\

Thus, taking into account Lemmas 1 - 2, we have:
32-w

e | 1-o+p 1-w+f 20+ o
= {%} {M (titl_ 2_1)3/2 + M3 (t:l_ Tl)a/z [M1 E 2, +M ztl J}exp(— Q) <

K'-K;

32-w

o 3/2-2w o w+p-12 o 3/2—wy 30+~ 1/2 o 32-w. 3w-3/2
{a(q)} t (Mn Y S Yo Jexp(_Q)g

| a(t) 7o) - (b7 Y t-g

32-w

ae)] e 4 Wit 2
< - L exP(_ Q/2)-M nor

a(t,) 2'13/2 “(t, z'1)1/2

+Lzexp( Q/Z) 11_13/2 a)tl3a)+ﬂ 5/2 tl exp(_ Q/Z) 22_1/2 a)t 30— S/ZJeXp(— Q/Z)S
(tl - Tl) tl -0
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32-w
a(r) | « °
< C(w){ ( 1)} L expl-Q/2}
a(t,) \/tl -0
The validity of inequality (21) means that the kernel K, (t,,7,) —K'(t,,7;) has a weak singularity and the

following limiting relation holds:
3/2-w

Iimt[w} !

t, >0 5 a(tl)

t¥2-20

. 1
AR e

)72 [exp{— Q'(t,, 71)/2}"' exp{_ Q (L, z'1)/2}]d ZIS

<lim{ -9 dr, =0,
40 0 (tl - Tl)
This means that equation (18) is indeed characteristic for equation (15). Thus, Theorem 2 and thus,
Theorem 1 is proved.
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