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Abstract

In this paper we consider global Morrey spaces GM,,) g()w() (&) Wwith variable exponents p(.), 6(.), where QCR™ is
an unbounded set. The questions of boundedness of the singular integral operator and its commutator in these spaces are
investigated. We give the conditions for the variable exponent (91 (), 0,( )) and for the functions (w,(.),w, (.)) under
which the singular integral operator T will be bounded from GMy() o, ()w,()(Q) 10 GMy() 0,00 w,) (). The same
conditions for the boundedness of the commutator of the singular integral operator in these spaces are obtained.. In the
case when the exponents p, 8 are constant numbers, the questions of boundedness of the singular integral operator and
its commutator in global spaces were previously studied by other authors. There are also well-known results on the
boundedness of a singular integral operator in the global Morrey-type spaces with variable exponents when the set QCR™
is bounded.

Keywords: singular integral operator, commutator, boundedness, Morrey-type spaces, variable exponents,
unbounded set, Holder inequality.

AHxoamna
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YJILH. I'vmunee amuinoazel Eypasus ynmmoix ynusepcumemi, Hyp-Cynman k., Kazaxcman
2Kapasanowvl mexuuxanvix ynusepcumemi, Kapazanowl k., Kasaxcman
KOPCETKIIITEPI AWHBIMAJIBI MOPPU KEHICTIKTEPIHJIET'T KAJIBJIEPOH-3UTMYH]T
CHUHI'YJISAPJIBIK UHTEI'PAJIBI

bi3 Oy sxymbicTa KepceTkimrepi p(.), 0(.) aliEbpiManbl T06anbai Moppu THnTeC KeHicTikrep GMp () g()w() ()
KapacTthipambi3, myHaarsl (LACR™ nrenenmereH xubid. Ochl KeHicTikTep e Kanbaepona-3urMyH 1 omepaTtophl JKoHE OHBIH
KOMMYTATOPBIHBIH IIEHEITEH T Typasibl MOCENENep KapacThIPbLUIa k. (91 (.),0,( )) kepcetkimrrepi mer (wy(.),w, ()
(ynKuMATapbIHA CUHTYJISAPIBIK MHTErpalbAbIK onepatop T GMp() g, ()w,)(Q)  KeHicTirinen GMy(y0,0)w,() (V)
KEHICTITiHe IIEHEreH IIrH KaMTaMachl3 eTeTiH MapTTap abIHAbL. JIo1 OChI CUSIKTHI IIAPTTAp KOPCETUIreH KeHICTIKTepIe
CUTYJISIPJIBIK MHTErPAJIBIK ONEpaTOpblH KOMMYTATOpbIHA Ja alblHIbl. P, 0 KepcerkiliTepi TypakTbl OoJFaHja,
CHHTYJISIPIIBIK MHTETPaJT )KOHE OHBIH KOMMYTATOPBIHBIH IT100abai Moppu THIITEC KeHICTIKTepIeTi IeHeNTeHIiriH 0acka
apropiap 3eprrered. () C R™ kublHBI IIEHEAreH OOJFaH JKaFjaima aa riao0aiapai Moppu THNTEC KEHiCTIKTepieri
CHHTYJISIPIIBIK MHTETPATABIK OTIEPAaTOPABIH [ISHENTeH IIK IIapTTaphl 1a Oerii.

KnioueBble ce3mep: CHHIYISIPIBIK WHTETPAJIBIBIK ONEpPaTop, KOMMYTaTop, LIEHEeNTreHAiK, Moppu THrTec
KEHICTIKTep, alHBIMAJIBI KOPCETKIIII, MICHEeIMETeH XUbIH, [ enbaep TeHCi3airi.
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CHUHI'YJISIPHBIN UHTET'PAJT KAJIBJAEPOHA-3UTMYHJIA
B ITPOCTPAHCTBAX THUIIA MOPPU C IEPEMEHHBIMU ITIOKA3ATEJISIMU

B nanHo#f pabote MBI paccmaTpuBaeM Tino0anbHble mpocTpancTtBa Moppu GMp()gyw()(€) ¢ mepeMeHHBIMH
nokaszaressiMu p(.), 0(.), tae QCR™saBIsIeTCS HEOTPAaHUYCHHBIM MHOXKECTBOM. MCCIEeayIOTCSI BOMPOCH! OTPaHUYEHHOCTH
CUHTYJIIPHOTO HUHTerpanbHoro omeparopa KambaepoHa-3urmMyHga M ero KOMMyTaTopa B 3THX HPOCTPAHCTBAx.
[IpuBeacHBI YCIOBUS i TIEPEMEHHOTO ITOKA3aTelsl CTCICHH (91 (.), 6, ()) u Qyuxwmii (wy(.),w, (.)) mpu KOTOpBIX
CHHTYJISIpHBIH HHTerpanbHbli onepatop T Gyner orpanuden us GMp ), )w, () (1) B GMp()6,()w,() (). Tlomyuenst
TaKHe K€ YCIOBHUS OIPaHNYECHHOCTH KOMMYTATOPa CHHTYJIIPHOTO MHTETPAIBHOTO ONepaTopa B 3TUX MPOCTpaHCTBax. B
cilyyae, KOTAa TIOKa3aTenud p, O SBIAIOTCA IOCTOSHHBIMH YHCIIAMH, BONPOCH OTPAaHWYEHHOCTH CHHIYJISIPHOTO
MHTETPATBHOTO ONEpaTopa M €ro KOMMYTAaTopa B TMI00ATBbHBIX IPOCTPAHCTBAX PaHEES M3YYaINCh IPYTMMU aBTOPaMH.
W3BecTHBI Takke pe3ysibTaThl 00 OrPaHUYCHHOCTH CHHTYJSIPHOIO WHTETpajJbHOrO OIeparopa B TJIOOAIBHBIX
MPOCTPaHCTBaxX THIIA MOPPH € MEPEeMEHHBIMHU MMOKA3aTeNIIMHU, Koria MHOkecTBO ) C R™ orpaHHYeHO.

KiroueBble cnoBa: CHHTYJSIPHBIH MHTETpaJbHBIN OMepaTop, KOMMYTaTOp, OFPaHHYEHHOCTb, MPOCTPAHCTBA THIA
Moppu, nepeMeHHbIH OoKa3aTesb, HEOTPaHWUYEHHOE MHOXKECTBO, HepaBeHCTBO [ enbaepa.

1. Introduction

The Morrey space My, ; first appeared in [1] in connection with the study of solutions of partial differential
equations. The boundedness of the classical integral operators of harmonic analysis in the global Morrey-type
spaces GMp(y0()w()(€) With constant exponents p, 6 are well studied (see, for example [2]).

Lebesgue space with variable exponent and the boundedness of classical operators in these spaces are
studied in ([3]-[4]).

The Morrey-type space Ly, With variable exponents is also well studied (see [5]). The generalized
Morrey-type space M, w)(Q) with variable exponent in the case of a bounded set QC R™ was introduced
and studied in [6] and in the case of an unbounded set Q was studied in [7].

The Calderon-Zygmund singular integral operator is defined by

TF(x) = f Kt y)f ()dy.
Rn

Here the kernel is a K(X,y)-continuous function on QxQ and satisfies the following conditions
I[K(x,v)| < Clx —y|™ forall x#y,

ly —z|° .
|K(X,y)—K(X,Z)|SCm, J>0, lf |X—y|>2|y—Z|,

lx=¢1°

|KCxe,y) — K& )| < CW )

6>0, if |x—yl>2x—-¢&|

Boundedness of the Calderon-Zygmund singular integral operator in generalized Morrey-type spaces with
variable exponent was studied in [6] in the case of a bounded set

QCR™ , in the case of an unbounded set QCR™ in [7].

Here and below, we denote by B(x,r) the ball centered at the point x € R™ and radius r > 0,
B(x,7) = B(x,r) N Q, QCR™.

The space BMO(Q) is defined as the space of all integrable functions f with finite norm

Ifllzmo = Nfll. = subxearsolBCx, )71 fBa;)V(Y) - fgm)ldy,

— -1
where fyezy = |BCo1)| [y, fO)dy.
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Let b € BMO(Q). The commutator of is defined by Calderon-Zygmund singular integral operator is
defined by

[b,T1f = T(bf) = b(Tf) =f K(x,y)(b(y) = b(x))f (¥)dy.
RTl

Boundedness of the commutator’s Calderon-Zygmund singular integral operator in the generalized Morrey
type spaces was investigated in [8].
Boundedness of the Hardy operator in the variavle exponent Lebesgue spaces was studied in [9].

2. Basic definitions. Preliminary results
Let p(x) be a measurable function on Q C R™ with values (1,c). Let

1<p_. <plx) <p;s < oo, (2.1)
where

p- = p-(Q) = essinfieap(x), P+ = p+(2) = essupyeap(x).
We denote by L, )(€) the space of all measurable functions on €, such that
Jo)(F) = [If ()IPPdx < oo,

where the norm is defined as follows

Ifllpey = inf{n >0, Jpiy (£) < 1}

This is a Banach space (see [8]). The conjugate exponent p’ is defined by the formula

p(x)
p(x)-1"

p(x) =
The Holder inequality for variable exponents p(.), p’(.) (see, for example [8]):
Jolf ) g()ldx < C)If Il gl -

Let P(Q) be the set of measurable functions p(x) for which p:Q — [1, ), P!°9(Q) is the set of all
measurable functions p(x) satisfying the local logarithmic condition:

Ap 1
PO~ PO S ot L Ix—yI <3 vy €q,

where the constant number A, does not depend on x and y. P9 (Q) is the set of all measurable
functions p(x) satisfying (2.1) and the local logarithmic condition. In the case where € is an unbounded

set, we denote by Pi‘jg () a subset of the set P9 () satisfying logarithmic condition at infinity:

_ Ao n

Let Q be a bounded open set, p € P°9(Q) and A(x) be a measurable function on Q with values on
[0,n]. The Morrey spaces L, 1, With variable exponents p(.), A(.) were introduced in [5] with the norm

_A
”f”Lp(_)'l(.) = SuprQ,t>0t p(x)”f”B(x,t)-
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Let w(x,r) be a positive measurable functionon Q X (0,1), where Q is a bounded set, [ = diam().
The generalized Morrey spaces M, ,()(Q) Wwith variable exponent on a bounded domain QCR™ were
defined in [6] with norm

r P(x)

w(x,r)

”f"Mp()'W() SupXEQT'>0 ”f"Lp()(B(xr))

Let w(x,r) be apositive measurable functionon Q x (0,1), where Q is abounded set, | = diam(}, a
measurable function 6(r): (0,1) — [1, c]. The Morrey spaces My, o) w()(€) with variable exponents t on
a bounded domain QC R™ were defined in [8] with the norm

n
1 130, 0000) = S¥Pxe0, |w(x, M) PO flly, o ey

|L 60) ,)

Let w(x,r) be a positive measurable function on Q X (0,), where Q is a unbounded set. The
generalized Morrey spaces My, () (2) with variable exponent on an unbounded domain QC R™ were defined
in [7] with norm

”f”Lp(.)(B(x,r))

”f”Mp()'W() = Supxeﬂ,r>0 W(X,r)

We introduce global Morrey-type spaces with variable exponents on unbounded domains. Let’s put

n , <1
ooy =] 200 T
) n .
m, lf r> 1.

Definition 1. Let p € Pfig (), w(x,r) be apositive measurable functionon Q x (0,0), where QC R™
is a unbounded set, a measurable function 6(r):(0,) - [1,»]. The global Morrey-type spaces
GMp(),00)w()(€) with variable exponents p(.), 8(.) defined as the set of functions with finite norm

_ ~np () |
I N6a, 0000 @ = SUPxea, ”w(x,r)r PNl By Loy (09’

for 1 < 8(r) < oo, with finite norm

”f”GMp(_)_oo,w(,)(Q) = SuprQ,T>O W(x' r)r_np(x'r) ||f||Lp(.)(B(X,T))’

for 8(r) = oo.
Note that, the space GMp(),q,w() () coincides with the generalized Morrey-type space My, ., ) () with
iabl h Fp&r)

variable exponent, where w; (x, 1) = L

Ny (x, r)—M .. . A0)
P77 po we denote the indicated space by via GM Q:

In the case of w(x,r) =r p().00)

A (Q)

p(x)

A0 B
GMy, (5000 (D) = GMp(y 00w |
w(x,r)

—r npr)-Z55

_AG)
r p(x)”f”Lp(.)(B(x,r))

AN -, 20 = SUPyeqn :
My (5,00) @ Y= L g()(0,0)

10
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If p(x) =p = const, 6(r) =6 = const, then the space GM, ) g()w()(€) coincides with the well-
known ordinary global Morrey space GM,, g ,,, (2).
The following condition gives a sufficient condition under which the space GM () g()w() () is nottrivial:

SUPxeq, ”W(x! T') ”L 6()(0,%) < 0o,

In this case the space GM,,() a¢),w()(2) contains bounded functions.
We need the next theorem, which was proved in [7].
Theorem 1. Letp € P229(Q). Then

”Tf"Lp()(B(X,t)) S Ctnp(th) ft r_ Tlp(xﬂ‘)—l ||f||Lp()(B(x,T))dr1

where C is independent of f,x € Qand t > 0.
The next theorem was proved in [10].

Theorem 2. Letp € P29(Q) and b € BMO(Q). Then
1B, T, By < Chut™ D [Z A+ InDr™ PO F|l, o gy dr,

where C is independent of f,x € Qand t > 0.

3. Main Results

Theorem 3. Letp € P9 () and 0,(r), 6,(r) are measurable functionson R, suchthat 1<6, <
0(r) <0,y <o, 1<6,_ <6O(r)<6,, < o.Suppose that the measurable functions wy (x, ) and w,(x, )
satisfy the condition

< o,
Lg,()(0,00)
Then the Calderon-Zygmund integral operator Tis bounded from GM,) e Ow,)(®) 1O
GMp(),0,()w() ().
Proof. Using the Theorem 1 and the Holder inequality with exponents 6, (.), 6;(.), we have:

A = supyeq |[W2(x, 1) | wl(jc,t)t”

Lo () (1,0)

”Tf”GMp(_),Qz(.).WZ(-)(Q) -

- )
SUpren ”W2 (x, r)r~m@r T Ly Br) |L92(,)(0.00) <

Wy (x,7) j Ol peeydt =

r

< Csupyeq
L 620 (0,00)

= Csupye [W2Cor) | waGu O POl ey
T

1
——dt
wy(x, t)t Loy (0,0)

< Csupyeq ||wa(x,7)

|W1 G DNl B || =

L 010 (r,0)

41 (x' t)t Lell(') (r,0)
Lg,()(0,0)
1

wy (x, t)t

< Csupyeq ||wo(x, 1)

supeq, || w1 G OOl f L, sy |
6

ng(.) (0,0)

Lo, () (r,) 10(0,0)

11
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= CAllfNlamyy0,000,0@) -

This means that, the Calderon-Zygmund integral operator T is bounded from GMp(y g, )w,()(Q) 10
GMp(),6,0)w,()(Q). The Theorem 3 is proved.

Theorem 4. Letp € Pff;g (), b € BMO(Q) and 6,(r), 6,(r) are measurable functions on R,., such that
1<6,_<60(r)<6;, <o, 1<6, <0(r)<0,, <oo. Suppose that the measurable functions
wy (x,7) and w, (x, ) satisfy the condition

1

Wy (x,f) || L9'1 0 (T',OO)

wy(x,1)

< 00,

Lg, ()(0,0)

B = supxeq

r

Then the commutator [b, T] is bounded from GM,,(y 6, ()w,()() 10 GMp(y6,0),w,0) (D).

Proof. Using the Theorem 2, the inequality 1 + ln% <f for 0 < r <t and the Holder inequality with
exponents 8,(.), 61(.), we have:

||[b, T]f”GMP(_),QZ(.),wz(-)(Q) -

= SUPyxeq, ”WZ(X, T)r‘ﬂp(x,r)"[b, T]f”Lp(.)(B(x'T)) ||L62(_)(0,oo) =

© AvE -1
< Csupreq, ”W2 (o) f, L+ InDt et ”f”LP(-)(B(x't))dt“L62(.)(0,00) =

wy (x, 1)

[ O A amende
" L g,()(0,00)

w, (x,1)

o - 1
= Csupseq, |22 [ wa (6, O W ED [l mcey i |

r Lg,()(0,)

1
Wl (x' t)

wy(x, 1) ‘
T

| w2 G O EONENL sy ||
Loy 0 () Lg,y()(r,)

< CSupyeq

Lg,)(0,)

1
Wy (xl t)

wy(x,7)

< CSupyeq

supsea, | w1 Co T DNl meery |
6

Lg,()(0,)

r 10(0,0)

Lg'1 ) (r,0)

= CBIlf lenyy0,pmy00 (@ -

This means that, the commutator [b, T] is bounded from GM,,() 6, ()w,()() 10 GMy(y6,0)w,0) (D).
The Theorem 4 is proved.

4. Conclusion
We have obtained the sufficient conditions of the boundedness of the Calderon-Zygmund singular integral
operator and its commutator in the global Morrey-type spaces with variable exponents.

12
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We gave the conditions for the variable exponent (91 (.),0,( )) and for the functions (w,(.),w, (.)) under
which the singular integral operator T will be bounded from GMp,(y 6, () w, () () 10 GMy() 6,()w,) ().
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