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MATEMATHKA ’KoHE MATEMATHUKAJIbIK MOAE/ILJEY
MATEMATHUKA U MATEMATUYECKOE MOJE/IMPOBAHUE
MATHEMATICS AND MATHEMATICAL MODELING

IRSTI 27.31.44
10.51889/2959-5894.2024.86.2.001

0.S. Akhmetoval”, Ye.V. Morozova?, S.A. Issayev?

LAlmaty brunch of Saint-Peterburg University of the Humanities and Social Sciences,
Almaty, Kazakhstan
2Saint-Peterburg University of the Humanities and Social Sciences, St. Petersburg,
Russian Federation
3Kazakh National Women's Teacher Training University, Almaty, Kazakhstan
“e-mail: ah_oksa@mail.ru

REPRESENTATION OF A NON-STATIONARY MODEL OF BAROCLINIC OCEAN
MOTION USING THE FICTITIOUS DOMAIN METHOD

Abstract

This paper presents a groundbreaking non-stationary model, intricately crafted using the fictitious domain
technique, to delve into the complex dynamics of baroclinic ocean motion. This study marks a significant leap
in our understanding of water mass interaction, shedding light on the profound impact of temperature and salt
gradients on sea currents. The methodology uses modified Navier-Stokes equations for viscous,
incompressible flow, considering advection, diffusion, and Coriolis force. The results of this study underscore
the immediate and tangible implications of our research. The solutions unveiled the pivotal role of pressure
and temperature differentiation in the genesis of ocean currents. The analysis demonstrated that by integrating
nonlinear terms and detailed modeling of initial and boundary conditions, we can markedly improve the
precision of water mass movement forecasts. This work underscores the urgent necessity for further research
into dynamic ocean modeling to enhance our ability to predict climate change. This article introduces truly
innovative approaches to numerical modeling, which hold immense potential for the future of the field. These
approaches have the power to transform existing models of sea currents and pave the way for the development
of more efficient methods for monitoring and predicting the state of the marine environment.

Keywords: baroclinic motion, ocean modeling, ocean dynamics, Navier-Stokes equation, Coriolis force,
advection and diffusion, climate change, non-stationary processes in the ocean.

0.C. Axmerosal, E.B. Mopososa?, C.A. Hcaes?

'Anvaruncknii pumuan Cankr-IlerepOyprekoro I'ymanuTapHOro yHHBEpCUTETa TPOPCOKO30B,
r. Anmatel, Kazaxcran
2Cankr-TlerepOyprekuii ['yMaHUTapHBIA YHUBEPCHUTET IPOQCOO30B,

r. Canakt-IletepOypr, Poccuiickas ®enepanus

$Kazaxckuii HalMOHAIBHbIN )KEHCKUH Me1arorMueckuii yauBepcurer, T. Anmarsl, Kazaxcran
IMPEJCTABJIEHUE HECTAIIUOHAPHOM MOJIEJIN IBUKEHUSI BAPOKJIMHHOI'O
OKEAHA C IOMOIIbIO METOJIA ®UKTUBHBIX OBJIACTEHN

AnHomayus
B nmanHO# crathe mpencTaBieHa pa3paboTKa M aHANIW3 KOMIUIEKCHOW HECTAllMOHAPHOW MOJENH IS
W3y4YeHHs IBIKEHHS OapOKIMHHOTO OKeaHa, OCHOBAaHHOM Ha MeTonuke (UKTHBHBIX obOnacteld. Llernpro
WCCIIEIOBAHNS SBJSIETCA YJYYIICHHWE NMOHUMAaHMS MEXAaHH3MOB B3aUMOJICHCTBHUS BOAHBIX MacC, a TaKXKe
BJIMAHUA TEMIICPATYPHBIX U COJICBBIX I'PAANCHTOB HA AMHAMUKY MOPCKUX TEeUYSHUH. MCTOJIOJIOI‘I/ISI BKJIFOYACT
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B ce0sl UCTIONTb30BaHNEe MOAN(DUITMPOBAHHBIX ypaBHeHNH HaBbe-CTokca 1S BA3KOTO, HECXKMMAEMOTO ITOTOKA
C y4eToM aaBeKIuu, 1uPpy3nn u KOpuoInucoBoi cuibl. B pe3ynprare ObUTH TOIYYEHBI pemeHus, KOTOPhIE
JIEMOHCTPHUPYIOT 3HAYUTEIBHOE BIUSHUEC BEPTUKAIBHBIX U TOPU3OHTAIBHBIX AUQQepeHIAIMiA JaBICHUS U
TeMIIepaTypbl Ha (POPMUPOBAHHE OKCAHWYCCKUX TCUCHUN. AHAIM3 TOKa3all, YTO BKIIFOUCHHUE HEIUHCHHBIX
YIEHOB U ACTATHHOE MOACTHUPOBAHIE HAYATHHBIX U TPAHUYHBIX YCIOBHUH MO3BOJISAIOT 3HAYUTEIHHO TIOBBICHTH
TOYHOCTB ITPOTHO30B ABMKCHIS BOIHBIX Macc. PaboTa moguepKkruBaeT BaKHOCTh TaIbHEHIIINX UCCIIeIOBaHNN
B 00JacTM JMHAMUYECKOTO MOJICIUPOBAHUS OKeaHa s 0ojee MPOrHO3UPOBAHUS KIMMATUYCCKHX
n3MmeHeHuil. CtaThsl IpejuiaraeT HOBBIE MOAXOIBI K YHCICHHOMY MOJIEITHPOBAHUIO, KOTOPBIE MOTYT OBITH
WCTIONTE30BAHBI IS YITYUIIEHHS CYIIECTBYIOIINX MOJIETIe MOPCKUX TEYSHUH, a TaKKe IS pa3padoTKu boiee
3¢ (HhEeKTUBHBIX METOJ0B MOHUTOPUHTA U TIPOTHO3UPOBAHUSI COCTOSIHUS MOPCKOU CPE/IBL.

KaroueBbie cjioBa: 0apoOKIMHHOE IBHXKCHUE, MOJCIMPOBAHUE OKeaHa, JMHAMUKA OKEaHa, YPaBHCHUC
Hasbe-Ctokca, KoprommcoBa cuna, aneknus u auddysns, KTUMaTHIECKUEe N3MEHEHNs, HECTallMOHAPHBIE
MIPOIIECCHl B OKEaHE.

0.C. Axmerosal, E.B. Mopososa?, C.A. Hcaes?

YCankr-Tlerep6ypr ['yMaHUTApIIBIK KOCITIONAKTAp YHUBEPCUTETI AnMaThl Guianansl, Anmatsl K., Kazakcran
2Canxr-Ilerep6ypr ['ymanuTtapisik kocinonakrap yausepcureri, Cankt-IletepOypr k., Peceil ®eneparuscel
Kasak VITTHIK KbI3JIap MEAarorukajiblK YHUBEPCUTETI, AJIMaThI K., Kazakcran
KAJIFAH AMMAKTBIK 9JIICI APKBLJIbI BAPOKJIMHAI MYXUT KO3FAJIBICBIHBIH
CTAHUOHAPJIBIK EMEC MOJIEJIIH KOPCETY

Anoamna

Byst jkyMBIC JKanFaH alMaKThIK TEXHHKACBIHA HETI3JICNTCH OapOKIMHUKAIBIK MYXHTTBHIH KO3FaJIbICHIH
3epPTTEYAIH KYypJeli CTallMOHAPJIBI eMEC MOJICIIH Kacay KoHE TalAayAbl YChIHAABL. 3ePTTCYAIH MaKCaThl CY
MaccallapblHBIH 63apa dpeKeTTecy MEeXaHU3MIEPiH, COHIali-aK TeMIepaTypa MeH TY3 TPaJHEeHTTePiHIH TeHi3
aFbIH/IaPBIHBIH THHAMHUKACBIHA SCEPIH TYCIHY XKETUIAIPpY OOIBIN TaObUIaAbL. OicTeMe anBeKkuus, Tupdy3us
xoHe Kopuoauc KyuriH eckepe OTBIPBIN, TYTKbIP, CHIFBUIMANTBIH aFblH YIIIH Moaudukanusuianran HaBbe-
Crokc TeHaeyJIepiH KOJIIaHyabl KaMTH bl HoTHXKeCiHe MYXUT aFbICTaphIHBIH Mai1a 00ybIlHa KbICHIM MEH
TEMIIEPAaTypaHbIH TiK JKOHE KeyJaeHeH Iu((epeHIMAMACHIHEIH €eJeylll ocepiH KOpCeTeTiH MIemiMaep
anbiHabl. Tangay KepCceTKEHJCH, ChI3BIKThI eMeC TEPMHUHJIEPIl KOCY OHE 0acTanKbl JKOHE IIEKapaJibiK
mapTTapbl erKehH-TerKe MOJCNbACY CYy MAacCaChlHBIH KO3FaJIBICHl Typalsibl OOJKaMIapIbIH JQJIIITiH
aliTapipIKTall JKakcapTyra MYMKIiHIIK Oepenmi. JKymbIC KIMMAaTTBIH ©3repyiH Kakchl Ooipkay YIIiH
JUHAMHUKAIIBIK MYXHTTBI MOJICIBICYAl OfaH opi 3epPTTEYAiH MaHbI3BUIBIFBIH KepceTeai. Makaiana TeHi3
arbIH/IaPBIHBIH KOJJIAHBICTAFBI YIITIIEPIH XKaKcapTy, COHai-aK TeHi3 OPTaChIHBIH JKaFJalblH OaKblIay JKOHE
0opkay VIIH THIMIIpEK oicTepni a3ipiey YIIiH maiijganaHyra OOJIATBIH CaHABIK MOAETBACYAIH >KaHa
ToCiIIepi YCHIHBUIFaH.

Tyiiin ce3nep: 0apOKIMHUKAIBIK KO3FAJIbIC, MYXHUTTBI MOJEJbACY, MYXUT JuHaMuKackl, HaBbe-CTOKC
teHaeyi, Kopuonuc kymi, agBekus xoHe TudQy3usi, KIUMATTBIH 63repyi, MYXUTTarbl CTAIIHOHAPIIBIK eMeC
mporiectep.

Main provisions

The developed model is an innovative application of the fictitious domain method to simulate the
unsteady motion of a baroclinic ocean. This approach significantly improves modeling accuracy by
effectively managing complex boundary conditions and integrating various physical processes,
including advection, diffusion, and Coriolis force. The model's reliability is proven through rigorous
validation using real-world data such as temperature and salinity measurements from the World
Ocean Database and the Argo Project. This validation demonstrates the model's ability to accurately
reproduce observed ocean dynamics, including the formation and evolution of baroclinic currents.

The model covers both large- and small-scale ocean processes, offering a comprehensive tool for
studying interactions between different ocean layers. It allows detailed analysis of the effects of
vertical and horizontal density gradients on currents, providing new insights into the dynamics of
internal waves and turbulence. The results of this study have significant implications for climate
research, especially in the context of improving forecasts of oceanic circulation patterns and their
impacts on global climate. The model's ability to incorporate complex initial and boundary conditions

8
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makes it a valuable resource for understanding the long-term effects of climate change on the marine
environment.

Although the current model provides robust simulations, future research should focus on
integrating more complex turbulence schemes and improving the parameterization of small-scale
processes. In addition, the model's applicability to other marine environments and its potential for
real-world ocean monitoring need to be further explored.

Introduction

The study of ocean dynamics plays a critical role in understanding global climate processes, the
distribution of biological resources, and managing the marine environment. Particularly significant is
the modeling of baroclinic ocean motion, which includes the distribution of temperature and salinity,
affecting the density and dynamics of water flows. This research focuses on developing and analyzing
mathematical models that describe non-stationary processes in the baroclinic ocean, considering
various internal and external factors. A baroclinic ocean is a concept in oceanography that describes
a state of the ocean in which the density of water depends not only on pressure but also on vertical
and horizontal changes in temperature and salinity. In baroclinic conditions, density surfaces
(isopycnal surfaces) are tilted relative to constant pressure surfaces, resulting in internal pressure
gradients that give rise to complex flows.

There are several ways to model the movement of a baroclinic ocean, including various
mathematical and numerical approaches to simulate and analyze the dynamics of ocean waters based
on their baroclinic structure. These methods include:

— Primitive equations are a complete set of hydrodynamic equations, including the Navier-Stokes
equations for incompressible fluid and the continuity equation for mass, heat transfer, and salinity.
Models based on primitive equations are often used to model ocean currents in three dimensions and
can include the effects of turbulence and vertical stratification.

— Baroclinic models, focusing on vertically uneven density distribution and its influence on ocean
currents. Such models use approximate fluid dynamics equations to describe internal waves and flows
caused by density gradients.

— Inrigid lid models, ocean surface tension is assumed to be infinitely large, eliminating the free
surface and focusing on currents below the surface. This simplifies the mathematical description by
removing fast gravitational waves from the solutions and concentrating on slower baroclinic and
barotropic processes.

— Climate models incorporate baroclinic processes within broader climate models to study their
influence on global climate change and the circulation of heat and salt in the oceans.

— Hybrid and multiscale model approaches combine different types of modeling to create more
accurate and comprehensive models that can simultaneously account for multiple physical processes
and scales of interaction.

In general, modeling a baroclinic ocean requires a comprehensive approach, including accurately
determining initial and boundary conditions and considering external factors such as atmospheric
forcing and bottom topography. This allows the scientific community to understand better and predict
ocean dynamics, which has important implications for meteorology, marine biology, and climatology.

Our paper uses the fictitious domain method, which can be viewed as part of a broader numerical
modeling approach that includes elements of three-dimensional primitive equations. This method
allows for solving complex problems of ocean dynamics and provides an adequate description of
baroclinic processes such as internal waves and currents caused by density gradients.

The fictitious region method helps to handle geometrically complex boundaries and various initial
and boundary conditions, making it especially useful for problems where standard numerical schemes
may not be effective. This involves modeling in real, irregularly bounded ocean basins, where the
interaction of ocean currents with continental shelves, seamounts, and other landforms must be
considered.
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In summary, our paper applies a method that allows the integration of detailed 3D modeling that
considers baroclinic processes, using primitive equations to describe the underlying physical
processes in the ocean.

Research methodology

Formulation of the problem

Let us consider in the region Q, = Qo X (0,T), Q, = (0, H) X D, the following
equations of motion of the Baroclinic Ocean.

1. Equation describing the change in the speed of water in the ocean:

ou OZA N
ot v -Vu = 05,z T Ul — Vp — [ x 1,
where
ou . . . . o
- a—? — time derivative of speed, showing the change in speed with time;
— (v - V)u — advective term describing the transfer of velocity by flow;

o%u
- Hogz + pAu — diffusion terms modeling viscous effects;

- Vp — pressure gradient;

- [? X U] — Coriolis term describing the effect of the Earth's rotation on the movement of water.

2. The continuity equation, which shows that the mass of water is conserved, i.e., neither its
creation nor its destruction occurs:

ou dv ow

—+— =0, v =(u,v,w), u=(,v), P=(¢7¢
w3yt o (u,v,w) () (6, 2)

3. Hydrostatic pressure equation relating pressure changes to the depth, water density p, and
gravitational acceleration g:

d
a_z = —pog, P = Ao + by, (1)

4. Equation for temperature 6

iad vV)0 = A 0% AAO
gt T OV0 = o7 + 406,

this equation describes the change in temperature in water, taking into account advective transport
and diffusion.

The initial conditions for the model were established based on a combination of data, including
satellite measurements of sea surface temperature, salinity, and sea current data obtained from various
international oceanographic databases such as the World Ocean Database [1] and Argo [2]. These
data provide information on worldwide vertical temperature and salinity profiles, allowing our model
to start with a realistic ocean state.

At the water surface, boundary conditions were set for velocity and temperature, which vary over
time according to seasonal changes measured from satellite data. This data helps the model account
for significant annual variations for long-term modeling.

Boundary conditions for the above equations:

10
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— initial conditions for speed and temperature:
ﬁlt:o = ﬁo(x:ylz)! 6|t=0 = Ho(x,y,z),

Also, on the ocean floor and at the lateral boundaries of the modeled area, impervious conditions
for water flows and zero gradients for temperature and salinity were applied to provide a realistic
simulation without artificial influence on the system.

— at the upper and lower boundaries of the water column, the velocity z and the derivative
concerning z are equal to zero:

o ~ ~
P =ul,=0 =0, ulgp, =0, z€[0,H], (2)
z=H

— temperature and horizontal velocity components are also zero at the lateral boundaries of the
domain

W|2=0 = W|Z=H = 0, 9|aDO = 0, YIS [O,H]

Applying these initial and boundary conditions is critical to the accuracy and realism of the
simulation results. Using accurate data for initial conditions allows the model to reflect the current
state of the ocean adequately. Adaptive surface boundary conditions that reflect seasonal and weather
changes will enable the model to track dynamic changes in the ocean, such as thermocline formation
and breakdown and changes in salinity currents, which is especially important for long-term and
climate modeling.

The presented system of equations (1) and conditions (2) models the dynamic behavior and
thermodynamic processes in the baroclinic ocean, considering hydrostatic equilibrium and the
influence of external forces.

Using the above method in works [3,4], the system of equations (1) is reduced to the following

ou . 0%u L= -
ETA + (WV)u = #oﬁ"‘ uAu — V& — [# X u] + Vh(x,y,z,0),
H ,, -
fo divudz = 0, (3)
%9 + (WV)6 =2 9%6 + 146
gt T VP TG '
a
§ = plomo, f,, Edxdy =0, Z =0, 4)

Z
V= (u,v,—f divﬁdz)
0

This modification of the system of equations (1) makes it possible to more accurately simulate the
movement of water in a baroclinic ocean, taking into account additional effects, such as changes in
water volume and the impact of external factors on the system's dynamics.

Along with problems (2) and (3), we consider in the domain Q, the following system with a
small parameter:

258 — —
TU t uduE — Ve — [€x U] + Vh(x,y,2,0) - "2uE, (5)

a_ﬁs 5E 7€ —
Y + (V*V)u® =y, 3

11
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H ,, - 0&¢
[} diviidz =0, % =, [, &edxdy =0, (6)

00¢ 0%0¢ n(x)
£ £ E __ &
5t + (VEV)0% = A, Py + 1A0 — 0¢,

where the function n(x) is given as follows:

The boundary conditions for systems (5) and (6) have the form:

ﬁ€|t=0 = l_io(x,y,Z), 98|t=0 = eo(x'y' Z)'

0¢|ap, = 0, 17€|anz =0, z€[0,H] (7
ous Jut (t.y) €D

= o XY 2-
0z 1m0 0z et

Definition 1. A generalized solution to problem (5)-(7) is a pair of functions {u#, 8¢} such that
U(x,y,2,t) € Lo(0,T; V3(Q,)) N Ly(0,T; V3(Qy)),
0¢(x,y,2,t) € Lo, (0, T; W3(Qy)) N L,y (0,T; W3(Qy)),
and satisfying the following integral identities:
T
f f {@5. + GNGT — poiisp, - uVi G - [£ x UG — LG — haivip) drdydzdt +
0 Q,

+ fﬂzﬁ(’(ﬁltzo dzdydz = 0, (8)

T
f f (059, + @EV)PO° — 1054, — AVO"Y — gefw} dxdydzdt +

+f 0| ;= dzdydz = 0,
Q

2

for any

P(x,y,z1t) € C* (o,T; Vzl(Qz)); P(x,y,2,t) € C(0,T; W)t (),

such that @|.—r = 0, Y|,y = 0.
Let us obtain a priori estimates of solutions. Assuming in identities (8) @ = u¢, ¥ = 6%, we obtain

12
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&li)%{”ﬁg”lzzz(ﬂz) + ”68”1242(92)} + MOllﬁgllzz(Qz) + /10”92‘2”1242((12) + M”Vﬁs“iz(Qz)
+ AIVOENI7, o, +

l 682 “‘Sdedd <C hZ —ol|2 902
+2 [(65)? + (u®)?]dxdydzdt ; < C{|[RlI} o, + 17117, o,y + N16°117, 0,0 }-
0 Q,

Now from the inequality |||l ,,q,) < C(I|62||L2(Q2) + 1), we obtain the estimate

g?ix{”ugllltz(ﬂz) + ”9£||L2(92)} + Ho IuZ”Lz(Qz) + /10||98”L2(Q2) + ‘ullvuflle(Qz) + /1||V9£||L2(Q2)

+
) ©
+E(”ﬁg”i2(Q1) + ”68”1242((11)) = C(||ﬁ°||i2(Q2) + ”00”1242((22))’
where Q; = Q, x [0,T].
Lemma 1. Let u°(x,y,z) € V}(Q,), 6°(x,y,2) € I/I'/Z1 (©2,). Then estimates (9) and
7€ 0
ez “L4/3(0,T: Vzl(Qz)) + 16 ”L4/3(OT Wi (92)) = < Gig, (10)
where C;e » o ate — 0..
Proof. We get (10). To do this, multiply (5), (6) by $(x,¥,2,t) € L, (0,T; V2(2,)) and
Y(x,y,z,t) €L, (0, T; W2 (Q,) N W4 (QZ)) respectively. We have
| @ gda, - f (F*V)FudQ,
Q2
- f (105, + uVEVG + [E x 8] + 27 + hdivg] dQs, (11)
Q2
1
f 0iYdQ, = f(i?‘W)l/)H%in - f [/1092“"1/1 + AVOEY +;981/J] dQ,. (12)
Q2 Q2 Q2

Let us consider identities (11), (12) as the relation of linear functionals over the spaces V,} (Q,)
and W.2(Q,) N W1 (Q,).

[0, 8(a,at = [ 1120, 5o, de + [ 1120, 5O)]n, dt (13)
0 0 0
j (L3 (), (O] q,dt = j [La(D), 3(O)]a, dt + j [Ls(D), 3(D)]a, dt (14)
0 0 0

Let us estimate the functional Ly(t). To do this, we note that the inequalities take place
13
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|[L1(8), (D], | = f(vsvﬁpuedxdydz < CllvellL ey X 12l 0, X VO, @, <

1 1

< Iy X (T2 ) % N2, ) % 1z,
3 1

< C[|vus ”L @ * ”ﬁg”imz) X N1llwz )

|[L,(0), (ﬁ(t)]92| = f [,uouzgoz + uvVusve + [{’ X U] + Qﬁ €9 + hdivp | dxdydz| <

Q;

- — R 1 . R
< € (I@Msy0 + 170 g ) + sy 18Tz + 5 18 Ly 10
< Czellqﬁllwzlmz)

From these inequalities and Holder’s inequalities, the following:

w

3 1
Z T )

T

N —114
[111®,6@q,de < max @l f 176l oy | % | [ 180200, |
0 0

1

2 T 4

T
j[l;z(t), @(t)]ﬂzdt S C3€ j”a”‘Z/VZZ(QZ) S 648 '[”(ﬁ”;/ZZ(QZ)
0 0 0

By Riesz's theorem on the representation of a linear functional

L, (Ol |f0T[L1(t).<ﬁ]92 dt| .
W = sup _ < Cee,
1 L4/3(0,T,W22(92)) ¢EL4(0,T;V22(QZ)) ||‘p||L4(o,T;V22(QZ))
120, Bl ] _
IO, o) = 0 e

PEL (OTV2 (Q, )) ”(p”L4(0TV2 Q, ))
and from equality
Lo(t) = Li(8) + L, (2),
Should
||Lo(t)||L4/3(0,T;W2-z(92)) < Ceg, Coe > 0 npu € - 0.

Using Riesz's theorem again, we obtain

7€
<
”ut ||L4/3(0,T;W2_2(Qz)) —_— C6£

Consider in the domain £, the linear operator

14
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Lw = .uowzz + .ulAW - V¢,

acting over the space V,(0,).

It is known that the operator L is closed, symmetric, and its range of values fills the entire
space V,(9,),, so it is self-adjoint. Since the set of functions bounded in V,} (€,) is compact in V,(Q,),
then the operator L™1 is completely continuous.

From these properties of the operator L[w] it follows that the spectrum y = y4,¥5, ... is discrete,
its negativity, finite multiplicity, tendency A;,k — oo, orthogonality and completeness of
eigenfunctions in the metric L,(Q,) and V,(£,).

The eigenfunctions w; are solutions to the problems

LW; = UoWj,, + i Aw; — V§; = y;w,

H
jdiijdz =0, Wflapo =0, z€[0,H] (15)
0
ow; .
0z - Wf|z=o =0 (x,y) € D
z=H

Inside the region Q. they are infinitely differentiable. The smoothness near the boundary 01, is
determined by the smoothness dD,.

Theorem 1. Let u%(x,y, z) € L,(Q,), 0°(x,v,z) € L,(Q,). Then problem (5)-(7) has at least
one generalized solution and estimates (9), (10) are valid.

We will carry out the proof using the Galerkin method. We will look for approximate solutions

ul(x,y, z,t) in the form of finite sums
N

B0y 20 = ) aw®) - Fel,y,2) (16)
k=1

where w,, — is the basis V,(€,) from the solutions of problem (15) orthonormalized in L,(Q,).
We will find the functions 6 (x, v, z, t) as generalized solutions to the problem

n

oN + (B - V)Y = 2,68, + 106Y — ;95, (17)

where
AR (uév,vév,—fozdiv uldz) (18)

To determine the coefficients ay (t), we require that relation (18) be satisfied

f ([% + (52 - 9)aN i + uotliw, + pvavw, + [€ x @], + h(6V1)divw,
Qs

4 gﬁ{vaj}dﬂz —0,
which is a system of N ordinary differential equations [5]

N d (t) N N
ank j
Z —dr + Z Bijkaniank + Z YixCnik = fn»
k=1 k=1 k=1

j=12,..,N,
15
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where

ﬁijk = f (W] ' V) WiWkdxdde,
Q;

. — - 1 n_._.
Yjk = f [Moszsz + uVw;Vw, + [f X wj]wk + ijwk] dydxdz,
Q

2
fa=—1 h(O" Hdivw,dxdydz
Q;

The initial data for equation (18) are taken from the expansion of u°(x,y,z) over the basis {Wj}

z aw;, aj = j uw; dxdydz,

Q;
in the following way
aNk(O) = Qayg, k = 1,2,3 ,N (19)

Lemma 2. For any N = 1,2, ... there is a unique solution {uY, 8 } to problem (16)-(19) and the
estimate uniform in N is valid

1
=N |2 =N |2 =N |2 =N |2
gg%llué"llhmz) +uollud llz, g, + tllud NIz, q,) + . Nwd NIz, Q) +

1
+ gggglwévllfz(gz) + 20ll0 117, q,) + MO NE, o, + Z 162112, <

(20)
= C(”uO”Lz(Qz) + ”9 ”Lz(ﬂz))
Proof. Multiplying equation (17) by 8~ and integrating by parts, we have
max 102117, a,) + A0l 1L, ) + N6, 0,) + 2 ||9”||L2<Q1> < ClIO°lZ, can) 2D

0<t<T

Next, multiplying the j*" equation of system (18) by C;(t) and summing over j from 1 to N, we
arrive at the inequality

maxIIuQ’IILZ(QZ) + .uo||ulsv||L2(Q2) + ll”ufsV“Lz(Qz) +- ”us ”Lz(Q1)
< C(IE°11Z, a,) + 1RO MIE, o)

This equation and (21) give an estimate (20).
Let us show the solvability of a problem (16)-(19). To do this, we choose in the space C(0,T) a
bounded convex set

k={p(); lpl<Cy, ;(0) = qa;, i=1.2,..,N}

Let's form a vector
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Let's find a solution to the problem

0, + (®* V)8 = 10,, + 106 —

ml:

where
6* = Cl)l,CDZ,—fdivadZ )

The theory of boundary value problems for parabolic equations guarantees the existence and
uniqueness of a solution

6(x,7,2,t) € Lo, (0, T; Ly (Q3)) N Ly (0, T; WE(Q,))

We use the found function 8 to solve the system

f ([®. + (@ - V)&, + o ,7,, + uVBViW, +

Q;

(22)
' = . - N T] ~_.
+[€x @ + h(B)diviv; + - w;} d,
Solvability of the Cauchy problem

@l(O) = j &)Wldxdydz = ai(O),
Q;
This system follows the theory of ordinary differential equations. Let us denote its solution @(t).
Thus, the mapping A: k — C(0, T) is constructed. Estimate (20) guarantees that the set k is
mapped into itself. Let us check that the mapping A: k — k is compact. To do this, multiply (22) by

0P, :
% and sum over j. We get

+ul[ v,

~ 7] ~n2
(& ”Lzmz) 2dt [“OHQ ”L @) L2(0) E”cD”Lzmz)] =

== j {[2 X $] O, + (6* V)P - D, + Vh(é)CT)t} dxdydz,
Q,
From here, we have

.11, g, + 1V,

~ T} ~ 112
| ”Lz(ﬂz) Zdt [”Ol L2(92) L2(22) E”cD”Lz(nz)]S

<c(

~n2 2
C(Q XV, o+ ||Vh||L2(QZ))
< C,, then the inequality is true

C(Q)_

~ 12
1%l 0, =

17
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Thus, we have obtained that the operator A takes the bounded set k from C(0,T) to a set from
W(0,T), which, by the embedding theorem, is compact in (0, T). This means that it is completely
continuous, and, therefore, satisfies all the requirements of Schauder’s theorem [4], and has a fixed
point. From the construction it is clear that it is unique. Lemma 2 is proven.

It is easy to verify that for the approximations {u¥, 8¥} Lemma 2 is true, i.e. there is an assessment

27 N
”uet ” Li(O'TIVZ_Z(QZ)) + ||9$t ” Li(O,T,WZ_Z (QZ)) S CS (23)

3 3

Estimates (20), (23) guarantee that from the sequence {uY, 8} one can select sequences {u2, 6N}
that converge as N —oo: weakly in {L,(0,T;Vi(Q,)), L (0,T; W3(Q,)) } —weakly in
{Leo (0,T3V5(22)), Leo(0,T; L5(Q2))}, strongly in {L,(0, T; Ly(02)), L5 (0,T; Ly (02,)) ).

These properties of the approximations allow us to go to the limit as N — oo in identities the (8)
written for uY, 8. This means that the limit functions u¢, 8¢ satisfy identities (8) and, therefore, are
a generalized solution to problem (5)-(7). Theorem 1 is proven.

Let us pay attention to the fact that the approximations {uY, 8}, constructed in the proof of the
theorem, have the same properties concerning N and ¢ (except for the latter). This allows us to go to
the limit in integral identities as € — 0, and thus obtain that the limit {u, 8} of the sequence uY, 8Y is
a generalized solution to problem (2)-(4).

Let us estimate the rate of convergence of solutions as € — 0.

Let us continue the functions u, 8 into the region D, by zero. The functions ¢,y from identities
(8) satisfy the relations

Let us pay attention to the fact that the approximations {uY, 873, constructed in the proof of the
theorem,

f (@@ + (5 VVTG + 1otl, @, + uVavg + [¢ x @] — Vh(0)@)dxdydzdt —
Q2

— Iy Jpa, @ + €3 - 1] d(00)dt = 0 (24)

T
. 20
j{etw + (v-V)OY + 1,0,¢, + AVOVY }dxdydzdt —J J %llld(aﬂo)dt =0
Q2 0 99,

For the difference w = u® —u, n = 0% — @ itis true

| G+ - VG — - i + 1w, + VG + [7 %]
Q1
+ V[h(6%) — h(0)]@}dxdydzdt =

= I3 foo, [ + €5 71| d(20)at, (25)

T
00

f{ntlp + [(vE-V)BE — (v - V)0 + Agn, Y, + AVnVY}dxdydzdt = f f %wd(aﬂo)dt =0

QZ 0 BQO

Assuming in (25) ¢ = w, ¥ = n we have

18
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1, 2 _ _ 1
> ||W(t)||L2(QZ) + UollWz 17, g + 1lIVWLIIZ, g, + > INIZ,qp + 2olnzlIZ, @ + AlMIIE, @, <
(26)

f (5 - VYW — (5 - V)iiw + V[A(0°) — h(0)]W)dxdydzdt| +

f fl w+éEw- nld(aﬂo)dt + Of f—nd(aﬂo)dt +

j{(ﬁs -V)0%n — (v - V)On}dxdydzdt
Let us estimate the boundary integrals

W, @00, dt <

T T
faﬁ*d(aﬂ )dt <] ou
6nW 0 - on

0 0 L2(890)
<C f”Au”LZ(QO)”VW”L (Q, )”W”L (Q, )dt =< C”VW”L 2(Q, )”Au”Lz(Qo)”W”Lz(Q )y =

1 =113
||Vw||L2(Q2)+661 IVl (Q)[IIW”L (@ T I ”Lzm]

T
06 5 i
[ [ Senanpde| < Zonit, o, + 51T [l g + Il |

2
f f Ewnd(aﬂo)dt S ”VW”LZ(QZ) + C63 1”VE”L (Q ) [”W”L (Q ) + ”W”L (Q )l
0 90,

We estimate the integrals over the area as follows:

—
f (3¢ - V)W — (5 - V)uw]dxdydzdt| = f @-V) W7+(W-V)ﬁ£v7] dxdydzdt| =

Q2 Q2

- j W - Vutwdxdydz| < ClIIWlIZ, (o) IVEENIZ, q,) <
Q2

= CllVW”Lz(Qz)”W”LZ(Qz)llvag”LZ(Qz)

Ou . o _ _
< S IVWIE @ + €O HIVEEIIE, ) IWIIE, o, + IIWIIE, o))
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f[(l?s-V)Hsn — (v-V)On]dxdydzdt| = J(W-V)ng]dxdydzdt <
Q2 Q2

- _ _ .
< S IVWIIE, o) + CO5 M IVOCIIL, ) [IIWIIZ, ) + IIWIIZ, (o))

f V[R(6%) — h(6)|Wdxdydzdt| =

Q2
T

= |- f h' [y6¢ + (1 —y)0]-n x divwdxdydzdt + J J h(@)w - nd(0Q,)dt
Q2 0 99,

IA

< 86lIVWlIZ, o)

+ C(S‘6_1 Ilh,lz(”r]”iz(Qo) + ”n”%z(Qﬂ)
2 2 :
—n3 —13 112 3
+ <”W”L2(Qo) + ”W”Lz(Q1)> 7'l ”Ve”Lz(Ql)l

Thus, for sufficiently small §;, i = 1,2, ...,6, excluding from the right side of the norm
||W||L2(QO), ||77||L2(Q0) we get the inequality

£;§{||W|liz(ﬂz) + ”77”[2,2((22)} + MO”Wz”[Z,Z(QZ) + H”sz”iz(gz) + /10||Uz||1%2(92) +

1,
AV, 0, + < (W1 o,y + I11E, o)
2 2

< G |IFIE o)+ 101E o + IT1Z,cap + 1117, cay)

from which it follows

()rgtasg{llwlliz(gz) + ||77||z2(92)} + #o”VT’z”%z(nz) + H”sz“iz(nz) + /10”772”?,2(9.2) +

1
+A||Vn||,%2(92) < C4_ [€§ + S].

Thus, the following theorem is proven
Theorem 2. Let u°(x,v,2) € V+(Qy), 8°(x,v,2) € W} (Q,), 3Q, € C?.. Then the following
estimate holds

— =112 z
lu® — u“Loo(O,T;VZ(QZ)) +116° - 9||L°°(0,T;L2(Qz)) *

1
3

[l —ull? +116° — 6|7

Leo(0T372(22)) Loo (0,703 (022)) < Cse

Remark 1. The proposed method in [6] was used for numerical calculations. The calculation
results show the technique's effectiveness when the region under consideration 2, has a curvilinear
boundary.
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Results of the study

Quantitative estimates of model accuracy

To determine the accuracy and reliability of our model, we used the following mathematical
methods and statistical analyses:

1. Standard deviation according to the formula:

1 n
S= |- = Vi)?
S NCREAY

=1

where x; are the expected values of the model; y; - observed data; n is the number of observations.

Moreover, observed values are the real ocean temperature measured at various points; predicted
values are results from our ocean model for the same points.

2. Pearson correlation coefficient

o LG D0i—7)
\/Z?:l(xi _)Z)Z ?zl(yi _)—])2
where X, y are the average values of the estimated and observed values, respectively.

Temperature data were taken at the end of spring in the temperate latitudes of the North Atlantic,
off the European coast [1] (data are presented in Table 1).

Table 1. Temperature data

N Observed Temperature (y;, °C) Predicted Temperature (x;, °C) Error (°C)
1 14,00 13,50 -0,50
2 15,20 14,80 -0,40
3 16,10 16,30 0,20
4 17,80 18,00 0,20
5 18,50 18,10 -0,40
6 19,00 19,40 0,40
7 20,20 20,00 -0,20
8 21,50 21,80 0,30
9 22,00 22,20 0,20
10 23,00 23,50 0,50
Standard deviation 0,349
Pearson correlation coefficient 0,996407

Thus, from the calculations obtained, the following conclusions can be drawn:

— the standard deviation showed that the model was in error by 0.349°C relative to the observed
values, which is quite acceptable;

— the Pearson correlation coefficient between predicted and observed temperature values is 0.996,
indicating a robust positive correlation. This result shows that the model reproduces observed
temperatures very accurately, indicating high reliability and accuracy.

Discussion

Small-scale processes such as small-scale turbulence and internal waves significantly impact
ocean dynamics and structure. These processes affect vertical and horizontal mixing, which, in turn,
is critical to the accuracy of modeling parameters such as temperature, salinity, and water circulation.
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Internal waves arise at the boundaries of different water densities and can transfer energy over
long distances. In modeling, these waves are essential for predicting nutrient and biomass dynamics
and understanding general water circulation processes. To account for internal waves in numerical
models, a parameterization reproduces their effect on mixing and turbulence without the need to
model each wave separately.

Our model uses the Navier-Stokes equations in the baroclinic formulation in equations (1) and (4)
to describe internal waves. These equations allow us to consider the influence of changes in density
caused by temperature and salt gradients on the dynamics of flows.

Small-scale turbulence plays a key role in the vertical and horizontal transport of heat, salts, and
biochemicals. It is caused by viscous effects and flow instabilities and is described in our model by
parameterizing the turbulent exchange of momentum and mass. The equations of motion (1) use the
diffusion term puAu, which models vertical and horizontal diffusion, which is important for describing
turbulent processes on small scales.

The study's model integrates dynamic equations, taking into account the influence of small-scale
processes through parameterization. These parameterizations allow the model to effectively
reproduce the overall flow pattern without delving into each small-scale process separately. This
approach helps balance computational efficiency and model accuracy.

Future versions of the model are considering introducing more complex turbulence schemes, such
as turbulence kinetic energy equation (TKE) and mixed long-period scaling (LES) approaches, to
improve the modeling of small-scale dynamics. These methods allow for a more accurate description
of the distribution of turbulent energy and its interaction with averaged flow fields.

In addition, work remains to integrate observations of small-scale turbulent structures obtained
using satellite technologies and autonomous underwater vehicles for model verification and
calibration, improving the accuracy of forecasts of water mass dynamics at small scales.

Conclusion

This paper developed and analyzed a non-stationary model of baroclinic ocean motion using the
fictitious domain method. The model covers key aspects of water mass dynamics, including advection
processes, diffusion, Coriolis force effects, and temperature changes. The modeling results confirm
the importance of considering vertical and horizontal gradients of pressure and temperature in
predicting the movement of ocean currents.

The main conclusions show that the proposed model can reproduce the known characteristics of
baroclinic currents with sufficient accuracy and can be used for a more detailed study of the influence
of various factors on ocean dynamics. It was also demonstrated that including additional nonlinear
terms in the model and considering multiple initial and boundary conditions can improve forecast
quality and increase numerical schemes' stability.

However, despite the progress achieved, several limitations must be considered. In particular,
further study of the influence of small-scale processes and turbulence on modeling accuracy is
required. It is also important to conduct additional research into the impact of climate change on
model parameters, including temperature and salt regimes.

We hope that the results of this work will serve as a basis for further developments in modeling
ocean processes and contribute to an improved understanding of the complex interactions of climate
and their consequences for marine and coastal ecosystems.
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PEIIEHUE OBPATHOWM 3AJAUA ®APMAKOKHWHETHUKH
C IMHAMMWYECKUM TAPAMETPOM

Annomayus

CaxapHsprii muabeT Bce emle SBISIeTCS OJHON M3 CYIIECTBYIOIINX AKTYalIbHBIX TIIOOATBHBIX TPOOIEM,
HYXJAIOUMXCS B pelleHud. M1 ogHMM W3 MHCTPYMEHTOB AMArHOCTUKU CAaxapHOro AuadeTra MOTIYT CTaTh
MCTOAbl MAaTCMATHUYCCKOI0 MOJACINPOBAHU. B IL':IHHOI‘/'I CTaTbC pCain30BaHbl METOABI PCIICHUA o6paTme
3aJa4 Ui BOCCTAHOBJICHHUS MapaMeTpOB MAaTeMaTHUYECKON MOJENH TIIOK03bI-C-enTH A OIpeeleHus
o0beMa BBIPAOOTKH MPUPOAHOTO MHCYJIMHA M YyBCTBUTEIBHOCTH MOJDKEIYIOYHON ele3bl K rimokose. B
paboTe paccMaTpuBacTCsi paclIMpeHHAsh JBYX-KaMepHas MaTeMaTHYecKas MOJeNlb cocrosimas u3 4
OOBIKHOBEHHBIX A depeHaIbHbIX YpaBHEHUH, 7 TapaMeTPOB M OJHHUM MapaMeTPOM H3MEHSIOMIUMCS 110
BpeMEHH, 0003HavYaro1ii, BBOAUMBI BHYTPUBCHHO, KOHLIEHTPALUIO TIIOKO3bl. OnpeaeneHrue napaMmeTpon
OCYILECTBEIEHHO C IOMOIIBI0 METOJOB pelIeHHs OOpaTHBIX 3ahad, Hcmonb3ys Mmerox JleBeHOepra-
MapkBap/Ta ¥ JONOJTHUTENbHYIO HHPOpMaluio o auHamuke C-entuaa. Takxke ObUT pacCMOTpPEH Ciy4dai ¢
10% 1myMoM B IaHHBIX ¥ CPaBHEHHE PE3YJIbTATOB

KiroueBble cioBa: MaremMaTHdeckoe MOJENUpOBaHME, (PapMakOKWHETHKa, oOpaTHas 3azaya,
uaeHTuUKaus, ontumMu3saiys, Meto] Jleeenoepra-MapkBapTa.

XK.M. Bektemecos!, M.A. Bexremecos?
Lan-®apabu aTeinarsl Kazak yiITTBIK yHUBEpCHUTETI, AnMarthl K., Kasakcran
2AGaii aTeingarel Kasak yITTHIK II€1aroruKaibK yHUBEpCUTETi, Anmarsl K., Kazakcran
JUHAMUKAJIBIK TAPAMETPMEH ®APMAKOKHMHETWJ/IBIK KEPI ECEIITIH HIEIIYI

Anoamna

Kant nuaberi ai1i Jie mieny i KakeT eTeTiH 03eKTi xkahaH bk ipobieMaap sl 0ipi 00JIbI Ta0bLIa bl Al
KaHT qua0eTiH AUarHOCTHKAJIay KYPaIJapbIHBIH Oipi MaTeMaTHKaIbIK MOJAEIBACY 9ICTepi OOMYbl MYMKIH.
Byn makanaza MHCYJIWHHIH TaOUFU OHIIPICIHIH KOJEMIH JKOHE YHKbI O€3iHiH IIIIOKO3aFa CEe3iMTaJIbIFbIH
aHBIKTAy YLIIH ItoKo3a-C-MenTUAIHIH MaTeMaTHKAJIBIK MOJIENIiHIH MapaMeTpiepiH KajlblHa KeITipy YUIIH
Kepi ecenTep/i IIemry 91icTepi Ky3ere achlpbuiaabl. JKympicta 4 koniMri quddepeHnnanapK TeHIeyAeH, 7
napaMeTp/ieH jkoHe Oip yakKbIT OOWBIHINIA ©3TepeTiH MapaMeTpAeH TYPaThblH KeHEUTIIreH €Ki Kamepalbl
MaTeMaTHKAJILIK MOJIEIb KapacThIPbUIA bl YaKbIT OOHBIHIIA ©3TePETiH MapaMeTp TIIFOKO3aHbIH KOKTaMBbIP
iTITiHe eHTi31ITeH KOHIeHTpalusIchiH Oenrineiini. [Tapamerprep JleBeHOepr-MapkBapIT o/IiCiH KOJIJaHBIT Kepi
ecenTepIi Ity 9/1icTepiH xoHe C-TeNnTUAIHIH JUHAMHAKACHI TypaJibl KOCHIMIIIA aKITapaTThl KOJIAaHy apKbIJIbI
aasIKTaIEL. Jepextepne 10% mry Gap >xarmail 1a KapacThIPBUIBII, HOTHXENIEP CATBICTHIPHUIIBL.

Tyitin ce3mep: MaTeMaTHUKAIBIK MOJENbACY, (apMaKOKHHETHKA, Kepi ecel, CoMKecTeHIipy,
OHTainanasIpy, JleBenOoepr-MapkBapa saici.
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SOLUTION OF THE INVERSE PROBLEM OF PHARMACOKINETICS
WITH A DYNAMIC PARAMETER

Abstract
Diabetes mellitus is still one of the existing pressing global problems that need to be solved. And one of
the tools for diagnosing diabetes mellitus can be mathematical modeling methods. This article implements
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methods for solving inverse problems to restore the parameters of the mathematical model of glucose-C-
peptide to determine the volume of natural insulin production and the sensitivity of the pancreas to glucose.
The work considers an extended two-chamber mathematical model consisting of 4 ordinary differential
equations, 7 parameters and one time-varying parameter, denoting the intravenously administered glucose
concentration. The parameters were determined using methods for solving inverse problems using the
Levenberg-Marquardt method and additional information about the dynamics of the C-peptide. The case with
10% noise in the data was also considered and the results were compared

Keywords: mathematical modeling, pharmacokinetics, inverse problem, identification, optimization,
Levenberg-Marquardt method.

OcHoOBHbBIE 110JIOKEHUS

B nmanHOM cTaThe MPEACTABICHO MCCIEAOBAHUE HA TEMY JAMAarHOCTUKH NPUYHH BO3HUKHOBEHUS
caxapHOro jauvabera METOJaMH MaTeMaTUYEeCKOro MOJICIMPOBAHUS M YHUCICHHOTO pemieHus. B
IIEPBOM pa3JieNie CTaThbi NOJPOOHO PaCCMOTPEHBI MOTHBBI IIPOBEACHUS 3TOTO UCCIIEJOBAaHUS, KaK B
rJ100aJIbHOM KOHTEKCTE, TaK M C aKLEHTOM Ha curyauuio B Kazaxcrane. Yka3zaHo, 4To caxapHbIi
auabeT MpeacTaBisieT cOOON He TOJIbKO CEphe3HYI0 MEAULMHCKYIO IMpo0IeMy, HO U 3HAYUTEIbHOE
comuanbHOoe Opems. [Jlamee B crarbe OOCYXKNAIOTCI MEXAHW3Mbl BO3HUKHOBEHHS U
IIPOrPECCUPOBAHUS ITaHHOTO 3a00JI€BaHMs, C aKLIEHTOM Ha KJII04eBble OMOMEAMIIMHCKUE TPOLIECCHI.
Oco0oe BHHMMaHHE YJEJIEHO IOCTPOCHUIO MAaTEMaTHYECKOM MOJENH, KOTOpas OIMCBHIBACT 3TH
IPOLIECCHI, BKIIIOYAsl TIOCTAHOBKY NPSAMOM 3a/1auH, a Takke 0OpaTHOM 3aauu. DTO MO3BOJISET Ooliee
TOYHO aHAIM3UPOBATH JAHHBIC W BBIABIATH KIIOUEBbIC (PAKTOPHI, BIUSIOUINE HA pa3BUTHE nuadera,
YTO B KOHEYHOM UTOTE CIIOCOOCTBYET YIyUIIECHHUIO TUAarHOCTUKU

Hanee B paboTe peanu3oBaHbl METOJbl PEIICHUS OOpaTHBIX 3ahad Uil BOCCTaHOBJICHUs
[apaMeTpoB MaTeMaTHYeCKOW MOJAENIH TIOKO3bl-C-eNTH], C LENbl0 OIpeAeieHus o0bema
BBIPAOOTKH TPUPOJHOTO WHCYJIMHA M YYBCTBUTEIBHOCTH ITOKEIYIOYHOW KeNe3bl K TIIFOKO3E.
Hccnenosarenu HCIIONB3YIOT PACUIMPEHHYIO IBYXKAMEPHYIO MaTEMaTHIECKYIO MOJEIb, COCTOALLYIO
U3 4eThIPEX OOBIKHOBEHHBIX U (epeHINaTbHBIX YPABHEHUI U CEeMU TapaMeTPOB, OAUH U3 KOTOPbIX
U3MEHSETCA CO BPEMEHEM, INPEJICTaBIsAsl KOHLEHTPALMI0 BBOAMMOW BHYTPHUBEHHO TJIFOKO3BI.
OmnpeneneHue MapaMeTpoB BBIMOJIHEHO C TOMOIIBIO METOJOB peEIIeHUs OOpaTHBIX 3ajiad, B
yacTHOCTH Mertona JleBenOepra-MapkBapara, JOMOJIHEHHOro HHpopManueil o nuHamuke C-
nentuaa. Taxxke uccienosarenu paccmorpenu BiuusHaue 10% 1ryma B JaHHBIX U IPOBENIH CPABHEHHE
IIOJIYYEHHBIX PE3yJbTaTOB, YTO ITO3BOJWJIO OLEHHUTh TOYHOCTh M YCTOMYUBOCTH IPEJIOKEHHBIX
METOMK.

Beenenue

Caxapnblii 1uabet - 3a0oneBaHue, onpeaeraeHHoe BeemupHoi opranuszanueit 31paBooXpaHeHus
(BO3) kax HeumH(pEKIMOHHAs OSHHAEMHUS, 3HAYUTEIBHO CHIDKAET OOLIMIl ypOBEHb 370pPOBbS
HaceneHus Kaxabli rojg. CoriacHo mpecc-1ieHTpy MuHucTtepcTa 31paBooxpanenus Pecriyonnku,
Kazaxcran [1], 3a mocinenuue 15 ner xonmuuecTBO OOJNBHBIX ¢ caxapHbIM nauaderom B Kaszaxcrane
BbIpoc B 3.5 pasa, rzue Toapko Ha 2021 rox Ha nucnaHcepHOM ydere HaxozasTcs Ooinee 380 Thic.
yenoBek (1mo HeopunuambHbIM JaHHBIM 10% B3pOCIOro HAceIeHUsl CTPaHbl CTPAAAIOT OT JAaHHOU
60me3um), u3 HUX 30 ThIC. MAIMEHTOB C caxapHbIM auadeToM 1 Tuma, 350 ThIC. MAIIMEHTOB - 2 THMA.
Taxxe cornacHo otuery 2016 roga Bceemupholi opranuzaunuu 3apaBooxpanenus (BO3) [2]
OTHOCHUTEJIBHBIN [TOKA3aTelb CMEPTHOCTH CPEAM BCEX BO3PACTOB OT CyMMApHOT'O YMCIIA CMEPTEN B
Kazaxcrane caxapnsiii auadet coctaBmi 1% (mporenT). Celiuac ke 3TOT MPOIEHT SIBHO OOJIbIIE, B
BUJYy BCEMUPHOM aHI€MHH KOPOHABUPYCHOM MH(EKIINH, T/I€ YACTh JIETAbHBIX MCXO0JI0B MAallMEHTOB
¢ COVID-19 conpoBosxaan qeKOMIEHCUPOBaHHBIN caxapHblii AuadeT. 3a nepuon ¢ 2000 mo 2019
rojl CMEpPTHOCTB OT caxapHoro auabera B mupe Bbipocia Ha 70%, rae 80% 3Toro pocta NpuxouTcs
Ha JI0JII0 MY»X4HH [3].

Jlnabet HeussieunM, HO OJ1aroaapsi COBpEMEHHON MeAMIIMHE U PAa3BUTHIO THA0ETOJIOTHH, YAaJI0Ch
CHU3UTh YMCIO Hanbojiee BBIPAKEHHBIX OCJIOKHEHHH, MOBBICUTH KAyeCTBO >KU3HU OOJBHBIX U
IPOATUTH pabOTOCIIOCOOHOCTh MAllMEHTOB HA MHOTHE I'OJIbl U AecaTuieTus. boiabHble nnabeTom Ha
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©KEITHEBHOM OCHOBE HYXJIAIOTCS B TOXM3HEHHOM MpPUEME CaxapOCHWKAIOIIUX MNpenaparoB, U
Ka4eCTBEHHOM YXO/I€, U CBOEBPEMEHHOH CIIEIHATM3UPOBAHHON TOMOIIIH.

Exeromano [IpaBurensctBo Kazaxcrana uCHbITBIBaeT pacxo/sl B pazMepe Oonee 20 MipJ. TeHre
Ha Ipenaparbl WHCYJIMHA W MHCYJIMHOBBIX IIOMII, YTO CBSI3aHO C BBICOKOM CTOMMOCTBIO JaHHBIX
MEIUIMHCKUX cpelcTB [4]. A cokpaleHue odecriedeHus Je4eOH0-TPOPUIAKTHUECKUX OpraHu3aui
pEaKTUBaMU U IPYTUMH CPEICTBAMH JMATHOCTHKH YXYALIMIO YCIOBHUS JUISl BBISIBICHUS CaXapHOTO
nuabera. JlepuIuT rIroKOMETpOB M TECT-NIOJIOCOK HE MPOBOIUT HAAJIECKAIIUNA KOHTPOJIb YPOBHS
TJIFOKO3bl B KPOBH, YTO MPHUBOAUT K OBICTPOMY Pa3BUTHIO COCYAMCTBIX W JIPYTHUX OCIOXKHEHHM.
[Tannemust KOpoHaBHpYCa B CBOIO O4epeab 000CTpHia JaHHYIO MPOOJIEeMYy, YBEIHUUB pacXoibl Ha
3paBoOXpaHeHre. B HacTosIee BpeMs MAIlMeHTOB ¢ Ha4aJlbHOM CTENEHBIO caxapHOro auadeTa Bce
MEHBIIE ¥ MEHBIIIE, B TO BPeMs KaKk B OCHOBHOM B KJIIMHUKH OOPAIAOTCS MAMEHTH B KPUTHYECKOM
COCTOSIHUM JTUOO C OCTIOKHEHUSMHU.

Takum o00pazom, caxapHbIii auaOeT SBISAETCS HCKIIOYUTEIBHO CEPhE3HON MEIUIMHCKOW H
COIIMANIHOW MPOOIIEMOH, TpeOyromeil He3aMeTUTENIbHOTo pemeHust. VI 0OqHIM U3 MHCTPYMEHTOB
JMarHOCTUKHM CaxapHOro auabera MOTYT CTaTh METOJbl MaTeMaTHYECKOro MOJenupoBaHus. B
JaHHOM CTaThe Pealn30BaHbl METObI PEIICHHUSI OOPATHBIX 3a/1a4 JIJIsl BOCCTAHOBJICHUS ITapaMeTPOB
MaTeMaTU4ecKOW MOJIENH TIIOKO3bI-C-TienTH/ | Ut onpeeneHus o0beMa BBIPaOOTKH MPUPOIHOTO
WHCYJIMHA M YyBCTBUTEIBLHOCTH IO/KEITYTOYHOMN JKeJIe3bl K TIFOKO3E.

Metoaos0rus uccjiei0BaHuA

WucynuH BbIpaOaThIBAcTCS B KAueCTBE PEAKIMU K IMOBBIIIEHHOW KOHIIEHTPAIMH TIIOKO3BI B
KpPOBH, a HapylLICHHE CEKPEIIMN WHCYINHA, T.€. MpU €€ aOCOIFOTHON HEeJOCTATOYHOCTU MPUBOAUT K
caxapHoMy auabery 1-ro Tuma, a Ipu OTHOCUTEIBbHON HEJOCTaTOYHOCTH MHCYJIMHA Pa3BUBAETCS
caxapHblii quaber 2-ro tumna. MHCynMH cBoe JeiicTBHe Ha 1IeJIeBOM OpraH OKa3bIBaeT TOJIBKO MPHU
[IEpexo0/ie Yepe3 MeueHsp, rae okoyio 50% KOHLEHTpAalUU UHCYJIMHA pa3pyllaeTcs, YTO MPUBOJIUT K
CJI0)KHOMY KOJMYECTBEHHOMY OMHCAHMIO MPOIIECCOB MHCYJIWHA 32 CUET MPUMEHEHUS WHBAa3HUBHBIX
MPOTOKOJIOB. B 3TOM MOKeT moMoub METOAbl MareMmartuueckoro mojaenupoBanus. B 2001 romxy
MpeJicTaBIeHHAss MaTeMaTuueckas Moaens B padore [5] (G.M.Toffolo, C.Cobelli.) Obina onucana B
KaMEpHOM BHJE JUIsl OINpEAENeHUs MPHUPOJHOIO BbIpadaTHIBAEMOI0 4YeNoBEeKOM HHCyiauHa. C
MOMOIIBIO JAHHOW MOJIENH U MPEACTABICHHBIX B HEW MapamMeTpoB, TAKHX KaK: YyBCTBUTEIBHOCTh
MOJKETYA0YHON KeNle3bl K TJIIOKO3€, IOpPOTOBBIM ypOBEHb TJIIOKO3bI, CKOPOCTH Hepexoja
KOHIIGHTPALlMU U3 OJHOM KaMepbl B JPYryl0 MOTYT MOXKHO OIpPEJIEIUTh METOJaMM PpEIICHUs
oOpaTHOM 3a7jau ¢ MOMOILBIO 33/IaHHOM JTOMOJIHUTEIbHON HH(OPMALIUH.

Jlisi OTHO3HAYHOTO OIpejesieH!s] Habopa MapaMeTpoB JAMHAMUYECKONH MOJAETN OMUCAHHOM
mudQepeHInaTbHBIMA  yPAaBHEHUSMH HCIIOJIb30BAINCH HHCTPYMEHTHI TMPAKTHYECKOTO aHaIn3a
UACHTUPUIUPYEMOCTH [6] U aNTOPUTMBI ONITUMHU3AIIMU JIJIS [IeeBoro GpyHKIHoHana. B [7] aBTopbl
MIPOBENM  MCCIEI0BaHUE HJIEHTU(UPYEMOCTH MaTEeMaTHYECKUX MOJeNeld yINpOIIEHHOH H
pa3BepHyTOI AByXKamepHoH cekpennu C-nienTujia (CeKperysi HoMoraroIas OnpeaeauTb IPUPOIHOE
KOJIMYECTBO MHCYJIMHA B OpPraHU3Me), Ui ONpeiesieHnss Habopa UASHTUPHUIPYEMbIX TapaMeTPOB.

PaccMoTpuM MareMaTH4YecKylo MOJENb pa3BepHYTON JABYXKaMepHON KuHeTndeckoit moxaenu C-
MENTH 1A, KOTOPBIH COACPKUT 7 HEM3BECTHBIX MTapaMeTpoB [5]:

(CP;(t) = —[ko; + ka1]CPy (1) + ky2CP, (1) + mX(t)
CP, (1) = ky,CP; (1) — ky,CP, (0)

X(t) = —mX(t) + Y(t) @
L Y(t) = —a(Y(t) - B[G(t) — h])
C HAYAIBHBIMH YCIIOBHAMH
CPy(to) = CPyq, CP,(to) = 0,X(to) = Xo, Y(to) = 0, )
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Tpu mapameTrpa monenu 0003HAYAOT CKOPOCTH IMepexoaa KoHIeHTparuu C-mentuga Mexmy
kamepami: K1, Ky, ¥ Kgq; ocTanbHble yeThipe OTHOCATCS K CEKPEILUH MOIKETYIOYHON KeNe3bl: o,
B, m u h. CP; - konnenrpauuss C-nentuaa B kamepe | mpencrapistomas iasmy kposu, CP, -
KoHUIeHTpauus C-nentuaa B kamepe 2 — TKaHu, X - KOJIMYECTBO HEYCTOMUYMBOIO MHCYJIMHA B OeTa-
KJIeTKax; Y - JoJisl 3amaca WHCYJIMHA, KOTOopas pacrpeieiiseTcss B OeTa-KJIeTKax, CIOCOOHBIX €ro
BbICBOOOIUTSH (Tabn 1.). [Tapamerp G(t) oTBeuaeT 3a CpeqHUI MOKa3aTelh KOHIICHTPAINH TITFOKO3bI,
KOTOPBIA BBOJWJICS BHYTpUBEHHO B TeueHHe 20-25 MuHyT 20-TH 370pOBBIM HCHBITYeMBIM (16
MY>KUYHH, 4 )KEHIIUHBI ), a 3aTeM KpoBb oTOMpanu uepes 0, 2, 4, 6, 8, 10, 15, 20, 22, 25, 26, 28, 31, 35,
45, 60, 75, 90, 120, 180 1 240 MuH nocne BBEACHUS TJIFOKO3bI, U U3MEPSIIN KOHLICHTPAIUH TJIFOKO3BI,
C-nenrruna u uncynuna (Puc. 1). [8].

Tabauya 1. Onucanue u 3navenus napamempos mooeau enrokosa-C-nenmuo [8]

No Hapamemp Onucanue 3navenue
1 T Bpems moodenuposanus, murymol 240
2 CP;(0) Konyenmpayus C-nenmuda 6 kamepe 1 471
3 CP,(0) Konyenmpayus C-nenmuoa é kamepe 2 0
4 X(0) Konuuecmeso neycmoiiuueoeo uncynuna 6 bema-Kiemkax 1863
5 Y(0) Hons 3anaca uucynuna, Komopasi pacnpeoeisiemcsi 6 0

bema-Knemkax, CnOCOOHbIX e20 8b1C80000UMb

6 ko1 IHapamemp xunemuxa C-nenmuoa 0,059
7 kyq Ilapamemp kunemuxa C-nenmuoa 0,046
8 ki, Ilapamemp kunemuxa C-nenmuoa 0,051
9 m Ilapamemp cexpeyuu no0xHceny00UHOU dcenesnl 0,66
10 a THapamemp cexpeyuu nooxceay0oHHol dicenesvl 0,14
11 B THapamemp cexpeyuu nooiceny0ouHou dxcene3vl 8,2

12 h THapamemp cexpeyuu nooiceny0ouHou dncene3vl 4,58

Glucose dynamic
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Pucynox 1. Cpeonuii noxazamenb OUHAMUKU KOHYEHMPAYUU 2TIIOKO3bL
noce UHBA3UBHO20 68E0EHUSL UCTILIIYEMbIM
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Vcnonb3ys 3HaUE€HUS MapaMeTpoB U3 TabIuIb! 1, Obl1a MoTy4eHa TOOoIHUTeNbHAs HH(OpMAaIUs
0 KoHIeHTpaluu C-TmenTu/a B KpOBH U TKaHsIX B (PUKCHPOBAHHOE BpeMs (ajiee pealibHbIC JaHHbIC),
¢ no6asnenuem 10% mryma:

rie & — layccoBekuil yM B M3MEPEHUSIX.
Obpamnas 3adaua (1-2), (3) COCTOUT B ONpeaEIEHUH TapaMEeTPOB MOJEIH HaYaabHO-KpacBOi
sagaun (1-2) - ¢ = { k,1, Kq2, K1, @, B, m, h}, ucnons3ys gononuurensayro uadopmarmio (3).
OOparHast 3aa4a CBOAMTCA K ONTHMHU3ALMOHHOW 3ajaye, 3aKIIOYAIOUICHCs B MUHHUMM3ALUU
(dhyHKIIMOHANA!

J@ = 1A = Il oy = Jy x(O(ACQ) - F2)2dt, (@)

rae y(t) — xapakrepuctideckasi GyHKIHS HEMOIHbBIX n3Mepenwii (3). B Hamem ciayuae GpyHKImoHan
(4) npuHUMAaET CIeAYIOUIUN BU:

J@) =3 (k(ta) — £, (5)

OnTuMH3alMOHHAs 3ajada MOXKET OBbITh pelleHa pa3jIMYHbIMM METOJAMM, TAaKUMU Kak
I'PaJIMEHTHBIN METOJl, CTOXaCTUYECKUH MeTox U Apyrue. B naHHo#i pabote ObLT NPUMEHEH METO[
JleBenOepra-MapkBapara, SBISIOLIUICS NOMYJISIPHBIM HHCTPYMEHTOM JUIsl PELIEHMs IIHPOKOTO
CHEeKTpa 33aJa4 HEIMHEHHOW ONTUMHU3AIMM M HAXOAUT IPUMEHEHHE B OO0JIACTAX, TaKUX Kak
PErpeCcCUOHHBIN aHaau3, ONTUMU3ALMS [APAMETPOB MOJENEH MAIIMHHOIO OOY4YeHHS M pelIeHHE
CUCTEM YPaBHEHHUH.

PesyabTaTsl HcciienoBaHus

UucneHHble pe3ynbTaThl peleH!s] 00paTHON 3a/1a4ll BOCCTAHOBJICHHS 3HAYEHUI TapaMeTpoB 1O
HEKOTOPOM JOMOJHUTENbHONM HH(popManuu mpuBeaeHbl B Tabiuue 2. IlporpaMMmeiHii KoX
pealin30BaH B MHTEPAKTUBHOU Cpejie MPOrpaMMHpPOBAHUS, YHCIECHHBIX PACUETOB M BU3YaIU3allUH
pesynbraToB - Matlab. Ob6parHas 3amaua cuurtanach ¢ HCIOJB30BAaHHUEM [AHHBIX 0 KaXIOMY
YpaBHEHHMIO cHCTeMbl B 21 MOMeHTe BpeMeHH, pacmpeneneHHblx B uHTepBaie (0, 240)
HEPAaBHOMEPHO. BepxHue ¥ HMWKHUE TPAaHULBI JOMYCTHUMBIX 3HAUYEHHUH MJI1 IIapaMeTpOB He
3aJ]aBaJlUCh.

Tabnuya 2. Onucanue u sSHaYeHUs nApPamMempos Mooeu

Ommnocu-
Boccmanoenen- Boccmanoenen- Ommnocumernso-
IHapa- | Hcmunnoe mebHas
Ne Hoe 3Havenue, Hoe 3HaueHue, Has owuobKa,
Memp | snadenue oes wyma 10% wiyma oe3 wyma ousubxa,
) ) ) 10% wiyma
1 ko1 0,059 0,05468 0,0645 0,07322 0,09322
2 ko 0,046 0,04711 0,0439 0,02413 0,045652
3 ki 0,051 0,05589 0,0299 0,095882 0,413725
4 m 0,66 0,647 0,6416 0,019697 0,027879
5 a 0,14 0,0999 0,1113 0,286429 0,205

6 B 8,2 8,043 11,3872 0,019146 0,388683
7 h 4,58 4,786 4,3359 0,044978 0,053297
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Takum o0pa3oM, 3HAYECHHUS TAPAMETPOB MATEMATHUYECKOM MOJAENH TIFOKO3bI-C-TienTu
BOCCTAHOBJICHbl C OTHOCUTENBHOM morpemrHocteio He Oosee 10% npns 7 mapameTpoB
(ko1, k21, k12, m, b 1 h), a nst 1 mapameTpa 3TOT okazaresb o4ty paseH 30% (a), ¢ uCHoIb30BaHNE
JaHHBIX 03 ydyera IIyma.

Torma kak as qaaabix ¢ 10% mryMmoM OTHOCUTENIbHAS OMIMOKA Y IMapaMeTpa @ YMEHBIIUIACH 10
20%, a nys mapametpoB ki, U b oTHOcUTeNnbHAs omuoOKa coctaBuia nopsaaka 40%. Tem ne menee
BOCCTAHOBJICHHBIC TPaUKH KaK ¢ IIyMOM, TaK U 0e3, TOKa3aJIi OTIMIHOE COOTBETCBHE C TpaduKamMu
MOCTPOCHHBIMH 110 KCTUHHBIM 3HAYCHUSAM MapameTpoB (puc.2 - 3).
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Pucynox 2. Cpagnenue 80ccmanosienuvbix epapurxos ¢ Oanuvimu Oe3 uyma

BaxxHo oTMeTuTh, 4TO Ha pUCYHKE (2) rpadMKU C MYHKTUPHOW JIMHUENH OTHOCSTCS K JAHHBIM C
WUCTUHHBIMU 3HAUEHHWSMM, TOTJa KaK CIUIOIIHbIE JIMHUM — 3TO BOCCTAHOBJIEHHBbIE TI'padUKH.
Boccranosnenue rpaduka no konnentpanuu C-nientuna B kamepe 1 - CP; - T.e. B IJ1a3Me KPOBH
(OopmoBas criomHast JUHUA), 10 60 MUHYTBI HPOMCXOTUT IMPAKTHMYECKHM HMJICHTUYHO JaHHBIM,
MIOJIYYEHHBIM C UCTUHHBIMH 3HAQUYEHUSAMHU (KpacHas MyHKTUpHAs JIMHUS C KPECTHUKOM), a Jjajiee OHa
HE3HAUUTENIBbHO pacxoautcd, Ho K 200-off MuHyTe pasnuuue He HaOmonaercs. Takoe xe
MPAKTUYECKH HJEATIbHOE COOTBETCTBHE IMOKA3bIBAET BOCCTAHOBJIEHHBIM rpaduk X - KOIMYECTBO
HEYCTOWYMBOIO MHCYJIMHA B OeTa-KieTkax (spKo-3el€Hasi CIUIOUIHAsS JIMHHS), 10 OTHOIIEHUIO K
peayIbHbIM JaHHBIM (CHHSISI TYHKTHpHas JHMHUA C Kpyramu), TIOKa3blBash HE3HAYMTEJIbHbIE
pacxoxaenuss Ha 20-30 munyrax. Hambosee cxoxwue rpaduku ObUTM y pealbHBIX JaHHBIX
(¢puoneroBass MyHKTUpHAs JUHUS C poMOaMH) W BOCCTaHOBJIEHHOro rpaduka Y- 1oy 3amaca
nHCyMHA (TEMHO-(PHUOJIETOBAs CIUIONIHAS JUHUs). Hanbombimme pacXoXaeHuss MOKHO 3aMETHUThH B
peanbHbIX qaHHbIX CP, - koHneHTpaus C-nentuia B kamepe 2 — TKaHU (SIpKO-roy0ast MyHKTUpHAst
JIMHUS CO 3B€3/1aMH) U BOCCTAHOBJIEHHBIX JIAHHBIX (TEMHO-T0J1y0ast CIUIOIIHAS JTMHUS ) HA OTpe3ke 25
MUHYT U 125 MUHYT.

Uro kacaercs paHHbIX ¢ 10% mrymoM (pUCYHOK 3), TO BOCCTaHOBJIEHHbIE IPaUKHU MOKA3bIBAIOT
CXOKHE TEHJCHIUH, OJHAKO MOXHO 3aMETUTh, YTO PACXOKIACHUN OOJIbIle, MPAKTHUECKH Y BCEX
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naHHbIX. Hanbonplee pacxokIeHHEe BBIPOXKICHO Y BOCCTAHOBICHHOTO rpaduka Y - J0Js 3amaca
uHCynuHa (TEMHO-(pHUONETOBAsl CIUIONIHAsA JUHUS) U AaHHbIX ¢ 10% mymoMm. Haubonee siBHO 3TO
MO>KHO 3aMETHTh IPH pacueTax HOPMBI OCTAaTKOB IO JJAHHBIM BOCCTAHOBJICHHBIX IapamMeTpoB Oe3
[IyMa ¥ ¢ IIyMOM OTHOCHUTENIFHO pealIbHbIX JaHHBIX (Tabnuna 3).
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Tabauya 3. Hopma ocmamka

Hopma ocmamka, | Hopma ocmamka,
Ne | Hepewenvie p6e3 wyma p]O% wyma
1 CP; 0.0743 0.0958
2 CcpP, 0.0413 0.0608
3 X 0.1372 0.1203
4 Y 0.0371 0.4606

YeM MeHbIIIE HOpMa OCTAaTKOB, TCM ONMKe BOCCTAHOBJICHHBIC 3HAYCHUS MOJCIIN K pC€aJIbHbIM
JaHHBIM, YTO YKAa3bIBACT HA JIYUIICC COOTBETCTBUC MOACIIN TaAHHBIM. MoXHO 3aMETHTh YXYAUICHUEC
BOCCTAHOBJICHHA JAHHBIX, 0COOEHHO 10 HCpCMCHHOI\/'I Y (,Z[O.TISI 3ariaca I/IHCYJ'II/IHa).

Juckyccust

B pamkax maHHoro ucciefoBanus Obi1a 00cyxkaeHa 3 PpeKTHBHOCTh METO/I0B MaTEMAaTUYECKOTO
MOJICJIMPOBAHMS B PEUICHUHU 33/1a4M JMArHOCTHKH caxapHoro auabera. Pe3ynbTarsl mokasaiu, 4To
METO/IbI pelIeHus1 OOpPAaTHBIX 33a]]a4, OCHOBaHHbIE HA MAaTEMaTUYECKOM MOJIETUPOBAHUU, MOTYT OBIThH
3¢ GEKTUBHBIM HHCTPYMEHTOM JUJIsS BOCCTAHOBJICHUS TapaMeTPOB MO/JIENN TIHOKO3bI-C-nienTua.

OaHMM U3 KITIOUEBBIX aCEKTOB JaHHOM paOOTHI SIBIISIETCS KAU€CTBO BOCCTAHOBIIEHUS TapaMETPOB
mojenu. Meron JleBenOepra-MapkBapATa MpoJeMOHCTPHPOBAI BEICOKYIO CKOPOCTh CXOAMMOCTHU U
XOpOILIYI0 TOYHOCTh BOCCTAaHOBJIEHUS MapaMeTpPOB MpPH MHUHUMAIbHOM KOJIMYECTBE HTEpaLUid.
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OpnHako cinefayer OTMETUTh, YTO HAJIMYKE 1IyMa B IaHHBIX MOKET OKa3bIBaTh BIMSIHUE HA TOUHOCTh
pe3yIbTAaTOB, U HEOOXOUMBI TOTIOJHUTEIBHBIC HCCIEAOBAHUS JJISI OIEHKH CTETICHH 3TOTO BIUSHUS.

[IpakTHveckoe MpUMEHEHUE PE3yIbTATOB JaHHOW Pa0OTHl MOXKET OBITh CBSI3aHO C YITYYIIICHHUEM
JMArHOCTUKHU CaxapHOro Auadera U ONTUMHU3AIMEH Tepanuu nanueHToB. [lomydeHHbIe pe3yabTaThl
MOTYT OBITh HCIIOJIB30BAHBI JJIsi 00JIEe TOYHOTO OTPE/CIICHUS JUHAMUKH TIIFOKO3bI U UHCYJIUHA TIPU
WHBA3MBHOW BBEJACHHOM TIIIOKO3€, a TAKXKE JIJIs1 OLEHKU YYBCTBUTEJIbHOCTH MOJIKENYA0UHON KEIE3bl
K TJIFOKO3€ M JIPYTHX MapaMeTpOB, BAKHBIX JIJIsi KOHTPOJIIS CaXapHOTro auabera.

Hecmotpst Ha MOCTUTHYTHIE Pe3yJbTaThl, JaHHAs pa0dOTa TaKKe OCTABIISIET MHOTO OTKPBITHIX
BOITPOCOB IS JATBHEHIIIMX UCCIIeIOBaHUM. B 4acTHOCTH, HEOOXO0IMMO MPOBECTH O0JIee MOAPOOHBIHI
aHAJIM3 BJIMSIHUS [IyMa B JIAaHHBIX HAa TOYHOCTh BOCCTAHOBJICHUS MapaMeTPOB MOJEIH, a Takke
HCCIIEIOBATh  BO3MOXHOCTh  YJIYUILICHUS  MaTEMAaTHYECKOM MOJENU MYyTeM  BKJIIOYCHUS
JIOTIOJTHUTEIHHBIX (PHU3UOIOTHIECKUX MTaPaMETPOB.

Takum 00pazoM, JaHHOE HCCIICIOBAaHWE BHOCHT BKJIaJ B Pa3BUTHE METOJOB JHATHOCTUKH W
Teparuy CaxapHoro JuadeTa, OJHAKO JUISl MOJHOTO MOHMMAHUS M ONTHMHU3AIMH ITOTO MpoIiecca
TpeOyIOTCS AanbHEHIINe NCCIEeTOBaHMS U pa3paboTKy.

3akioueHune

B nanHo# cratbe ObUIO MPOBENCHO BOCCTAHOBJICHUE 3HAUYCHUN MApaMETPOB MaTEMaTUUYECKOU
MoJIeTH ToK03a-C-MenTu, ¢ JaHHBIMA BBOJUMOM TITFOKO3bI M3MEHSIOLIEICS 0 BpeMeHu. bpuin
BOCCTAHOBJICHBI TpadWKU W 3HAa4YeHHWE 7 IapamMeTpoB, C NpUMEHEeHHueM Metona JleenOepra-
MapkBapara, ocHOBaHHBIN Ha MeToe HpioToHa, ¢ moMOIIbI0 TporpaMMHoro nakera Matlab.

AJropuT™M NPOAEMOHCTPHUPOBAI BBICOKYIO CKOpPOCTb CXOIAMMOCTH, Bcero 12 wurepaunuii, c
HAaUMEHBIIMMH 3HAYEHUSMU HOPMBI OCTATKOB, a B IPOIIECCE ONTUMHU3ALMU BBHIYHCICHUE II€JIEBOI
¢bynkuun He mpesbiciiia 80 BBIYMCICHHNA. TakkKe ONTUMH3AIMOHHBIN AITOPUTM HCIOJIB30BAIl
ueneByro GyHkuuoo 122 pasa 11t OLEHKH KayecTBa TEKYIIEro PEIIeHUs WK apaMeTPOB MOJIEIIH.

Takum 00pa3om, pelieHre JaHHON OOpaTHOM 3aauv MOKHO HCIIOJIB30BaTh IS ONpEeICHUs
nuHaMukn C-mentujia, a COOTBETCTBEHHO M MHCYJMHA, NMPU WHBA3UBHO BBOJUMMOM TIIIOKO3€ B
Oprannu3M 4Ye€JIOBCKA, a TaKKEC HCKOTOPBIX MapaMCTPOB TaKWX, KaK YYBCTBUTCIIbHOCTDH
MOXKENYI0YHOM JKeNe3bl K TJII0KO3€, IOpPOTOBBIM YpPOBEHb TIJIIOKO3bl, CKOPOCTH THepexoaa
KOHIEHTPALMH U3 OJHON KaMEPBI B IPYTYIO.

BaarogapHocth
JanHoe uccnenoBanue puHancupoBaiock Komurerom Hayku MUHUCTEPCTBA HAYKU U BBICIIETO
oOpazoBanus Pecriyonuku Kazaxcran (rpant Ne AP19579325).
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OB30P MOJEJIN CTOKCA-JAPCH

ArHomayus

3akonbsl Ctokca M Jlapcu MMEIOT IIMPOKOE MPUMEHEHHE B O0JAcTH THAPOAWHAMUKH. 3a TOCIIEAHUE
ACCATUIICTUA MHOIMC 3HAYUTCIBbHBIC HCCICOOBATCIbCKUC YCUIINUA 6LIJII/I COCpCAOTOUCHbBI Ha HU3YUYCHUU
B3auMOCBsI3aHHOW Momenun Crokca-Jlapcu, d9roOBl MHOMyYnuTh Oo0jee TiIyOOKOe TOHHMAaHHE SBICHUN
THAPpOAHAMUKU. B sToM KOHTEKCTE 6I)IJII/I MPEAJIOKEHBI U TINATCIIBHO N3YYCHBI PA3JIMYHBIC TUIIbL yCJIOBI/Iﬁ Ha
rpaHMIie MKy TOA00IacTAME U yay4llleHHbIe MoJenH. bosee Toro, croxactudeckas moaeib Ctokca-/apcu
CTalla IICHHBIM HHCTPYMEHTOM IS y4eTa HEOIpPENeNeHHOCTe W YTOYHEHHS HAIIer0 MOHMMAaHHUS 3THUX
mporeccoB. B 3TomM 0030pe MBI ITpoaHATM3UPYEM KIIACCHUYECKYIO M cToxacThdeckue moaenn Crokca-Ilapew,
CTPEMACH BCCCTOPOHHE U3YUYUTh UX MIPCUMYIICCTBA U HCAOCTATKH, a TAKXKC HCKOTOPHIC YHUCJIICHHBIC MCTO/IbI.
Msr ¢doxycupyeMcsi Ha BaXXHOCTH MPOW3BOJHBIX JIPOOHOTO TOpPSAKA B MOJENSAX THAPOJUHAMHUKH W
aHAIM3UPYEM TPENMYIIeCTBA HOBOW 0000mIeHHOW cTroxacTudeckoit Mmomenu Ctokca-Ilapcu apobHOTO
MopAIKa.

KaroueBbie cjioBa: npoOHBIC MPOU3BOAHBIC, NMaMATh, Mojelb Crokca-Jlapcu, ciydailHble BEIMYWHBI,
ycioBue busepca-Jxozeda-Caddmana, mopucras cpena, YucIeHHbIE METOIBI.

A.C. Bepapimes'?, K. Bopan6ex®
lAKHapaTTI:IK *oHe ecentey TexHonorusuiapsl THCTUTYTH LIDKK PMK, Anmarter k., Kazakctan
2A6ait areinaars! Kazak WITTHIK ITeJIarOTUKAIBIK YHUBEPCUTETI, AJIMATHI K., Kazakcran
¥C.Amansxonos ateiaaars! Lereic Kasakcran ynusepeuteti, OckeMeH K., Kasakcran
CTOKC-JAPCHU MO/JIEJITHE 9JEBU LIOJIY

Anoamna
Croxc xoHe Jlapcu 3aHaapbl THIPOIMHAMHUKA CaJlaChlHAa KEHIHEH KOJIAaHbU1a bl. COHFBI OHXKBIIBIKTAP/Ia
KOITEreH MaHBI3Ibl 3epPTTey JKYMBICTaphl THUAPOAWHAMUKAHBIH KYOBUIBICTAPHIH TEPEeHIpEeK TYCiHy YIIiH
Crokc-Zlapcu OGipikTipiireH MozeniH 3eprreyre OarbITTanibl. OChl TYPFBLIA apMypii WEKApAblK JHCoHe
OQUIAHBICKAH WEKAPATLIK Wapmmap, icemindipiieen Mooenvoep YChIHBUIBIN, MYKUAT 3epTTeiai. COHbIMEH
Karap, croxactukanblk Ctokc-Jlapcu mopeni Oenrici3aikTeplli ecemke anyAblH KOHE OCBI MPOIECTepIi
TYCiHYZl HaKTBUIAyAbIH KYHIBI Kypanbl Ooiasl. bynm omeOu mionyla KIACCHKAIBIK JKOHE CTOXAaCTHUKAIBIK
Croxkc-/lapcu Mozenbaepl TangaHaabl, OJapAblH apThIKIIBUIBIKTAPl MEH KEMIIUTIKTEpl, COHai-aK Kehoip
CaHJIBIK 9/iCTEP YKaH-)KAKThI 3epTTeeAl. [ MapoaruHaMuKka MOIEIbACPIHACT] OOJIIIeK PETTI TYBIHABLIAPABIH
MaHBI3/IBUIBIFEIHA HAa3ap ayJapbUIbIN, jXaHa JKajllbUIaHFaH Oelmiek perTi croxacTHkaimblK Crokc-Jlapcu
MOZEITIHIH apTHIKIIBIIBIKTAPSI TaadaHa bl
Tyilin ce3aep: Gemmiex perTi TybIHABLIAP, kazisl, CTokc-[apcu Moxmeni, ke3aeiicok mamanap, busepc-
Jxozed-Caddman mapTol, KEyeKTi OpTa, CAHABIK 9iCTep.

34



mailto:boranbek.kulzhamila@gmail.com

Abaii amvinoazer Kaz¥I1Y-uiy XABAPIIBICHI, « Dusuka-mamemamura evlaimoapsly cepusicol, Ne2(86), 2024

BerdyshevA.S.?, Boranbek K.3
YInstitute of information and computational technologies RSE on REU
2Abai Kazakh National Pedagogical University, Almaty, Kazakhstan
%'S. Amanzholov East Kazakhstan University, Ust-Kamenogorsk, Kazakhstan
A REVIEW OF STOKES-DARCY MODEL

Abstract

Stokes and Darcy laws have found wide application in the field of fluid dynamics. Over recent decades, a
lot of significant research efforts have focused on exploring the coupled Stokes-Darcy model to gain deeper
insights into fluid dynamics phenomena. Various types of interface and boundary conditions, improved models
have been proposed and thoroughly studied in this context. Moreover, the stochastic Stokes-Darcy model has
emerged as a valuable tool for incorporating uncertainties and refining our understanding of these processes.
In this review, we analyze the classical and stochastic Stokes-Darcy models, aiming to comprehensively
explore their advantages and drawbacks, as well as some numerical methods. We focus on the importance of
fractional order derivatives in fluid dynamics models and analyze the advantages of a new generalized
fractional order stochastic Stokes-Darcy model.

Keywords: fractional derivatives, memory, Stokes-Darcy model, random variables, Beavers-Joseph-
Saffman condition, porous media, numerical methods.

OcHOBHBIE 110JI0KEHHSA

B 371011 cTaThe mpoBOAUTCS IUTEPATYPHBIN 0030p paboT, nocesAuieHHbIX Mojenu Crokca-/apeu,
a TaKKe ee HECKOJbKHM OO0O0OIIeHUsM, yaenss oco0oe BHUMaHME METOoJaM HX YHUCIECHHOH
peasninzauuy. BBUy HEBO3MOXHOCTH JIOCTOBEPHOI'O OINPEAENICHUSI BXOIHBIX MapaMeTPOB JIaHHOU
MOJICJIN TPOBOAATCA OOIIMPHBIE HCCIENIOBaHMS IO CTOXACTUYECKOMY OOOOIIECHHIO YyKa3aHHOU
MoJIeNIi. ABTOpaMH MPEUIOKEHO AaibHelee o0o0menue croxactudeckoit monenu Crokca-/lapcew,
B KOTOPOH YYMTBIBAIOTCS JOJTOCPOYHBIE H3MEHEHHsS IIOPUCTOM CpeAbl. OTO JIOCTUTHYTO
MIOCPEACTBOM BKJIFOUEHUS IIPOU3BOHBIX IPOOHOTO MOPSAIKA B YPAaBHEHUS MOJIEIH.

BBenenue

Mopnens Crokca-Jlapcu sBnsercs (yHAaMeHTOM B 00JacTH TUIPOJMHAMHKH, Mpesaras
HAaACKHYIO MAaTEMAaTUYCCKYIO OCHOBY JI1 IOHMMAaHHA CIIOKHOT'O BSaHMOHeﬁCTBHH MCXKAYy IOTOKOM
KHUJIKOCTH Ha TIOBEPXHOCTH U B MOpUCTOH cpene. O0bennHUB ABa (HyHIaMEHTAIbHBIX MPUHIINIIA —
notok CTtokca u 3akoH [lapcu — Mojielib 00ecieYnBaeT KOMIUIEKCHBIHN TTOXO0/1 K aHAIU3Y JIBIKECHUS
KHUJKOCTH 4Yepe3 TMOPHCThbIe MaTepuaibl, TaKUe KaK TMOYBBI, KaMHH M OHOJOTHYECKHE TKaHU.
Cy1iecTByeT MHOKECTBO BaKHBIX MpuMeHeHu moaenu Ctokca-/lapcu B pa3nuunbix obnactsix. B
HedTerazoBoi oTpaciu npuMeHeHue mojenu Ctokca-/lapcu mMo3BossieT HHKEHEpaM MOAETUPOBAThH
IIOTOK XHUJIKOCTU B HC(beIHBIX mIactax, OITUMU3HUPYS METO/AbL ]:[O6I>I‘~II/I, ITIOBBIIIIAA Bq)(i)eKTI/IBHOCTB
no0puM HepTH, a TakkKe MPOEKTUPOBATh CUCTEMbl HArHETaHWs. AHAJIOTUYHBIM O0pa3oM, B
reoTepMajibHbIX IIACTax, A€ ropsa4ad BoAda WA I1ap 3aKIOYCHBI B IOPUCTHIX MOJA3CMHBIX ITJIaCTax,
MoJieTib O0Jier4aeT MOHUMaHHe NWHAMUKU MOTOKA >KUIKOCTH, MO3BOJISIS 3()PEKTUBHO H3BIEKATh
TEIUIOBYIO SHEPTHIO IS TMPOM3BOJACTBA JJICKTPOIHEPTUU M TpsMOro HarpeBa. Mopens Ctokca-
Japcu, uMeromas pemaroiiee 3HaueHue B 000oux cepax, aHaTU3UPyeT MOBEACHHUE TIOYBBI U TTOTOK
KHUJKOCTH B TIOPUCTBIX MaTepuanax, MOMOras IUIaHUPOBaThb HH(PPACTPYKTYpHbIE MIPOEKTH U
ONTUMU3HPOBATh YCTAaHOBKU IS A(G(HEKTHUBHONW OYMCTKH BOJBI B T'PAXKIAHCKOM CTPOHUTEIHCTBE.
KpOMe TOro, OHa HaxXoAuT IMMPUMCEHCHUC B 6HOMC}II/IHI/IHCKOI>1 WHXXCHCPUHN [JIA U3YUCHHA KPOBOTOKA,
a TaKk)Ke B TPAXKJIAHCKOM CTPOUTEIHCTBE JJIsI ONTUMHU3ALNN KOHCTPYKIIMH TIOPUCTHIX MaTepUaioB B
CHCTeMaX OYMCTKHU BOJIbI U TOPOJICKHX IPEHAKHBIX cucTemax [1-3].

B pannO#f pabore MBI mpoBOAMM 0030p JuTepaTypsl o Mmonenu Ctokca-/lapcu, mupoko
WCIIOIB3YEMOU B PA3IMUHBIX 00JIACTAX. AKTYaJIbHOCTh MPOOJIEeMbI 00yCIIOBIEHA HEOOXOIUMOCTHIO
TOYHBIX MoJened Misi (UIbTPAMH U TOA3EMHBIX TOTOKOB, YYUTBHIBAIOIIUX CTOXACTHUECKHE
KOJIEOaHUA U BPEMCHHBIC 3aBUCUMOCTH, YTO HMCIIOJIB30BAHUE CTOXACTHYCCKUX METOA0B )IpO6HOFO
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MCUHCIICHUS MO3BOJISIET O0Jiee TOYHO MOJICIMPOBATh TUHAMUKY KHJKOCTH B CIOKHBIX Cpelax, YTo
OTKPBIBAET HOBBIE NIEPCIEKTUBBI JUIsl HAYYHBIX UCCIEA0BAHUI U MPAKTUYECKUX MPUIIOKECHUI.

W3zyuenne croxactuueckoro 06o6menus moaenu Ctokca-Jlapcu sBIsieTcs JOCTaTOYHO HOBBIM H
aKTyaJIbHbIM HAIIPABJICHUEM B COBPEMEHHOM BBIUUCIUTEIBHON THAPOJMHAMUKE. Y Ka3aHHAs MOJEIIb
UCTOJB3YeTCs] TMPH TNPOTHO3MPOBAHUHU TPOLIECCOB, MPOTEKAOIMX B HEPTAHBIX IUIACTaX C
KaBEPHO3HO-TIOPUCTON CTPYKTYPOil, B MMOA3EMHBIX CUCTEMAaxX KapCTOBBIX BOJIOHOCHBIX TOPU30HTOB,
B 3aJauyax B3aUMOJIECHCTBUS MEX]y IOBEPXHOCTHBIMM U IOJ3EMHBIMHM IOTOKamMH. Kpome Toro,
MOJI€JIb UCHOJb3YETCS MpPU IMPOTHO3MPOBAHUMM M OLEHKE pHUCKAa IOATOIUIEHUS TEPPUTOPUIl B
pe3ynbTaTe MOA3EMHBIX W MOBEPXHOCTHBIX BoA. JlaHHas mpoOiema OCOOEHHO akTyaibHa MIJis
Oonpireld yactu Tepputopuii Kasaxcrana. OgHako CYIIECTBEHHBIH HEIOCTATOK JTAaHHOW MOIEIH
3aKJII0YAeTCsl B NMPEHEOpEeKeHUH Ype3BbIYaiiHO BaKHOT'O CBOMCTBA MOPUCTOM Cpelnbl — MaMsTH,
3HAYUTEIBHO BIMSIONIETO Ha XapaKTep TeUeHUs KUIKOCTH. Heo0X0aMMOCTh €ro yueTra 3aKiIi04aeTcs
B TOM, 4TO B [IPOILIECCE TEUEHUS )KUIKOCTH MEHSIETCS IOPUCTOCTh U MPOHULIAEMOCTb CPEbI, KOTOPHIE
CO BpEMEHEM 3aMETHO MNPHUBOJAT K 3aJepikKKe CKOpocTH mNoToka. [loaToMy XapakTep TeueHHUs
ONpEeNEseTCss HE TOJbKO TEKYIIUM COCTOSHHEM CpEeIbl, HO TAaKXe€ BCEMU €€ NpeablAyIIUMHU
COCTOSTHUSIMHU.

lenp pmaHHOrO IUTEpaTypHOTO 0030pa — TMpOAHAIM3UPOBaTh M  CHUCTEMATH3UPOBATH
CYIIECTBYIOIIUE 3HAHUS 10 CTOXAaCTUYECKOMY MOICITUPOBAHHIO U IPOOHOMY UCUYHCIICHUIO B MOJICIIH
Crokca-/lapcu, OLIECHUTh UX TPUMEHUMOCTh K ONMMCAHUIO JBUKEHUSI )KUJIKOCTHU B MMOPUCTBIX CPeaax
U BBISIBUTH HAIpaBICHUSA Ui JaJbHEHIIMX HCCIEJOBAaHMM W NPAKTHUYECKUX IPUMEHEHH.
[IpoGneMHbIE TOJNIOKEHUSI, CBSA3aHHBIE C cToXacThuueckuMu mojaensmu Crokca-Zlapcu npoOGHOro
MOPSAJIKA, BKIIIOYAIOT CI0KHOCTh MAaTEMATUYECKOTO OIMCAHUS, BBICOKHUE BBIUHMCIUTEIbHBIE 3aTPaThl,
OTCYTCTBHE €MHOW METOJIOJIOTUU U OTPAHUYEHHYIO alpoOaIuio Ha MPaKTUKeE.

B MeTo/10510TMYeCKOM U UCCIIE0BATEIbCKOM pa3Jiele pacCMaTpUBAIOTCS KJIacCUUEcKas MOJIEIb
Crokca-Jlapcu, croxactudeckas mozaenb Ctokca-/lapcu u qpoOHas ctoxactuueckas Mojenb CTokca-
Hapcu. B pa3aene, nocsiieHHOM Kiaccuueckoit moaenu Ctokca-/lapcu, onuchbiBaloTCS YpaBHEHUS
Crokca u 3akoHbl [lapcu, BUAbl T'PAaHUYHBIX YCIOBUM M YCJIOBHS Ha IpaHULE pa3jiena, a TakkKe
YUCJICHHBIE METOAbl WX peanu3anuu. B pasmene o croxactudeckoit momenu Crokca-/lapcu
00CYX/JIal0TCS] HEAOCTATKU KJIIACCHUECKOM MOJIENIN U MPEICTaBIEHbI IPEUMYIIIECTBA CTOXAaCTHUECKON
MOJIENN, @ TaK’K€ COOTBETCTBYIOILIME YHMCIIEHHbIE METOJbl. B paznene o croxacTMueckoil Mojaenu
Crokca-Jlapcu ¢ TpOM3BOJHBIMU JAPOOHOIO MOPS/IKA BBIIETIEHBI HEAOCTAaTKH CTOXaCTUYECKOH
MoJien, OOCY)KJaeTcsi Ba)kKHOE CBOMCTBO IOPUCTBIX Cpell — MaMsTh, U TOHATUS JIPOOHOTO
MCUUCIIEHUS JUIS €ro MaTeMaTHYeCKOro OIMCaHMs, 3aTeM NPUBOJIUTCA O00O0OIIEeHUE JIMHEHHON
mozenu Ctokca-Jlapeu. Oxuaemble pe3ynbTaThl BKIIOYAOT CUCTEMATHU3AIMIO METOI0B YHCICHHON
peanu3aium croxactTuueckoro o6o6menus mogenu Crokca-/lapcu, BeISIBICHHE UX MPEUMYIIECTB U
HEJO0CTaTKOB, 4YTO CIOCOOCTBYeT pa3paboTke Oojee 3(PQPEeKTUBHBIX METOAOB pealu3aluu B
IIPAKTUYECKUX 3aJadax.

MeToaoJ10rusi HCCJAET0BAHUA

Meronoaoruss HMCCICIOBaHWS OCHOBaHA Ha BBISIBJICHUM CHJIBHBIX W CIA0BIX CTOPOH
paCCManI/IBaeMI)IX MOJIGJ'IGf/i, a TaKXKe CpaBHeHI/II/I paSJ'II/I'-IHI)IX YUCJICHHBIX METOO0B UX peanmaunn.
JInst AOCTHMKEHHUs 1LeNd MPOoaHAIM3UpPOBaHO 42 MONHOTEKCTOBBIX MCTOYHMKA. B ucciemoBanuun
HpI/IMeHeHBI O6HIGHay11HI)Ie METOAbI TeopeaneCKoro IIO3HAaHUA, TeMaTI/IquKI/Iﬁ KOHTCHT-aHAJIN3,
CHUHTE3 TEOPETHMUECKUX OCHOBAHHM, KOMIIAPATHBHBIA METOJ 1O BBISBICHHUIO U OOOOIIEHHUIO
HCCIIEIOBAaHNM.

PesyabTaTsl HcciienoBanus

Knaccuueckas mooenv Cmoxca-/lapcu

Haunem ¢ momHoro omucanusi paccmarpuBaemoit monenu. Ilycte Dy u D, COOTBETCTBEHHO
0003Ha4ya0T 00JacThb CBOOOJAHOIO TEUEHUS JKUIAKOCTH U 00JacTh C MOPHUCTON cpenoil — nBe
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OrpaHWYEHHBIC TO100J1aCTH R% (d = 2,3), nexamme 1o ode CTOpPOHBI TpaHUIIBI pazaena I, T.e.
DN D,=@,Df N D,=TuDf U D, =D (Pucynoxk 1).
JIBH>KEHUME MTOTOKA MOPUCTOM CPEIbl MOACIIMPYETCSI YPAaBHEHUEM

Spe(x,t) =V (Kx)Vop(x,0)) = f,(x,t) B D, xT,

MOJTyYEHHBIM M3 YPaBHEHUS HEPa3pbIBHOCTH U 3akoHa Jlapcu. 31eck HensBecTHas GyHkus ¢ (x, t)—
IE30METPUYECKUI HAMOP B MOPHCTOM Cpelie, f, —HUCTOYHHUK MIIH CTOK, S — KO3(Q(QUIHEHT eMKOCTH
IIJIACTA, A TAKIKE MPEJITI0NIATAeTCs, UTO MPOoIecc n3ydaercs Ha maTeppaie Bpemenn T ,rae T = (0, T ]
npuT > 0.

9Dy

oD, s n, oD;

aD, oD

g

Pucynox 1. Obnacmo unmeepuposanus 2, cocmoswas uz obracmu c606001020 medenus sxcuokocmu O u
obnacmu nopucmoti cpeosl fdy,, pazoenennvix epanuyeii pazoera I’

TeH3op ruapaBiInyeckoi MPOBOJUMOCTH, 0003HAUEHHBIN Kak K, OTpa)kaeT CIOXKHYIO MPUPOTY
MIOTOKA JKUIKOCTH B pealbHbIX clieHapusaX. KoHientyanbHO, TUApaBiIndecKkas HPOBOAMMOCThb
U3MepsIeT, HACKOJIBKO JIETKO KHUIKOCTh MOXKET IPOHUKATh Yepe3 MOYBY HIIM TOPHYIO 1opoay: Oornee
BBICOKHME 3HAUYEHHs COOTBETCTBYIOT MaTepuajiaM, 0OECIeUnBaOIIUM JETKUM MPOXOoJ KUIKOCTH, a
Oosee HM3KHE 3HA4YCHHs YKa3bIBAlOT Ha MEHee IpOHHUIlaeMble MaTepuainbl. Ha BennuuHy
TU/IPaBIMYECKON MPOBOJUMOCTH BIIMSAIOT pa3iUyHble (PaKTOpbI, BKIIOYAs TEKCTYpy IIOYBHI,
IpaHyJIOMETPUYECKUN COCTaB, IIEPOXOBATOCTh IMOBEPXHOCTH, WM3BWIMCTOCTh U KOH(UTYpAIIUIO
BOJIOIIPOBOAHBIX MyTel. B mpenenax 3agjaHHOr0 KOHTPOJIBHOTO OoOBbEMa Cpelbl THMApaBIUYecKas
IIPOBOAMMOCTD MOYKET MPOSBIATH KaK H30TPONHBIE, TaK M AHU3OTPOIHBIE XAPAKTEPUCTUKH.
W3oTponHas ruapaBindyeckas MPOBOAMMOCTb  IOJpPa3yMEBaeT OJHOPOJHOCTb BO  BCEX
HampaBJICHUAX, YTO JIeJIaeT €€ MaTeMaTU4YecKHi MpeacTaBIeHHON B Bue ckaispa. M HaobopoT,
aHU30TPOIHAS IPOBOIMMOCTh BapbUPYETCS B Pa3HBIX HAIPABIECHUSAX BHYTPU KOHTPOJIBHOTO 00BEMA.
JUid W30TpONHBIX CpeA MaTpulla THAPABINYECKONM IPOBOAMMOCTH HMMEET CHUMMETPUYHYIO
KBaJIpaTHUHYIO CTPYKTYpy. Cpeau uccieopareseil cynecTByer ooiiee MHEHHE, YTO BCe apaMeTphbl
MaTepHala 1 >KHJKOCTH PAaBHOMEPHO IMOJIOKUTEIbHBI M OTpaHUYEHbl, TpuyeM K mnpejcraBiser cooon
CUMMETPUYHYIO MOJIOKUTEIbHYIO MaTpHIly. Torna BepHbl ClIeyIolIie HEPaBeHCTBRA:

0 < kpin|C12< K+ < kypgre|C|? < o0 mnaBcex { € R4
JIBUKEHHE MTOTOKA CBOOOIHOIO TEUEHHMS KUIKOCTH ONMCHIBAETCs ypaBHeHusMu CToKca:
(vf(x, t)) — ,quvf(x, t) + Vp(x,t) = fr(x,t), DfX T,
t

V-ve(x,t) =0, Dy xT.
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31ech HeM3BECTHBHIMU (DYHKIHAMM SABIAIOTCA Vp — CKOPOCTh KUAKOCTH B Dy , p( X, t ) — naBnenue
KUIKOCTHU B Dy , fr — 00bEMHBIE CHIIBI, [l — BA3KOCTb JKHMIKOCTH.

[TepBUYHBIME YCIIOBUSIMU B3aUMOJICHCTBUS SIBJISIFOTCSI COXPAHEHHUE MACChl, HOPMAaJIbHBIN OaaHc
cun, nubo ycioBusi buepca-llxo3zeda, buepca-lxozeda-Capdbmana s TaHTCHIIUATBHOU
ckopoctd. B mocnennue roasl 3amaya Ctokca-Jlapcu TIIATeIbHO HMCCIIENOBalach, B OCHOBHOM, C
WCIIOJIb30BaHUEM YCIIOBUS Ha TpaHumIle pa3aeia busepca-/xo3eda-Caddmana uim ero ynpomeHHo
Bepcun Caddwmana [4]. [IpuBenemM u3BECTHBIE YCIOBUS Ha rpaHulle pasziena busepca-/>xo3eda Ha
rpanune pazaena ll mpul < i < d — 1.

ve(x,t) -ng — KVo(x,t) -n, =0,

P(x; t) - ,unf : vvf(xi t) : nf = g¢(x, t):

Upjs
1/Ti -K - T;

Opnako 95Tu ycnoBHs CHOPMYIUPOBAHBI Jis TMOTOKOB, MapalljieNIbHBIX TpaHULe pa3zena
KUJIKOCTH-TIOPA, U TOITOMY HE MOAXOIAT JJIA MPOU3BOJIBHBIX HAIMpPaBICHUN MOTOKA HAa TPAHUIIC
paszfena, HanmpuMmep, TeX, KOTOPbIE BCTPEYAIOTCS B CIEHAPUAX MPOMBIIUIEHHOW (uimbTpanuu [5].
HecMoTps Ha TeHIEHIIMIO 1TaBaTh HETOYHBIC PE3YJILTATHI JIJIsl IPOM3BOJILHBIX HAPABICHUM MTOTOKA K
MIOPUCTOMY CJIOO, 3TH YCJIOBUSI MO-MPEKHEMY LIUPOKO MCHOJIB3YIOTCS B auTeparype. Eme onHum
YCIIOBHEM Ha IPAHULIC pa3/Ieia sIBISIFOTCS AIbTePHATHBHBIC YCIIOBHUS CONPSKEHUS, KOTOPBIC TPEOYIOT
KaTMOPOBKM HEM3BECTHBIX MAapaMeTPOB MOJIEIHM HAa OCHOBE TEOPETUUYECKUX MPHUHIIUIIOB [6]; OHU HE
MOAXOMAT /I MPOU3BOJIBHBIX HAINPABJICHUHN MOTOKA HA TPaHUIE pas3jelia KUIKOCTh-1opa [7], 4To
OrpaHUYMBAET TOUHOCTh MOJIETUPYEMbIX MPUIIOKECHHI.

B HenaBHOM mccnenoBanuu [8] ObLIM BBEICHBI OOOOIICHHBIC YCIIOBUs WHTep(delica, KOTOpbie
OXBaTBIBAIOT KJIACCUYECKOE COXPAHEHHE MACChl U PAaBHOBECHE HOPMAIbHBIX CHJI JJISI H30TPOIHBIX
MOPUCTBIX Cpell, OJHOBPEMEHHO pacwmpsst ycioBue buepca-/[xo3eda. Otu  ycnoBus
SKBUBAJIEHTHBI JUIsl MapajulebHbIX IOTOKOB K TOPUCTOMY CIJIOK0 TIPU  aHAJTOTHYHBIX
MPEATNONOKEHUSIX OTHOCUTEIIBHO HAIIPaBJIEHUS MTOTOKA, OJTHAKO OHU OCTAIOTCS CIPABEIIIMBBIMU TSI
MIPOU3BOJIFHBIX HAMPABJICHHUH MOTOKA K MOPUCTOMY CIIOIO M HE BKIIFOUAIOT KaKHe-IN0O HEU3BECTHhIC
napameTpbl. DddexkTuBHbIe KOIPPUIMEHTH B 3TUX OOOOIIEHHBIX YCJIOBHUSX PACCUUTHIBAIOTCS
YHCIEHHO C HMCIOJIb30BaHHEM N€OMETPHUYECKHX TaHHBIX B MaciITade Mop W3 CHCTEMBI CBSI3aHHBIX
MOTOKOB. B mocnennue necaTwyieTuss MOSBWINCH PA3JIHMYHbIE aTbTEPHATUBBI TPATUITMOHHBIM
YCIIOBUSIM B3aMMOJIEHCTBHSI.

[Tonyyenue ananuTHYECKOTO pemieHus: ypaBHeHuni Ctokca-/lapcu 4acTo HEBO3MOXKHO M3-3a UX
CJIOKHOCTH M HeNMMHEeHOCTU. Clie10BaTeNbHO, YACIEHHBIE METO/IbI CIIYKAT OCHOBHBIM IOJIX0JIOM K
pEelIeHUI0 JTHX YypaBHEHUU. V3BECTHO NPUMEHEHHE METOJOB KOHEYHBIX 3JIEMEHTOB, METO/Aa
KOHEYHBIX PA3HOCTEH, METOJa KOHEUYHBIX 00HEMOB, METO/Ia TPAHUYHBIX AIEMEHTOB, KOMIAKTHBIX
PA3HOCTHBIX CXE€M, KJIACCHYECKUX HTEPAIMOHHBIX METOJIOB MOJ00IaCTe, METOAa CIEKTPATbHBIX
anemeHTOB. [Ipu perieHnn Takke HCMONb30BaHbl MeToA auddy3Horo mexdasHoro uHtepdeiica,
METO/I YIPABJSIEMOTO MPUBEICHHOTO 0a3nca, METOI JEKOMITO3UIINKA 00JIACTH, ONITUMU3UPOBAHHBIN
meton Helimana-HeiiMana, MeTO/T IEKOMITO3UITUHM TUTIOBOH oOsactu [9-12].

B HemaBHUX uccnenoBaHusx ObUT TOCTUTHYT PsiJl YCTIEXOB B BEIYMCIUTEIBHBIX METOJIaX aHAIHN3a
SBIIGHUW TOTOKa >Kuakoctu. B [13] mpeacraBneH HOBBIA MOAXOM K aHANU3y TI00anbHOU
YyBCTBUTEIBLHOCTH JIJISl TIPOU3BOJIBHOTO MOJTMHOMHUAIILHOTO Xa0ca ¢ HECKOJIBKUMH Pa3pEIICHHUSIMH,
HaIpPaBIICHHBIN HA MOBBIIIEHUE TOYHOCTH U cMsIrdeHue sBieHus [ mboca. DTOT MeTO/, OCHOBaHHBIH
Ha KOHIEMIIUMA JIOKAJIW30BAaHHOW TMOJMHOMHAIBHOW BBIOOPDKM HA OCHOBE TPOW3BOJIBHOTO
MOJIMHOMHUAIILHOTO Xa0Ca, PacHIMpsieT CBOI MPUMEHUMOCTh JaXke NI Oojiee HU3KHX MOPSIKOB
nmomHOMOB. OCHOBBIBAsICh Ha 3TOM, paborta [14] mpencraBiseT ABa aHCAMOJIEBBIX aJITOPHUTMA,

CliCUaJIbHO MPCAHA3HAYCHHBIX JIJIA BBIYHCIICHUI KOJIMYECTBEHHOM OIIEHKH HCONPCACICHHOCTH. Ot
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QITOPUTMBI  ONTUMHU3UPYIOT BBIYUCIUTENBHBIA MPOIECC, TMPEJOCTaBss OOy MaTpUIly
K03 (GUILIMEHTOB JUIsl BCEX pealli3alliii, TeM caMbIM COKpallas HCIOJIb30BaHHE MaMsITH U olliee
BpeMs MozenupoBanus. Kpome toro, B [15] npeanoskeH MHOroMacmTaOHbIA METO J1s1 CAKIMAEMOTO
notoka J{apcu-CTokca, npeasiararonii JIoKkaaIu30BaHHbIE pellleHus Kak s 3a1a4 CTokca, Tak v AJis
3amad Jlapcu nnst mocTpoeHus: 0asucHBIX (yHKIUH. AHanormdHo, padora [16] ucciemyer meton
OpoOHOro mara Juisi pas3leieHusi mojeil ¢a3bl U CKOPOCTHU, U BBOJUT cllaraeMoe CTabuiIu3aluu
JABJIEHUSI TIEPBOrO MOpsAKa B pemarens 3amaud Japcu. ABtopsl pabotsl [17] mpemmaratot
0€3yCIIOBHO YCTOWYHMBBIA METOJ, KOTOPBIA A(PQPEKTHBHO pazfenser pacuer (a3oBOro mois,
MepeEMEHHON CKOPOCTH CBOOOAHOTO MOTOKA M jaaBieHus. Kpome Toro, pabora [18] momuepkuBaer
BOXHOCTh BKJIIOUEHHs YCJIIOBHH Ha IpaHUIlE paszena B MpeAoOyCIIaBIMBATEIH JUIS TOCTHUIKECHUS
MacITabMpyeMOCTH B METOJIe KOHEUHBIX Pa3HOCTEH Mapkepa u sueiiku. B padore [19] npennoxen
CMEILAHHBIM METOJ] KOHEYHBIX AJIEMEHTOB I YHUCIEHHOU peanusdanuu monenu Crokca—lapcu c
HOBBIM I'PaHUYHBIM YCIOBHEM.

[IpoBenem cpaBHEHUE YMCIEHHBIX METOJOB, IOJUEPKUBAsl UX MPEUMYIIECTBA U HEOCTaTKU. B
[20] pabote HecrammonapHas momenb Ctokca-/lapcu cpaBHHMBajIach Kak ¢ MHOTOMACIITaOHBIM
METOJIOM KOHEYHBIX 3JIEMEHTOB, TaK M C METOJIOM KOHEYHBbIX 3JieMeHTOB. OCHOBHOE pa3iuuue
3aKJII0YaeTCsi B UX Oa3UCHBIX (PYHKIMSIX: METOAbl KOHEUHBIX 3JIEMEHTOB HCHOJB3YIOT 00IIue
GbyHKIMK, B TO BpeMs KaKk MHOTOMACIITAOHbIE METOJbl KOHEYHBIX JJEMEHTOB BKIIOYAIOT
MUKpOMacIuTabHbIE JeTadu o0JacTH, MOBBIIIAs TOYHOCTh BBIUMCICHHM Ha TpyObIX CETKax.
CMemiaHHble  METOABl  KOHEYHBIX  3JIEMEHTOB  CO3/al0T  JIMHEHWHBIE  CHUCTEMBI  CO
CHEIHATM3UPOBAHHBIMU aNTOPUTMAaMU, B TO BpeMs Kak ciabble METOJbl KOHEYHBIX 3JEMEHTOB
lanepkrHa mpuBOAAT K 0Ooyiee MPOCTOMY pEIICHHIO W MPEUIararoT Pa3sHOOOpa3HbBI BHIOOP
MIPOCTPAHCTBA KOHEUHBIX 3JIeMeHTOB. Pa3pbiBHBIN MeTo ["anépkuna TpedyeT yrnpaBieHne CKauYKaMu
U CpPEJIHMMM 3HAUEHHUSMH, B TO BpeMs Kak cla0blii METOJ] KOHEUHBIX 3JIEMEHTOB |l anepkuHa
UCIIOJIb3YET HOBBIE OMEPATOpbl U obecreunBaeT mpocTory. Crnabblii METO KOHEUHBIX 3JIEMEHTOB
["anepkuHa NpeBOCXOUT Pa3pbIBHBIN MeTO I'anépkiHa 1 METOJI CMELIaHHBIX KOHEUHBIX 3JIEMEHTOB
Onmaroznapss Oojiee MPOCTOMY HCHOJb30BAHUIO, JIyUlIed HENPEPBIBHOCTH IOTOKA, MEHbIIEMY
KOJIMYECTBY HEU3BECTHBIX ¥ OTCYTCTBUIO HEOOXOAMMOCTH B IITpadHbIX Kodhduimentax [21]. B [22]
JIBYXCETOYHAsl CXE€Ma C HCIOJb30BAHUEM HENPEPBIBHOIO METO/JAa KOHEYHBIX D3JIEMEHTOB U
pa3pbIBHOrO MeTo1a ["ajiepkrHa He MO3BOJIIIIa TOCTUYb ONTUMAJIbHBIX OLIEHOK NorpemHocty as Vu
U p B HOpME L, . B [23] mMomuduimpoBaHHbBI JTBYXCETOYHBIH METOM JUII CMEIIAaHHOW MOJENN
Crokca-Jlapcu MO3BOJIMJI JOCTUYb ONTUMAIBHBIX OLEHOK OIIMOOK. DTOT METOJ| MpeAroJiaraet
CHayaJla pelieHne Ha rpy0oil ceTke, a 3aTeM Ha Menkod. OpHako pemieHue noazanadn CTokca Ha
MENKOW ceTke TpeOyeT MHOTo BpemeHHu. J[ns mosbiienus >ddexTuBHOCTH B [24] mpemniaraercs
JIOKQJIbHBIN U MapaJljIesIbHbIN aIrOPUTM KOHEUYHBIX 3JIEMEHTOB C MCIIOJIb30BAaHUEM JABYXCETOYHOMU
JTUCKPETU3alMH, ¢ HU3KOYACTOTHBIMH KOMIIOHEHTaMH Ha Tpy0oil ceTke M BBICOKOYACTOTHBIMU
KOMIIOHEHTAMH, BBIYMCISIEMBIMH JIOKQIBHO M TapajlieIbHO Ha Menkoud cerke. Kriaccuueckuid
JIOKaJbHBI M TapajyIeNbHBIA METOJ KOHEYHBIX 3JIEMEHTOB, HECMOTPSI Ha BBICOKYIO CTEIECHb
pacnapaJieIMBaHus, TPUBOAUT K TJIOOATBHOM pPa3pbhIBHOW ammpokcuManuu. JJis JOCTHXKEHUS
HEMPEPBIBHOTO pelIeHus padoTa [25] mpencTaBisieT HOBBIN MapajuleNbHbIi METO/, UCTIONb3YIOIINH
pa3zbueHne eIMHUIIbI, TO3BOJISIONINN HE3aBUCHMBIE U MapaulesibHble pelleHus nojazanay Jlapcu u
Crokca Ha MENKOH ceTKe. DTOT MOJAXOJ TAKXKE BKIIOYAET KOPPEKIMIO CETKU il oOecreyeHHs
OLIEHOK OIIMOOK 0oJiee BHICOKOTO TOPSAAKA JUIsl CKOPOCTH SKUJIKOCTH U MbE30METPUUYECKOr0 Hamopa
B HOpMe L,. Pemerounsiit Meton bonbiiMaHa npe/iaraeT napauieTIu3M U MaclITaOupyeMOCTh, YTO
JieNlaeT €ro HWJICalbHbIM JUIsl MOJAETMPOBAHUS ME30MAcCIUTAaOHBIX SBJIEHUH M HEHBIOTOHOBCKHX
oTOKOB. HecMmoTpsi Ha CBOM CHIIBHBIE CTOPOHBI, PELIETOYHBIM MeToJ boibliMaHa wumeer
OTpaHMYEHUS B MOJEIUPOBAHWU TEUYEHHUS MAaKPOCKONMUYECKHX IMOPUCTBIX Cpell, a CIO0XKHOCTh
pean3any MOXKET IIPEMSATCTBOBATh €r0 MUPOKOMY UCIIOJIB30BaHMIO [26].

B nenom, yucieHHble METObl UIPAIOT PEHIAIOIIYI0 POJb B YIYYIIEHHU HAIIero MOHUMaHUs
TEUEHUs KUJKOCTU B MOPUCTHIX CPEAAX U ABISIIOTCS HE3aMEHUMBIM MHCTPYMEHTOM JUISI PELICHUS

ypaBHeHui Ctokca-Japcu B MpakTUUECKUX MPUITOKEHHUSX.
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Cmoxacmuuyeckas modens Cmokca-/lapcu

OcHOBHBIM HENOCTAaTKOM Kiaccudyeckoil monenu Crtokca-/lapcu siBiseTcs ee HEeCoCOOHOCTh
YUYHUTBIBATh HEOIMPEACIIEHHOCTH U U3MEHUMBOCTh NTApaMETPOB MOJEIIU, TAKUX KaK MPOHUIIAEMOCTD,
HayaJbHblE W TPaHUYHbIC YCJIOBHUSA. J[eTEpPMUHUCTUYECKHH NOAXOJ MOXKET IPUBECTU K MEHeEe
TOYHBIM U MEHEE HAJICKHBIM PEIICHUSAM MPU TPUMEHEHUH K peabHbIM 3aJa4aM, KOTOPBIM MPUCYITH
TaKhe HEOMPEICTICHHOCTH. Y CTpaHeHHE 3TUX HEeIOCTaTKOB TpeOyeT MpUHTUS OoJiee MPOIBUHYTHIX
II0/IXOJI0B K MOJIEJIMPOBAHUIO, TAKMX KaK cToxacTuueckas moaenb Ctokca-Jlapcu. CtoxacTuueckas
mojenb Crokca-/lapcu BKIIIOYaeT ciydailHble M BEPOSTHOCTHBIC pacHpeleNieHHs, OObeIHHSET B
CTPYKTYPY CTOXaCTUYHOCTb, HEOAHOPOJHOCTh U HEOIPEIeJICHHOCTh, YTO MO3BOJIAET JIenaTh Ooee
HA/ICKHBIE ¥ PETMCTHYHBIC TPOTHO3BI 32 CUET yueTa 3(P(PEKTOB U3MEHUYMBOCTH M HEOTPEACICHHOCTH
[apaMeTpoB, YTO B KOHEYHOM HWTOI€ MPUBOJUT K YJIYUYIIECHUIO IpOLEcca MPUHATHUS PELICHUN U
OLICHKA PHUCKOB B MPAKTUYECKUX NpWIOKeHUsX. [lo3ToMy MHOTMMH aBTOpaMU H3Yy4alloCh
croxacTruyeckoe 0000IIeHrne MOIENH.

ITockoIBKY OOBIYHO TEH30P THAPABINUECKON MpoBoauMOCTH K ( X ) HEBO3MOKHO OIPEIEIHTH
JIOCTOBEPHO, 3aIIHIIIEM €T0 B BHIE citydaiiHoro tensopa. [Tycts (2, F , P ) — moaHOE BEPOSITHOCTHOE
MPOCTPAHCTBO, IJe {] — MHOXXECTBO UCXOJ0B, F € 28 c-anredpa coobiTHil, a P: F = [0,1] —
BEpOSITHOCTHAA Mepa, K( w,x ) — caydaiiHbId TEH30p THIPABIMYECKOW MPOBOAUMOCTH, W € (2,
x € D,.

OgHuM M3 KIIACCHYECKMX MOJIXOJ0B PEIICHUS CTOXACTHUYECKUX YPaBHEHHM B YacCTHBIX
MpOU3BOJHBIX sBigeTcs meroa Monrte-Kapno. OH mpennosaraer npuOJIMKEHHOE peLIeHHE AJis
HE3aBUCUMBIX M OJMHAKOBO PACHPEIEICHHBIX CIy4alHbIX BEJIUYUH IOCPEICTBOM IOBTOPHOU
BBEIOOPKHU BXOJHBIX TTAPAMETPOB, M PEIICHHS COOTBETCTBYIONINX JETCPMUHUPOBAHHBIX YPAaBHEHUH B
YaCTHBIX MTPOU3BOAHBIX C UCTIOJIB30BAHUEM CTaHAAPTHBIX YACIECHHBIX METO/IOB.

HenaBuo B uccnenoBanuu [27] mist croxactuaeckor moaenu Crtokca-/lapcu Obul pa3zpaboTaH
MHOTOCETOYHBIII ~ MHOTOYPOBHEBBIM ~ MeTon ~ MoHTe-Kapno,  3HAYUMTENbHO  CHMDKAIOLIWNA
BBIYMCIIUTENIbHBIE 3aTpaThl B BEPOSTHOCTHOM IpocTpaHcTBe. KpomMe TOro, MHOrOCETOYHBIH
MHOTOYPOBHEBBIM MeTo] MonTe-Kapio, onucannsiii B [28], 00beAMHSIET MHOTOYPOBHEBBI METO/I
Monte-Kapino u MHOTOCETOYHBIE METOIbl AJiA TOBBIMICHHUS S()PEKTUBHOCTH BBIUMCICHUN B
BEPOSATHOCTHOM MPOCTPAHCTBE. ITOT METOJ] IPOJAEMOHCTPUPOBAII IOJITOBPEMEHHYIO YCTOHYMBOCTh
U TOYHOCTh TIEPBOrO TMOPSAAKA IO BPEMEHU TMPU OMNPEIEICHHOM BpPEMEHHOM IIare M
IBYXIIapaMeTPUUYECKIX YCIOBUSX. B mccnenoBanuu [29], paccmarpuBarommeM mpoOIeMbl PEeIIeHHUs
MHOTOMACIITA0HBIX ~ CTOXAaCTHYECKMX  YpaBHEHMI  TOPUCTOM  Cpeabl,  MpPe/ICTaBICHBI
MHOrOMacIITaOHbIE TIOJIX0/Ibl K SKOHOMUYHOMY pa3pelIeHUI0 HEOMPEIEICHHOCTEN 1 MOCETOYHBIM
MaciiTabam Ajsi KOJIMYECTBEHHON OIIEHKH HEONPEEIEHHOCTH B T€0JIOTOPa3BeI0UYHbIX paboTax.

Kpome TOro, anmpTepHaTHBHBIN alropuT™M, MpoJeMOHCTpupoBaHHBIH B [30], obecneunBaer
YCTOMYMBOCTh IO BpPeMEHHM 0e3 JOMOJHUTENBHBIX IMapamMeTpoB, MPEACTABISAS OOIIKME MaTPHIIBI
KOA(DPUIIMEHTOB 7Sl IMHEWHBIX CUCTEM B JCTCPMUHHPOBAHHBIX YHCICHHBIX MOJIEISAX, TEM CaMbIM
COKpalllasi BBIYUCINUTEIbHBIE 3aTPaThl C COXpAaHEHWEM TOYHOCTU. Ele 0OHMM 3aMETHBIM BKJIAJ0M
apigercs 3¢Q(GeKTUBHbIM aHCaMOJIEBBIA aIrOPUTM, NpPEUIOKEHHBIH B [31], onTUMHM3HpYrOIMIMA
napameTpsl PoOeHa A yCKOpeHHUs CXOAUMOCTH, B YaCTHOCTH JOCTHIKECHHUS MOYTH ONTUMAIbHON
T€OMETPUUYECKON CXOIMMOCTH MTPH HU3KHUX THAPABINYECKUX TTPOBOIUMOCTSIX. MeTO b KOJUTOKAITUH
[32], mpeanaratoT MpoCTOTY U aJalITUPYEMOCTh K HEPETYJIIPHBIM T'PAHULIAM.

Hakonen, pa3nmuuyHble YWCICHHBIE METOIBI, B TOM YHCJIC CBSI3aHHBIE METOJBI KOHEYHBIX
AJIEMEHTOB, METOMABl JCKOMIIO3MIIMA OONACTH, METOAbl MHOXHuTenel Jlarpamika, AByXCETOYHBIE
METO/Ibl, HECBSI3aHHBIE MapIleBbIE CXEMBbI, pa3phIBHBIE METObI [ anmepkuHa, METOJbI TPAHUIHOTO
WHTETpaia, CTOXaCTUYECKHE METOJbl KOHEUYHBIX AJIIEMEHTOB M MHOTOMACIITA0HBIE CMEIIaHHbIS
METOABbl KOHEYHBIX 3JIEMEHTOB ObUTH pa3pabOoTaHbl IS MOJYyYEHUS TPHUOIMKEHHBIX peIIeHUI
croxactuueckoil mozmenu Crtokca-J[apc B HECKOJBKUX O0JACTAX C YYETOM MYIbTU(DU3MUECKUX
(hakTOpOB.
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Cmoxacmuuyeckas modenv Cmokca-/lapcu 8 OpoOHbIX NPOU3BOOHBIX

B coBpemeHHOI muTEepaType BCTPEYAIOTCS MAaTEMATHUYECKUE MOJICIH, OCHOBAHHBIC HA TOM, YTO
SIBJICHUS] TCUCHHUS JKUJIKOCTH Yepe3 MOPUCTBIC CPEIbl 3aBUCIT OT UX MPOILIOro coctosius [32-35].
DTO CBSI3aHO C TEM, YTO CBOMCTBA KakK MOPOJIbI, TAK U KUJKOCTH U3MEHSIOTCS CO BPEMEHEM, MOKa
KHJIKOCTh TE€YET Yepe3 MOPUCTYIO cpeny. [Iopbl cpeibl MOTYT yBETHYMBATHCS M3-32 XUMHUYECKUX
peaKImii MEXIy CpPEelOd M JKUAKOCTHIO HIIM MOTYT YMEHBINATHCS HIIM JIaXKe 3aKpbIBAThCS H3-32
OCAKJICHHSI TBEP/IBIX YACTHULI, IEPEHOCUMBIX KUJKOCTHIO, MIIM OCAXKICHHISI MUHEPAJIOB U3 KHUJIKOCTH.
B pe3ynbrarte TeueHne npoucXoauT TakK, Kak eciu Obl cpesia uMena namsThb [33].

YroObI T1y0sKe MOHATH KOHIICTIINIO AMSTH CPEIbl, PACCMOTPUM cienyromui mpumep. Koraa Bee
BIMSIIOIIME TUAPOJMHAMUYECKHE IapaMeTphl (IaBleHHE, TemIeparypa ¥ T. [.) OCTalOTCs
HEM3MEHHBIMH, TPATUIIMOHHO MIPE/IIOIaracTcs, YTO XapaKTePUCTUKHA TOPHON MTOPOJIBI, KHUIKOCTH U
MOTOKA OCTAIOTCA MOCTOSIHHBIMU. OJHAKO JJAHHbBIE BETMYUHBI 3aBUCSAT OT BPEMEHU M U3MEHSIOTCS C
Te4YeHUEM BpeMeHU. TakuM 00pa3oM, CBOMCTBA MOPOIbI, JKUJAKOCTH U TIOTOKA B TEKYIIUH MOMEHT
3aBHUCAT OT UX MPOILIOr0 COCTOSHUS, KOTOPOE HEOOXOAMMO YUUTHIBATH JUISI OTIPENIEIICHUS TEKYIIEro
Y TIPOTHO3a OY/AYIIEro MOBEICHHUS.

B pabore [36] B croxactmueckyro wmonenb Ctokca-Jlapcu BKIIOYEHA «IMaMsTh» IS
KOJIMYECTBEHHOW OIICHKHM BJIMSIHUS HMCTOPHHM M3MEHEHHUs Ipoliecca. TakuM o0pa3oM, TeKyllee
COCTOSIHUE TIOPOJIBI, )KUIKOCTH U TIOTOKA MPEICTABICHO KaK CBEPTKA (DYHKIIMH ITAMSATH U MX UCTOPHH.

B nwmreparype BcTpeuwaroTCss J1Ba THIa TIAMATH: BPEMEHHas W IPOCTPAHCTBEHHAs.
[IpocTpaHcTBeHHasi TaMATh YYWTBHIBAET NpPEABIAYIIEEe MPOCTPAHCTBO, HYEpe3 KOTOPOE IPOLLIN
xunkocTu [37]. UToOBI YIIOBUTH 3TO HEMPEPHIBHOE U3MEHEHHUE CBOMCTB FOPHBIX MOPOJT M (PIIFOUIOB,
HEOO0XOIMMO YYUTHIBATh KaK MPOCTPAHCTBEHHYIO, TAK MU BPEMEHHYIO MaMsaTh. HekoTopbie Monenn
YYUTBIBAIOT TOJIBKO BPEMEHHYIO MaMSATh, HEKOTOPBIC — IPOCTPAHCTBEHHYIO, 8 KIIACCHUECKUE MOJICIIN
HE YYUTHIBAIOT HU OJIUH U3 3THX 3 (ekToB. BrimroueHne BpeMEeHHOM WIIH IPOCTPAHCTBEHHOM MTaMATH
M03BOJIHIIO OBl chopMyTUpOBaTh 00OOIICHHYI0 MATEMAaTHYECKYEO MOJICIb, OTPAYKAFOIILYIO TOYTH BCE
THUIIBI SIBJICHUH TEUCHHUSI, BOSHUKAIONIUX B IOPHCTHIX Cpeliax.

B HacTosiiiee Bpemsi THAPOAMHAMHYECKUE CUMYJIATOPHI MJIACTOB OCHOBAHBI HAa TPaJUIIMOHHOM
MojenupoBaHi. OCHOBHBIM HEIOCTATKOM croxactudeckod mojnenu Crokca-Jlapcu siBisiercs To,
YTO OHA HE YUYMTBHIBAE€T BaXKHeMIlee CBOMCTBO MOPHUCTOM cpenbl — MaMsATh, KOTOpasi CYIIECTBEHHO
BJIMSIET Ha TOBEJEHHE MOTOKAa XUAKOCTH. OJHAKO CYUTAETCS, YTO MOJEIH, HE YUUTHIBAIOIIHE
BIMSIHUE HCTOPUU TMOPOJBI U JKUAKOCTH, HE MOTYT TOYHO OTpakaTh XApPAKTEPUCTHKH IOTOKA
KHUIKOCTH. JIJIi MOCTMXKEHUS ATOM 1enu JpoOHBIE MPOW3BOAHBIE MOTYT TOMOYB JIy4YIle, YeM
OOBIYHBIC IPOU3BOJAHBIC, IIOCKOJIbKY JpOOHbIE MPOU3BOAHBIE (YHKIIMM MOXHO BBIPa3UTh
MOCPENICTBOM CBEPTKHU IBYX (yHKIHA. bojee Toro, oHM JEHCTBYIOT Kak OOBIYHAs MPOW3BOHAS,
KOTJ1a MOPSAJIOK MTPOU3BOIHOM ABISETCS HEOTPULIATENBHBIM II€JIBIM YHCIIOM.

CrnenoBarenbHO, TPOOHBIE MPOU3BOJHBIE MOTYT HCIIONB30BATHCS ISl OMHMCAHUS TPUPOIHBIX
SBJICHUM, MOJJOOHO OOBIYHBIM NPOU3BOAHBIM, M, KPOME TOTO, I MpPEACTaBICHHs MOCIEICTBUN
uctopun. VIcTopurio IaBieHHs, TPAJIUEHTOB JABJICHUS WM JIIOOBIX JPYTUX TapaMeTpoB MOXKHO
YUUTBIBaTh, UCHOJb3Ys MPOU3BOJHBIE JPOOHOIO MOpsiiKa 3TOro mapamerpa. Jias paccMoTpeHus
BPEMEHHOW IaMSATH WCIONB3YIOTCS MPOU3BOAHBIC IPOOHOTO TOpSAKAa IO BPEMEHH, a JUis
paccMOTpeHHs TPOCTPAHCTBEHHON MaMsITH — IPOU3BO/IHBIE APOOHOTO TOPSIIKA IO TPOCTPAHCTBRY.

3a mocieHAe HECKOJBKO ACCATHIICTHIH APOOHOE MCUMCICHUE CBHITPANO BAXHYIO POJbh BO BCEX
o0JIacTsIX HAayKM M TEXHUKU M, COOTBETCTBEHHO, 3HAYUTEIbHBIH HHTEpEC BBI3BAIN ApPOOHBIE
MIPOU3BOJIHBICE W WHTETpaibl. Bo MHOTMX NPHIOKEHHUSX IPOOHBIC MPOWU3BOJHBIE W HWHTETPAIIBI
obecrieunBaroT 60JIee TOYHbIE MOJIENI CHCTEM, YeM OOBIYHBIE TPOU3BOHbBIE U MHTErpalibl. J[poOHOE
VICYHCIICHUE TTO3BOJISIET OTHMCHIBATH PA3IMUHBIC SIBICHUS U 2(PPEKTHI B €CTECTBEHHBIX U COIIMATBHBIX
Haykax. bbuto omy0iIMKOBaHO MHOTO TEOPETHUYECKUX, YHCICHHBIX Pa0OT, MOCBSIIEHHBIX TEYSHUIO
KHJIKOCTH Yepe3 MOPUCTYIO Cpey. DTH UCCIIETOBAHHS TOCTABIIIN ITaMsITh U IPOOHBIE TIPOM3BOTHBIE
Ha HEHTPAJIbHYIO POJIb B TOUHOM MOJIETUPOBAHUH MOTOKA KUJKOCTH Yepe3 NopUcTyto cpeny [38].
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JlpoOHOE WHcYMCICHHE, KOTOpOe MpEeACTaBiIseT OO0 TEOpUI0 MHTETpajioB M IPOU3BOJIHBIX
OpOOHOTrO MOpsiKa, OMUCHIBACT IHIMPOKUN CIEKTP Pa3IUYHBIX THUIIOB OINEPATOPOB C HEIENIbIM
nopsakoM [39]. B npukiagHoii MaTeMAaTHKE BaXXHO UMETh MHCTPYMEHT, IIO3BOJISIOIIUIN aIEeKBATHO
noadupaTh TUM JPOOHBIX OMEPaTOPOB sl paccMaTpuBaeMoro tumna spieHuil. Heo6xoaumo umersb
YEeTKHE MaTeMaTUIECKHUE KPUTEPUH JIJIS CBSI3U JPOOHBIX ONIEPATOPOB HELIEBIX MOPSIKOB M TEX THIIOB
SBJICHUH, KOTOphIE OHM MOTYT omnuchiBaTh. [luddepeHunansupie ¥ UHTETpalibHbIE ONEPaTOPhI
HEIENBIX TOPSIIKOB SBJSIOTCS MOIIHBIM WHCTPYMEHTOM MOJEIMPOBAHUS W OMMCAHUS MPOIECCOB,
XapaKTEepU3YIOIINUXCS YyracaHUEM IaMATH U IPOCTPAHCTBEHHOM HEJIOKalbHOCThIO0. OJHAKO HE BCE
orepaTopbl HEIEIIOUUCICHHBIX MOPSIIKOB MOTYT OnucaTh 3(pPeKThl MaMsATH (UIH HEOKAIBHOCTH).

B pabore [40] ucmonp3yercs apoOHasi MPOW3BOAHAS B CMEICIE ompenencHus Kamyro mms
OIMCaHUs MaMSTH (yracarouiei namsTH).

[TpuBenem 060061eHNE TPOOHOTO MOPsAKa TuHeapu3oBaHHOH Moaenu Crokca-Jlapcu:

Ao vr(x,t, w) — Vzvf(x, t,w) +Vp(x,t,w) = fr(xt w) B Df X T xQ
V-ve(x,t,w) =0 B Dy xTxQ
v (x,0, ) = vp(x, ) B DpxTxQ
ve(x, t,w) =0 Ha [ xTxQ
S08.p(x,t,w) — V- (K(x,0)Ve(x,t,w)) = f,(x, t, w) B D,xTxQ
d(x,0,w) = ¢po(x,t) B D,xTxQ
o(x,t,w) =0 Ha [, xT xQ
ve(x, t,w) - np — K(x, w )Ve(x, t,w) -n, =0 B I'XTxQ
p(x,t,w) — uneVve(x, t, w) - ny = go(x, t, w) B I'xTxQ
apjs .

p(x, t,w) — ,uanvf(x, tw) 1, = vf(x, t,w) - T; B [ XT X Q.

VT K(x, w)T;

Wnes BkItOueHUs MaMATH B MOJECIHUPOBAHHME TMOA3EMHBIX MOTOKOB SIBISETCS CPaBHUTEIBHO
HOBOM. C 3TOH TOYKH 3pEHHS MPEIIOJIAracTcs, YTO BCe MaTEepHAIbl 00J1a/1al0T MaMAThIO, TIOITOMY
CUMUTAETCS, YTO MCTOPUS M3MEHEHUS MOPOIbl U KUIKOCTH BIUAET HA MX HACTOSIIME M Oymaylue
XapaKTepUCTHKU. BBeleHWEe NPOM3BOAHBIX JIPOOHOTO TOpsSAKa B MOJETh IS ydeTa MaMsITH
YCIOXKHSET YPaBHEHUS U UX YHCIEHHOE pelieHue. B oTinymne oT MpOoM3BOJIHBIX IEIO0T0 MOPSIKA,
MIPOU3BOJIHBIC JAPOOHOTO IMOpSIIKAa HE MMEIOT €JUHOr0 ompejeiieHus. Pa3Hbie ompeseneHus IaloT
pasHble ypaBHEHHUsS IJIs OMHOW M TOW ke Mojenu. Takke CI0XKHO TUCKPETHU3UPOBATH MOIEINb,
MIPUMEHSISI COOTBETCTBYIOIINE KOHEYHO-PA3HOCTHBIC ammpoKcHMaIui. Pa3paboTka HOBBIX CXeM U
QITOPUTMOB ISl PEIICHUS TOJIYUEHHBIX ypaBHEHUH IpPOOHOTO TMOpSIKa MPEeICTaBIseT CcOOOU
CIIOKHYIO 3a]1aqy.

Takum 00pazom, MOKHO CeNaTh BBIBOJ, YTO COCTOSHHE M3y4eHHOCTH Mojaenu Crtokca-Ilapcu
elIe JaJIeKo OT COBepIIeHCTBA. B ocoOeHHOCTH, TpebyeTcs m3ydeHue o0O0OIeHNs KIIacCUYeCKOon
MOJIETIH, TIO3BOJISIIOIIEE YYeCTh HacleACTBEHHBbIE J(PQEKThl TMOPUCTON Cpebl, 3HAYUTEIHHO
BIIUSTIONIUE HA TTPOIIECC TEUSHUS KHIKOCTH. Kpome Toro, TuTeparypHbIil 0030p BBIIBHII HEOOJBIIOE
qrciio paboT, HANPaBIEHHBIX HA Pa3padoTKy AP (GEKTUBHBIX BEIUMCIUTEIBHBIX METO0B peaTn3aliuu
JTAHHOM MOJIEIIH.
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Juckyccus

Takum obOpazom, ctoxactudeckas Monenb Ctokca-Jlapcu sBIsieTcs OCHOBOM JUlsl MOHMMAHUS
THJIPOAMHAMHUKY BO MHOTHX CLEHapusxX. XoTs Kiaccuueckas monenb Ctokca-llapcu ¢ dexTuBHO
OTpa)kaeT KJIIOYEBbIE acCMEKTbl TI'MJIPOAMHAMHUKH, OHA HMMEET OTrPaHMYECHUsS B Y4YeTe CJI0KHOTO
MOBEJICHHS, HAOII0AAEMOr0 B T€TEPOTeHHBIX MOPUCTHIX CpPellaX, OCOOCHHO B OTHOLICHUHU YPPEKTOB
croxacTuueckoi nm3meHunBoct. Croxactuyeckas monenb Crokca-/lapcu obecrnieunBaer ruOKOCTh
[P y4eTe HEONPEJCICHHOCTEHM, MPUCYIIUX TEYEHUSIM B IMOPUCTBIX CpeAax, YyeM Kilaccuyeckas
mozeinb Crokca-Jlapeu.

Jns Gonee peaqrCTUYHOIO ONUCAaHMsI TEYEHMH B IOPUCTBIX cpelaXx HEeOOXOOUMO YyYecTb
JOJTOCPOYHbIE M3MEHEHUs NaHHBIX cpeld. TakuMm o0pa3oMm, y4deT HEOIpPEAEICHHOCTH BXOJHBIX
napameTpoB U 3(PQPEeKToB NaMATH NOPUCTOM cpeabl obecreuuBaeT 0Ooliee  peaucTUYHOE
IIPE/ICTABICHUE CIOKHOM TMHAMUKU B MOPUCTBIX Cpelax. DTOT BBIBOJ COIJIACYETCsl C HEIaBHUMHU
UCCIIEIOBAaHUSIMH, NOJYEPKUBAIOIIMMU Ba)XXHOCTh yuyeTa 3((EKTOB M3MEHUMBOCTH M IaMATH B
JUHAMHKE TIOJ3€MHBIX KHUJIKOCTEH.

JIuteparypHblii 0030p MOKa3aj, 4TO B IMOCIEIHEE BpeMs MPEAJIOKEHbI Pa3InYHbIC YHUCICHHBIE
METOABI peanu3anuu ApoOHoW Monenmu Ctokca u IpoOHON Mozenu Jlapcu Mo OTAETBHOCTH, CO
CTPOTMM J0Ka3aTeJbCTBOM HMX YCTOMYMBOCTH M cXxoaumocTu. OjHako apoOHoe o0oOIiieHue
COBMECTHOM MOJIETU SIBJISIETCSI CPABHUTEIHLHO HOBOM OOJIACTHIO MCCIEAOBAHUIN B BBIUMCIUTEIHHOM
THJIPOAMHAMUKE.

B npenbiaymieit pabore aBropoB [36] Obuta mpeaniokeHa coBmecTHast mozenb Ctokca-lapcu
ApoOHOro MOpsi/IKa, a TaKXkKe MPEUIOKEH YUCIEHHBI MeTo]l ee peanu3auuu. [locTpoeHHbI MeTO
Jocturaer 0ojee BBICOKOTO IMOPsIKa CXOJUMOCTU IO BPEMEHH 10 CPABHEHHUIO C MHPEIbIIyLIIUMU
paboramu [41,42] 3a cyeT cnenuaaIbHOM almpOKCUMAIIUK APOOHBIX MTPOU3BOAHBIX U YIECHOB B C1a00M
dopmynupoBke. boiee Toro, mpumenenne aHcaMOJIEBOTO MOAX0/1A C MAPAJUICIIEHBIM BBIYACICHUEM
JUCKPETHBIX JPOOHBIX NPOM3BOJIHBIX IO3BOJIMI JOOUTHCS IOYTH CEMHUKPATHOIO YCKOPEHUS
BBIUUCIICHUI Ha TeCTOBOM mpuMmepe. JlureparypHbiii 0030p HE BBISIBMII paboT, HANPABICHHBIX Ha
JanbHelIee n3ydeHue npeioxkeHHOW APOOHO-CTOXaCTHUYECKOM MOJIENH.

3akiiloueHune

[logBoass wrorM, MBI BHIUM, 4YTO Kjaccuueckas wmojenb Crokca-Jlapcu u3ydaercs
TCOPCTUYCCKMMHN W YHUCICHHBIMU MCTOAAMU Ha MPOTAKCHHU MHOTHX JICT. B cBa3u ¢ stuMm
MPEJIOKEHO MHOXKECTBO UMCJICHHBIX METOJIOB M TPAaHMYHBIX YCIOBUN. B mocneanee necstunerue
OblTa TpensiokeHa croxactuueckas monenb Crokca-Jlapcu, koTopas sBiseTcss 0000IeHneM
knaccuueckoro ypaBHeHus Ctokca-Jlapcu. Xots croxactuueckas mozens Crtokca-/lapcu mmeer
MPEUMYIIIECTBA TIepe]] KIACCHYEeCKOW MOJCNbI0, KaK Y€ TOBOPHJIOCH BHINIC, OHA TaK)KE HMEET
HEJOCTaTKH, 3aKIFOYAIOIINECsS B BBIYUCIUTENBHON CII0)KHOCTH MPU YUCIICHHBIX pacueTax U HeyueTe
MaMsATH — BaXHOTO CBOKMCTBa mopuctoil cpenbl. Croxactuueckuwe ypaBHeHuss Ctokca-/lapcu
IpoOHOTO TMOpsAKa SBIAIOTCS 00001eHneM cToxacTuaeckoi moaenu Ctokca-Jlapcu, U MOCKOJIbKY
9Ta MOJENIb BCE €Ile HAXOAWTCS Ha CTaJWUd CTAHOBJIEHHUS, OHa Tpedyer OoibIIOoro obbeMa
uccinenoBanuii. [Ipou3BoaHbIE IPOOHOrO MOpPsIKA UMEIOT MHOXECTBO MPEUMYIIECTB Tepen
KJIACCHYECKMMH ITPOU3BOAHBIMHM, II03TOMY MCIOJIB30BaHUE CTOXacTuueckon Moaenn Crokca-/apcu
IpOOHOTO TMOpsiAKa YPEe3BBIYAHO BaXXHO B MPAKTHYECKUX MPHIOKEHUsAxX. JlampHeiimiee
WCCIEIOBAaHUE aBTOPOB OyIeT HANpaBJICHO Ha pa3padOTKy W TEOPETHYECKOe OOOCHOBAaHME
3¢ (HEeKTHBHBIX BBIYUCIUTENLHBIX METOIOB PeaTH3alli JaHHON MOJIEIH.

baarogapHocTh

JlanHoe WCClieIOBaHWE BBIMONHEHO Tpu (puHAHCOBOM moaAepkke Komurera Hayku
MunuctepcTBa Hayku W BbICIIEro oOpaszoBanus PecnyOmmku Kazaxcran, rtpant Ne
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CTABMJIM3ALMA ABUXKEHUSA KBAAPATHYECKUX TUPPEPEHIIUAJIBHBIX
CUCTEM HA KOHEYHOM OTPE3KE BPEMEHU

Annomayus

K mccnenoBanuio HecTalMOHAPHBIX JIMHEWHBIX CHCTEM OOBIKHOBEHHBIX AU (epeHInalbHbIX YpaBHEHUH
MPUBOIAT MHOTHE 33/1a4d MEXAHWKA M TEXHHMKH, B YaCTHOCTH, 3aJaud aHalh3a CUCTEM YIpaBlICHHUS M
HABUTAIUA JBIKYIIUXCS 00BEKTOB. Il X YCHENIHOTO peleHrs HeoOX0aUMBI 3G eKTUBHBIC, YIOOHBIE B
NPUMEHEHUH METOBI MCCIEIOBAHMS MPOLECCOB, MPOTEKAONINX B HECTAMOHAPHBIX JIMHEHHBIX CHCTEMaXx.
TpeOyercss HalTH TakWe YNPaBISAIONINE BO3JACHCTBUS Ui CUCTEMBI KBAJpaTUUYECKUX AU epeHIIHaTbHBIX
ypaBHEHHH, KOTOpbIe OyayT oOecredyrBaTh yCTOHYMBOCTH Ha KOHEYHOM OTPE3KE BPEMEHH MOJIOKCHUS
paBHOBECHs CHUCTEMbI. B craTbe MOydeHO ympaBieHHE TAaKOro BHAA, KOTOPOE CTaOMIM3HPYET CHUCTEMY
KBaJ[paTHUECKUX TUPPepeHIHATEHBIX YPaBHEHUH OIIPEIeICHHOTO BU1a HA KOHEYHOM OTpe3Ke BpeMeHu. J1iist
JMHEHHON HEeCTAlMOHAPHOW CHCTEMBI OBIJIO TIOCTPOCHO YIPaBJICHUE CTAOMIM3UPYIOLIee JaHHYIO CHCTEMY Ha
KOHEYHOM OTpe3Ke BpeMeHH. VICTonb3ys ycinoBHs CTaOMIM3aLlUH IBIKCHUS ObUIO TOKA3aHO BBITOIHEHUS
BCEX YCIOBHUI TEOPEMBI O CTAOMIIN3AIMH ABMKCHUSI HA KOHEYHOM OTpE3KE BPEMCEHH.

KiroueBble ci10Ba: yCTONUUBOCTD IBUKCHUS, TMHEHHBIE HECTAIMOHAPHBIE CHCTEMBI, KOHEUHBIH OTPE30K
BpeMeHH, (hyHIaMeHTalbHas MaTpHIla, KBaapathdeckue nud¢epeHIrnanbHble YpaBHEHUS, CTaOWMIH3ans
TBHKEHHUSL.

K.C. Nans6ekosal, C.B. Bepkimbaesal, ®@.P. I'ycmanosa®’, P.C. Akkosueal, A.K. Vckakosa'
X anbIikapassik OusHeC yHUBEpCUTETI, AnmMatsl K., Kazakcran
Zon-Mapabu ateiHgarsl Kasak yITTHIK YHHBEPCHTETI, AnMaTh K., Kazakcran
KBAJIPATTBIK JUO®EPEHIUAJIBIK KYNEJIEPIIH KO3FAJBICHIH IIEKTEY.JII
YAKBIT APAJIBIFBIHIA TYPAKTAHIABIPY

Anoamna

MexaHuKa MEH TEXHHMKAHBIH KONTEreH Macelnenepi KapamaibiM anpQepeHIHanIbK TeHIeyIepaiH
CTaI[MOHAPJIBIK €MeC CBHI3BIKTHIK XKYHeNepiH, atam aiTkaHaa Oackapy JKYHeJepiH Tajjay >kKoHe KO3FaJlaThIH
00BEKTIIeP Il HABUTAIUsIIAY MACeIIeIepiH 3epTTeyre akeei. Oyapibl COTTI Iy YIIIiH CTaIlMOHAPIIBIK €MeC
CBI3BIKTHIK JKYHeNeplie *KYPEeTiH ypAicTepai 3epTTeyIiH THIMII, KOJJaHyFa oHail aiictepi kaxer. Lllexreymi
YaKbIT apajbIFbIHA JKYWEHIH Tene-TeHMIK KarJalbIHbIH TYPAaKTBUIBIFBIH KaMTaMachl3 €TETIH KBaJPaTThIK
mddepeHInaNIbIK TEHIeYIep XKykeci YIIiH ocbIHIal Oackapy opekerTepiH Ta0y kepek. Maxkanaaa Genrii
Oip THUNTI KBaApaTThIK JUPQGEpEeHIHANIBIK TEHJAeyJdep JKYHeCiH IIEKTeYli YakKbIT —apalbIFbIHIA
TYpaKTaHIBIPATBIH OacKapy 2JIeMeHTIH Taly ece0i KapacThipblIFaH. ChI3BIKTHIK CTAIIMOHAP €MEC JKYHe YIIiH
IICKTEYJIl YaKbIT apajbIFblHAA OepiireH >KyHeHI TypaKTaHABIpaThiH OacKapy KKpbULIbL. KO3FaibICThI
TYpaKTaHIbIPy MIAPTHIH MaiijalaHa OTHIPBIN MIEKTEYJI YaKbIT apajbIFbIHIA KO3FAJbICTBl TYPaKTaHIBIPY
TypaJbl TEOPEMaHbIH OapIIbIK MAPTTAPBIHBIH OPBIHAATATHIHBI KOPCETLIII.

Tyiiin ce3mep: KO3FaJbIC TYPAKTHUIBIFBI, CBHI3BIKTBI CTAllMOHAPIIBI €MeC JKYHenep, IIEKTeYJl YaKbIT
apaJIbIFbl, ipresi MaTpuIla, KBaApaTThiK AUPPepeHIIHAIIBIK TEHICYIIEP, KO3FAIBICTHI TYPAKTAHIBIDY.
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STABILIZATION OF MOTION OF QUADRATIC DIFFERENTIAL SYSTEMS ON AFINITE
TIME PERIOD

Abstract

Many problems in mechanics and technology lead to the study of nonstationary linear systems of ordinary
differential equations, in particular, problems in the analysis of control systems and navigation of moving
objects. To solve them successfully, effective, easy-to-use methods for studying processes occurring in non-
stationary linear systems are required. It is required to find such control actions for a system of quadratic
differential equations that ensure stability of the equilibrium position of the system over a finite period of time.
In the article, a control of this type is obtained that stabilizes a system of quadratic differential equations of a
certain type over a finite period of time. For a linear non-stationary system, a control was constructed to
stabilize this system over a finite period of time. Using the conditions for stabilizing motion, it was shown that
all the conditions of the theorem on stabilizing motion are fulfilled over a finite period of time.

Keywords: motion stability, linear non-stationary systems, finite time interval, fundamental matrix,
guadratic differential equations, motion stabilization.

OcHOBHBbIE MOJI0OKEHHU S

[Ipyn wu3ydeHHH pa3IMYHBIX MPOIECCOB, MPOUCXOISAIIUX B PEATbHON JIEHCTBUTEIBHOCTH,
MIPUXOJUTCS CTAIKUBATHCS C OJIHUM M3 HanOOJee BAXKHBIX MOHATUM - TIOHSITHEM 00 YCTONYMBOCTH
nBukeHust. OCHOBBI TEOPUH YCTOWYMBOCTHU JIBHKEHUS OBbLIM pa3pabOTaHbl B KOHIIE MPOILIOTO BEKa
pycckuMm yueHbIM A.M. JlsnyHoBeiM. MM ObUIO mpeniokeHO [Ba METOJla peuIeHus 3a1ad
ycroitunBocTu. Bropoit (uiam, Kak ToBopsT npsaMoii) metos JIsmyHoBa SIBIS€TCS MOUIHBIM CTPOTUM
AQHATUTHYCCKUM H BecbMa A(P(EKTHBHBIM METOJOM IIPH PEIICHUH MHOTHUX TEOPETHYCCKHX U
MPUKJIAIHBIX BOIPOCOB YCTOMYMBOCTU IBUXKEHHs. V3710XKeHHE M pa3BUTHE ATOW TEOPUU IOJIHO
OCBEIICHBl B W3BeCTHOW MoHorpadpum A.M.JIsnyHoBa, a Taxke B paborax H.I'. Yeraesa,
E.A. bap6amuHa, H.H. Kpacosckoro, B.1. 3y6oBa, H.I'. Mankuna, A .M. Jletoga,
K.II. Ilepcuackoro u apyrux.

Beenenne

Kak wusBecTHO, ycroilumBocTh Mo JIAMyHOBY paccMaTpuBaeTcsi Ha OSCKOHEYHOM HHTEpBalie
BPEMEHH, UTO SIBJISIETCS CEPbE3HBIM MPEMATCTBUEM JUIsI MHOTHX MTPHIIOKEHUH, TaK KaK OOJIbIIMHCTBO
O00BEKTOB MCCIIEOBaHUS (PYHKIMOHUPYIOT B TEUEHHE KOHEYHOI'O MPOMEXYyTKa BpeMeHu. B stoi
CBSI3M pa3BUTHE MeTojAa (QYHKIUH JISmyHOBa MPUMEHUTENIHO K HCCIIEIOBAaHUIO YCTOWYMBOCTU U
CTaOMIIN3allUH IBUKEHUS HA "KOHEYHOM OTpPE3KE BPEMEHU NPEJICTABIISETCS aKTyalbHOU 3a7aueil.

K wnccnenoBaHuio HeCTallMOHAPHBIX JUHEMHBIX CHUCTEM OOBIKHOBEHHBIX AU((epeHINATbHBIX
YPaBHEHUI IPUBOJAT MHOTHE 33Ja4d MEXAHUKHU U TEXHUKHU. OHU MCCIIEA0BaHbI MHOTMMH aBTOPaMU
(AM. JIanynos, H.I'. Yeraes, H.II. Epyrun, K.A. AGrapsu u gap.). Hammume 3aBucuMocTH
KO3(Q(QHUIHUEHTOB CHCTEMBl OT BPEMEHHM BHOCUT MPHUHLUUIHMAIbHBIE TPYAHOCTH B H3YYEHUHU
CTPYKTYpPHBIX CBOWCTB CHUCTEMBbI (YCTOMYMBOCTH, YIPaBISIEMOCTH, M  HaOII0JIa€MOCTH).
HccnenoBanue ycTONYMBOCTH JIMHEWHBIX HECTAIIMOHAPHBIX CUCTEM Ha KOHEUHOM OTPE3KE BPEMEHH,
o0ecrnieurBarollee TOYHOE MoMalaHue K Hadyaly KOOpJMHAT 3a KOHEYHOE BpeMms.

MeToa0J10THeI HCCIEA0BAHUA

Hannuue 3aBucuMocTH KO3((UIMEHTOB CHCTEMBI OT BpPEMEHH BHOCUT MPHUHIIUINHUATHHBIC
TPYOHOCTH B M3YYEHUU CTPYKTYPHBIX CBOMCTB CHCTEMbI (YCTOHYMBOCTH, YIPAaBISEMOCTH U
HaOmonaemoctu). B cratbe paccmarpuBaeTcsi 3a/ada MCCIEOBAHHS CTAaOWUIM3AIUU JBUKCHUS
KBaJpaTudeckux auddepeHInaIbHbIX CUCTEM Ha KOHEYHOM OTPE3KE BPEMEHH, 00eCIeUHBaIOIICe
TOYHOE MOMNaJaHue K Hayaly KOOpJIMHAT Ha KOHEYHOM MHTEPBaJIe BPEMEHH.
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Teopernueckue wucCCIeAOBaHUS TPOBOJAMINCHL HAa OCHOBE OOIIEH TEOpHH OOBIKHOBEHHBIX
nuddepeHIMaTbHBIX ypaBHEHUI, TEOpUHM MATpPHULl, TEOPHUH YCTOWYMBOCTHU [BUIKEHUS U TEOPHH
YIPaBIAEMOCTH.

PaccmoTpum nnHelHHYI0 HeCTallMOHAPHYIO (YHKITHIO

% = A(t)x + B(t)u; x(to) = Xo, te [tOIT)’ (1)

rae A(t) v B(t) — MaTpuIbl pa3MEPHOCTU L X N, N X T COOTBETCTBEHHO, DJIEMEHTAMH KOTOPBIX
SABJIAIOTCS KYCOYHO-HENPEPHIBHEIE JeiicTBUTENbHbIE GyHKIMKM Bpemenn [1,2]. B wactnoctu, A u B
MOI'YT OBITh IIOCTOSHHBIMU MaTpuiamu wim A(t)x He umeer ocodyro Touky (t,x) = (T, x(T) = 0)

0
THUIIA —.
0
MmuosxxectBo U € E™, T0 eCTh OrpaHMYCHHE HA YIIPABICHUE OTCYTCTBYET.
[Tycte @(t) pynmameHTamBHAS MATPUIA PEIICHUH CUCTEMBI

dx

Toraa marpuity @ (t) MOKHO ONPEACTUTh U3 MATPHYHOTO TU(PPEPEHIINATHHOTO ypaBHEeHHS [3]
o) = ADP(D), P(to) = En
Cocrapnsem  matpunmy  ®(t,7) = ()P (1), onpemenseMyro M3  MaTPUYHOIO

Qg QepeHInaTbHOTO YpaBHEHUS BHIA

%Cb(t,r) =A®)P(, 1), D(t) =E,

Pe3yabTaThl HCC1e10BaHUS
CrnpaBennuBa cieayrolas Teopema:
Teopema 1. YpaBnenue Buaa

uy(t,x) = —B*(t)K(t)x, t € [ty T), (2
rac

K@) =W™(t,T), tel]ty,T), (3)

W(t, T) =jCD(t,T)B(T)B*(T)CD(t,T)dT,

t

®(t, 7) sABISETCSA PEMICHUEM CHCTEMBI

d
7 2D =40 1), P8 =Ey
W(t,T), VtE€ [ty T) NOJIOKHUTEIBHO-ONPEACICHHAS MAaTPHIA, OCYIIECTBISET CTAOWITH3AIMIO
JBIKEHHUS cucTeMbl (1) Ha KOHEYHOM OTpe3Ke BpeMeHH [4].

Jlanee, paccMOTpUM YpaBHEHHE BO3MYLICHHOTO JIBWKGHUS, OIMCHIBAEMOIO CHCTEMOM
KBaJIpaTHUECKUX AU PepeHInanbHbIX YpaBHEHUN:
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% =a;(t)x + x*D;(t)x + B;(t)u,
t€fty,T), x(ty) =x0 i=1n

rae a;(t) = (a;1(t), a;(t), ..., a; (t)) — BekTOp-CcTpPOKA,
D;(t) — cuMMeTpUYHasi n X n — MaTpHIa,
u = u(t) — ckansipHOe ynpasJsieHue, B;(t) — ckaasgpHast QyHKIHSI.

rae A(t) = (ay;(t)), B(t) = colon (By(£), .., By (1))

Torna cnpaBeasivBa cieayronias Teopema [S].
Teopema 2. IlycTh BBIMOTHSAIOTCS BCE YCIOBUS TeOpeMbl 1 miist cucteMsl (1) u

u(t,x) = u(t,x) + v(t, x), t € [to,T)

rze cKaysipHas QyHKIUS

(4)

(5)

(6)

v(t; x) = - i=1XR;(t; x)x, Zi = Ki (t)
Ki(t) = (Ki1(t), ..., Kin(t)) — i-ast crpoxa marpuis! K (t), n —MepHble BekTopsl R; (t,x), i =
In
TaKue, 4To

KB(t)R; (t,x) + R;(t,x)B*K = 2D;(¢t), i=1n

Torna YIpaBJICHHUEC BU A (5) pa3pemact 3agavdy o CTa6I/IJ'II/I3aI_II/II/I JBHMIXXCHUA Ha KOHCYHOM

OTpEe3Ke BPEMEHU sl CUCTEMBI (4)
Jloka3aTeabCTBO:
Paccmorpum dynkimto JIsmyHoBa Buna [6-8]:

V(t,x) =x"K(t)x, t € [ty, T),
[TonHas mpou3BoHAs KOTOPOM MO BPEMEHH B CUITy CUCTEMBI (4) UMEET BU/I:
n
V(6 x(t) = ' K(D)x + 2 Z K; (©)x(a;(O)x + x°D;(0)x + B,()u =
i=1
= x* (K + KA(t) + A" (0K ) x + 2x" (s 2, Dy(8))x + 2" KB(6)u(t, x)
Ecnu ynpaenenue u(t, x) Oyaem onpenensits u3 ycioBus (5), To u3 (8) moiayuum
V(t,x() =x" (K + KA(t) + A* (K — KB(t)B*(t)K) x+

+2x" Z 2 D;(0) | x = x*KB(©)B*(¢) + 2x*KB()v(t, x).

i=1
Pemenne matpuunoro audepeHnuansHoro ypasHenus [9]
K+KA+AK—KBB'K =0

uMeeT B (3) ¥ MO yCIOBUIO TEOPEMBI IOJTYYUM HEPABEHCTBO
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n

V(6 x(0) <220 ) 7| Du(o) - %KB(t)RZ‘(t) + R()B* (DK |x =0
i=1
CornacHo ycioBHsM TeopeM | U 2 MOXKHO II0Ka3aTh BBIIOJHEHUS BCEX YCIOBHU TEOPEMBI O
CTaOMJIM3aLUK JBIDKCHUSI HA KOHEYHOM OTpe3ke Bpemenu [9, 10].
B kadecTBe mpumepa paccCMOTPHM [BIDKCHHE TBEPAOrO Tela C OXHOH OChIO CHMMETpPHH,
YIPaBIsIeMOro JBYMsI JBUTaTeIsIMH, KOTOPOE OIMCHIBACTCS CHCTeMOH JuddepeHImanbHbIX
ypaBHEHUI

X, = —ax,Xx3 + u;coswt
Xy = —ax1Xx3 + Uy Sinwt 9)
X3 = U,, a = const

IZI€ X1, X3, X3 — IPOEKIHHU YIIIOBOM CKOPOCTH T€ja Ha OCH, )KECTKO CBSA3aHHBIE C HUM;
@ — YIJI0Basi CKOPOCTb Bpalll€HUs [IEPBOTO JBUTATENS;
Uq ¥ U, — YIPABISIOUIIE MOMEHTHI.
3ajaua COCTOMT B TOCTPOCHUM yrpaBieHust Uq(t,X) W  Uy(t,X) TEepeBOISIIICTO TEIO u3
npou3BosibHOTO coctostHus x(0) = xg B Touky 0 (x; = x, = x3 = 0) 32 KOHEUHOE BpEMSL.
Jana cuctema kBagpatudeckux auddepeHInanbHbIX ypaBHEHH:

rac
coswt 0
A=0, B =|—-sinwt 0],
0 1
0 0 0 0 0 0
o o -2 o o -2
D, = | 2 | D, = | 2 |
\o _a o/ \o _a o/
2 2

Ucnons3ys TeopeMy 2 yrpasieHue OyleM HCKaTh B BUIE
u(t,x) = u°(t,x) + v(t, x)

rie u®(t,x) = —B*K(t)x (mo Teopeme 1), a

n

v(t,x) = —Zzi R; (t, x)x, z; = K;(t)x

i=1

Haiinem u®(t, x). s 3Toro Ham Heo6xoauMo onpeaenuts K (t).
K (t) HaxoauM U3 ypaBHEHHUS:

K+ KA+ A'K —KBB*K = 0,
K —KBB*K = 0, takkak A =0,
WM, 9TO TO ke camoe, mpu  det K(t) # 0,

dK~1
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Tornma

dK~! C?S(‘)t 0 coswt —sinwt 0
—| —sinwt 0 ( )=

dt 0 1 0 0 1
cos’wt —coswtsinwt 0
= — | —coswtsinwt sinwt 0|
0 0 1
T

T
1
Kt = f cos’wtdr = Ef(l + 2 cos wt)dt =
t t
1 1
= E(T —t+ ;Slna)(T —t)cosw(T + t);
T 1 T
K}t = —jcoswrsinwr dr = —EjsinZwrdr =
t t
1 .
= —-co0s2wt|l = ——sinw(T + t)sinw(T —t);
4w 2w

T T
1
K3 =— f sinwt dt = Ef(l — cos 2wT)dt =
t t

1 1
= E(T —t— Zsinw(T —t)cosw(T + t);

1
A= (T — t)* — — sin*w(T — t)
w

Torna marpuna K (t) Gyaer uMeTh BHI:

2(T —t+ a) 2P 0
A wA \‘
K(t) = 2B 2(T—-t+ @)
wA A /
0 0 T—t

CnenoarenbHo, Matpuna K ~1(t) umeer Bu;

1 B 0
K_l E(T—t+a) —%
&)= —% %(T—t+a) 0 /
0 0 T—t
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rae
a= %sinw(T —t)cosw(T +t)
B = sinw(T + t)sinw(T —t).
CneposarenbHo, yrpasienue u°(t, x) B cuty GpopmyIsl
u(t,x) = —B*(t)K(t)x, te€ [ty T)

OyzeT UMeTh CIEeAYIOINN BUI:

2
ud(t,x) = Z((T —t— a)coswt — gsinwt> X1 +

+§coswt — (T — t + a)sinwt)x,)

ud(t,x) = x3(T — t).

3atem ucnomab3ys hopmyiy (6) Beruucisem v(t, x)

v(t,x) = — X1z R} (t, %),

Zi = Kl-(t)x,

rae K;(t) = (K1 (t), Kip(t), ..., Kin (t)) —i-as crpoka matpunst K;(t)

__2 B
Z, = _Z<(T_ t—a)x, +5x2>,

Z, = —§<§x1 —(T—-t+ a)x2>,

z3 = —x3(T — t),

aR;(t,x), i=1,3, Takue, 9yTO

KBR;(t,x) + R;(t,x)B"K = 2D;(t), i=1,3.

t € [ty, T)

(10)

[Moxacrasnss Bmecto K (t), B(t) u D;(t) nmaHHBIE, U pelias 3T0 MATPUYHOE YPAaBHEHHE MOTyYaeM

cnenyronmme R;(t,x), i=1,3:

0 0 0 a
a T—t
Rl(t, X) =|0 T——t' , Rz(t,x) = 0 0 ,
0 0 0 0

CrnienoBatenbHo, moactasisist R;(t, x) B hopmyy (10) momyunm:

V1 (tl .X) = O;
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B

w

2 a
-t

vy(t,x) = 2 (—px? +

2 2 )
AT X5 axqxy ).

Torna crabunusupyromee ynpasienue (5) mist cucteMsl (9) mojiydaem B BU/IE:

2
u,(t,x) = Z<(T —t—a)coswt — gsinwt> X, + (g coswt — (T —t — a)sinwt) Xy,

2 «

w(tX) = 37

(—,Bxf —2ax1%, + gxﬁ) + x3(T — t).

Jduckyccus

YcroitunBocTh o JISmyHOBY paccmaTpuBaniach Ha OECKOHEYHOM OTpE3Ke BPEMEHH, 3TO B CBOIO
ouepesb SBISUIACH CEPbE3HON MPOOIEMONM HpU PElIEHMH MHOTUX MPUKIAAHBIX 3373y, TaK Kak
OOJIBITMHCTBO O0BEKTOB MCCIIEIOBAHUS (PYHKIMOHUPYIOT B T€UCHHE KOHEYHOTO OTPE3Ka BPEMEHHU.
NMmerorcss Takke pasMyHbIE MOAXOABI K ONPEACIICHUI0 YCTOMYMBOCTM Ha KOHEYHOM OTpE3Ke
Bpemenu (H.I'. Yeraes, H.JI. Moucees, I'.B. Kamenkos, A.A. Jle6enes, K.A. AGrapsin u ap.).

Ho HM ogHa M3 M3BECTHBIX MOCTAHOBOK 00 YCTOHYMBOCTH Ha KOHEYHOM OTPE3KE BPEMEHU He
3aHsIIA 10 CUX [TOP JTOMUHUPYIOIIETO MOJ0KECHHUS.

IIpu nccnenoBanuu 1aHHON NpoOIEMbl HAMU OBUIM MOJIYYEHO CTaOMIM3UPYIOLIEe YIpaBICHHUE
TS KBaZ[paTHUecKuX audQepeHnnanbHbIX CHCTEM YpaBHEHU Ha KOHEYHOM OTpe3Ke BPEMEHH.

3akirouenne

Jlist KBaIpaTUYECKON HeCTallMOHapHOU cucTeMbl Bua (1) ObLIIO MOCTPOCHO yrpasieHue Buaa (5)
cTabMIM3UpYyIoNIee JaHHYI0 CUCTEMY Ha KOHEYHOM OTPE3Ke BpeMeHH. VICTIonb3ys YCIIOBUS TEOPEMBI
1 1 TeopeMbl 2 OBLJIO TTOKA3aHO BBHIIIOJHEHUS BCEX YCIOBUN TEOPEMBI O CTAOMIIM3AIIMU JABHKCHHSI Ha
KOHEYHOM OTPE3KE BPEMEHHU, UTO JJOKA3bIBACT O HAXOXKICHUH YIIPABJICHUS, KOTOPOE CTAOMIU3HPYET
JBUKEHHE pacCMaTPUBAEMil CHICTEMbI HA KOHEYHOM OTPE3KE BPEMEHHU.
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To Memory Shaltay Smagulov

ABOUT SOLUTION OF SINGULAR BILINEAR STOCHASTIC SYSTEMS ON THE BASE
SMAGULOV'S CONDITION

Abstract

This work considered class singular bilinear stochastic systems in Langevin's form. The authors presented
the definition and application of apparatus, a class of pseudo-semi-inverse matrices, and, for the first time,
included Sh.S. Smagulov's initial condition for the class of singular nonlinear stochastic systems in bilinear
case. The article considers a system in the form Map «Input — Output» for a class with several inputs in the
Langevin's form. On the base of connection between Langevin's form and Volterra's form are proved the
theorem about the construction of Volterra’s model for a class of singular nonlinear stochastic systems in
bilinear case. Also, authors proved theorems about unigueness, convergence and finitely (on the base class of
nilpotent matrices of S. Li) for this Volterra's model in Ito’s form in conception of describing the system in
form Map «Input — Output» for the above class of systems, but with several inputs. As well known in the
problem statement for solving the singular system, in other investigations, initial condition stated, in our view,
is incorrect, or this condition is absent. Therefor due to Sh.S. Smagulov's initial condition and on the base
apparatus R.S. Sudakov's class of pseudo-semi-inverse matrices and using Sh.L.Sobolev's annulator can build
solutions above named of a class of singular nonlinear stochastic systems in bilinear case.

Keywords: singular, nonlinear, stochastic systems, bilinear, initial condition, annulator.

JLY. }I(adpaegal, MK lUyaKaeel, M.U. Ecenoea*
'Kazaxckuii HAYUOHATbHBIN Nedazo2uyeckull yuusepcumem umenu Aoas, 2. Aimamet, Kazaxcman

Hamamu Illanman Cmazynosa

O PELIEHUM CUHT'YJAPHBIX BUWJIMHEMHBIX CTOXACTUHYECKHUX CUCTEM C
YCJIIOBUEM CMAI'YJIOBA

AnHomayus
B nannoit pabote paccMaTpuBaeTcs KIIacC CHHTYJISPHBIX OMITMHEWHBIX CTOXaCTUYECKUX CUCTEM B (hopme
JlamxeBeHa. ABTOpBI MPEACTaBIIN ONpEIeNIEHHE W NMPUMEHEHHE ammapara Kjiacca MCeBI0-TT0TyoO0paTHBIX
MaTpHUIl ¥ BIepBbie BBenu HavanmbHOe ycioBue III.C. CmarymoBa Juist Kjlacca CHHTYISPHBIX HEITHHEHHBIX
CTOXaCTHUYECKHX CUCTEM B OMIIMHEWHOM ciydae. B cTaThe paccmarpuBaercsi cucreMa B BHJIE OTOOpasKeHHS
«Bxon — Beixom» mis kiacca ¢ HECKOJBKHUMH BXojamu B ¢dopme JlamkeBena. Ha ocHoBe cBsizm (hopmbr
JlamxeBena u ¢opmbl Bonbreppa okasbiBaeTcs Teopema O MOCTPOSHUH Mojenu Bomnbreppa s kiacca
CHUHTYJISIPHBIX HEJTMHEWHBIX CTOXAaCTHUECKHX CHCTEM B OWJIMHEHHOM ciydae. Taxoke aBTOpaMH JOKa3aHbI
TEOopeMbI 00 eJIMHCTBEHHOCTH, CXOIMMOCTH U KOHEYHOCTH (Ha OCHOBE KJlacca HUITbIOTeHTHBIX MaTpull C. JIn)
s 3toi Mojenu Bombreppa B Gopme MTO B KOHLIENIMK OMUCAHUS CUCTEMBI B OTOOpakeHus: «Bxox —
Borxom» a1 BBIIEYTIOMSIHYTOTO KJIacca CHUCTEM, HO ¢ HECKOJIBKMMHM BXoaMu. Kak M3BECTHO, B TOCTAHOBKE
3aJla4M JUIA PEIeHHs] CHHTYISIPHBIX CHCTEM, B IPYTHUX HCCIIEIOBAHIIX, HAYaIbHOE YCIIOBUE YKa3aHO, HA HAalll
B3TJI51/I, HEBEPHO WJIM 3TO YCIOBHE BOOOmIEe oTcyTcTByeT. IloaTOoMy, Onaromapst HadaldbHOMY YCIIOBHIO
II.C. CmarynoBa 1 Ha OCHOBE ammapaTa ncesao-noxyoopatueix Marpun P.C. CynakoBa u ¢ IpuMEHEHHEM
apaynsaropa C.JI. CoboneBa MOXHO TOCTPOWUTH PEIICHHUS IS BBINICHA3BAHHOTO KJAcCa CHHTYIISIPHBIX
HEJIMHEHHBIX CTOXaCTHYECKHUX CHCTEM B OMIIMHEHHOM CITydae.
KiroueBble cjioBa: CUHTYISIpHBIC, HEMHEWHBIE, CTOXaCTUYECKUE CHCTEMbl, OMJIMHEWHbIE, HayalbHOE
yCIIOBHE, aHHYJIATOP.
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JLY. Kanpaesa!, M.K. Illyakaes', M.U. Ecenosa’
LAGaii aTeingarsl Kazak yITTBIK IIeIarOTHKANIBIK YHUBEPCHUTETI, AnMaThl K., Kazakcran

Hlanmait Cmazynoemel ecke any

CMATI'YJIOB IAPTBIHAAYBI CUHI'YJISIPJIbI BUCBI3BIKTBI CTOXACTHKAJIBIK
KYUEJEPAI LIEITY TYPAJIBI

Anoamna

XKympicta JlamkeBeH TYpiHIAETI CHHTYJSPABI OMCBHI3BIKTHL  CTOXACTHUKANBIK OKYyHelep  Kiackl
KapacThIpbUIFaH. ABTOpJIap NICEBAO0-KapThlIail Kepi MaTpruUaiap KIACHIHBIH allapaThIHbIH aHBIKTAMAChl MEH
KOJIZIAaHBUTYBIH KENTipell >KoHEe OWCHI3BIKTBI JKaFaiIarbl CHHTYJISAPIBI CHI3BIKTHI €MeC CTOXACTHKAIIBIK
xy#enep kinacel yiid L1.C. CMarystoBThIH OacTaIlKhl IIAPTHIH aiFaml peT eHrizai. Makanana «Kipy — LLbiry»
Oelineney Typingeri JlamkeBeHHIH OipHeme Kipy ¢opMachIHAarbl Kiachl VIIIH JKYyiHe KapacThIpbLIabl.
JlamxeBeH MeH BombTeppa ¢opManapbl apachlHOaFbl OaiIaHBIC HETI3iHAE OWCBI3BIKTHI JKaFIaiIarsl
CHHTYJISIPIIBI CBI3BIKTBI €MEC CTOXACTHUKAIIBIK XKyHenep KiIacsl YiIiH BompTeppa MoaenmiHiH KYpbUTYBl Typaiibl
Teopema nonenaeneni. CoHpaii-ak, OipHemie Kipyneri korapbiia atanraH skyhenepre «Kipy — Ibiry»
Oelineney cunarray KoHuenuusicbiHna MWro Typingeri BonbTeppanblH ocbl Mopaeni YIIiH Oipereuiik,
KUHAKTBUTBIK KoHE aKbIpibUIbIK (C. JInmiH HUNBIIOTEHTTI MaTpuIaiap KJIachkl HETi3iHIIEe) Typaibl TYHIHAEp
nonenaeHin Oepineni. benrimi OGomraHmail, O6acka 3epTTeyiepAe CHUHTYISPIBI Kyhenepai menry eceOiHiy
KOMBUTYBIH/IA, O13/1iH OMBIMBI3IIA, KOPCETUITCH 0acTalKbl MIapThl TYPBIC EMEC HeMece OYJI IIapT MYJLIE JKOK.
Conppikran, I.C. CMaryioBThIH Oactankpl mapThl apKbuiel, P.C. CymakoBTBIH TICEBAO-KAPTHUIAH Kepi
Matpunaiap ammapatsl Heriziage xoHe C.JI. CoOoneBTiH aHHYNMATOPBIH MaiiIalaHbIl, XOFaphla aTajaFaH
OWCBHI3BIKTHI JKaFIalIarbl CUHTYISPIBI CHI3BIKTHI €MeC CTOXAaCTHKAJBIK KYHeslep KIACBIHBIH MIeIliMACpiH
TYpFBI3YyFa OOJambI.

Tyiiin ce3aep: CUHTYISAPIBI, CBI3BIKTHI €MEC, CTOXACTHKAJIBIK JKYHenep, OUCBHI3BIKTHI, OacTarKbl MIapThl,
AQHHYJISTOPEI.

Main provisions

In the work author stated of the initial condition of Sh.S. Smagulov in the form of a theorem. Also,
in the article presented analytical solution of singular, deterministic, stochastic bilinear systems in
Langevin's form based on applying a class of pseudo-semi-inverse matrices with the S.L. Sobolev's
annulator used. The system's transition from Langevin's to Ito's form is based on transformation
formulas. Solution of singular, deterministic, stochastic bilinear systems is constructed as Volterra's
model based on the theory of Volterra's series. The research of Volterra's model is presented as an
infinite series on finiteness properties based on applying a nilpotent class forming a Lie algebra. The
uniqueness of the Volterra's series proved.

Introduction

The relevance of the research problem presented in this article lies in the fact that there are
currently no:

1. Methods of analytical solution of classes of singular systems. However, the world solves the
class mentioned above of systems by numerical methods depending on their class.

2. In many studies of classes of singular systems, the state vector is deterministic and singular
systems practically lack an initial condition. However, due to the dynamism property, such an initial
condition must necessarily be present. On the other hand, in many studies, the initial condition is
present, but in our opinion, it is set incorrectly, due to the active action of the matrix (our operator,
representing a degenerate or rectangular shape on the system, automatically generates its actions on
the initial condition. The correct setting of initial conditions is crucial for the accurate analysis and
control of singular systems, a point we will further elaborate on in this article.

Based on the above, this paper's research topics are very relevant.

The research presented in this article aims to develop a new analytical method for solving classes
of deterministic, stochastic bilinear systems with the properties of singularity (descriptor) and non-
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incorrectness based on the initial condition of Sh.S. Smagulov, apparatus of pseudo—semi—inverse
matrices, and theory of Volterra's series.

Research methodology

The problem of analytically solving singular, deterministic, stochastic billing systems rests on the
solution of the following tasks.

1. The initial condition setting for this class of systems needs to be more correct.

2. Properties of the singularity of the system automatically determine properties of the
incorrectness of this system.

In connection with the above, we can state that the methodology of solving problems formulated
in this work is divided into two stages. The first stage eliminates the disadvantages of setting the
initial condition, which is generally absent, or the authors ignore the properties of the systems
dynamism. The second stage of the study consists of the following sequences of steps.

Step 1. Analytical solution of singular, deterministic, stochastic bilinear systems, Langevin's
formula presented.

Step 2. The system transition mentioned above from Langevin's form to Ito's form.

Step 3. Constructing solutions of singular, deterministic, stochastic bilinear systems in the form of
Volterra's model.

Step 4. A study of Volterra's model presented as an infinite series on finiteness properties.

Step 5. A study of Volterra's model presented as an infinite series on uniqueness properties.

Results of the study

As previously noted, the methodology for solving the problems formulated in this work is divided
into two stages.

In the first stage, the initial condition of Sh.S. Smagulov formulated in the form of a theorem of
the same name. In the second stage, at the first step, the analytical solution of singular, deterministic,
stochastic bilinear systems presented in Langevin's form based on applying a class of pseudo-semi-
inverse matrices with the S.L. Sobolev's annular used. The system's transition from Langevin's to Ito's
form in the second step is based on transformation formulas. In the third step, the solution of singular,
deterministic, stochastic bilinear systems is constructed as Volterra's model based on the theory of
Volterra's series. In the fourth step, the study of Volterra's model is presented as an infinite series on
finiteness properties based on applying a nilpotent class forming a Lie algebra. In the fifth step, the
uniqueness of the Volterra's series proved.

The device pseudo inverse Moore — Penrose's matrices were presented for the first time in [1]. In
[2], Sobolev's matrices are given, and S.L. Sobolev's theorem for the solution of systems of algebraic
equations, which was also used in [1]. In [3], the theory of the class mentioned above of nonlinear
pseudo-semi—inverse matrices for the first time presented matrices of R.S. Sudakov and her
application to problems of an assessment of the reliability of systems. In [3], the remark is made that
pseudo the return matrices; it is difficult to use the theory in several tasks from linear algebra.

The definition of Drazin matrices in [4] introduced a unique class of matrices, characterized by
their nilpotent structure. Their application to the solution of nonlinear singular differential equations,
using the theorem of S. L. Sobolev, was also discussed. It's important to note that the Drazin matrices
form a distinct and narrow class with properties that are not commutative, as mentioned in [3] for
pseudo-inverse matrices.

Now, we present an analysis of Stochastic Realization Methods. From it [4,5] came a great idea
"to formulate the realization theory of stochastic processes in the same natural way as it is done in
the case of deterministic systems. "In this direction, one of the most profound studies of linear discrete
stochastic implementation problems was done in [6]. The first stage of the algorithm for solving this
problem is to solve the well-known problem of linear deterministic implementation [7] for the case
when parameters are set in the "weighting function”. In the second step, we solve the problem of
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spectral factorization, which is completed by solving the algebraic Riccati equation. You can specify
a number of papers that have used this idea [8,9]; however, in the studies mentioned above.

In [10], the control problem of switched singular systems was investigated, with the aim of
compressing their inconsistent state jumps when a switch occurs between two different singular
subsystems. In [11], a definition of a transform was presented, which reformulates a system with
delays into a singular linear system of differential equations. This transform is significant as it
introduces non-square constant matrices with a greater number of columns than rows. In engineering
applications, the complexity increase implies that the accuracy of these systems cannot be adequately
described by linear singular systems, posing a significant challenge that this research aims to address.

Proving the results valid for complex-valued functions could be considered to be a future problem.
Moreover, as done in [11], we can consider analyzing a system with delay by reformulating it into a
singular linear system of differential equations as future work. We believe that the results of this paper
are of great significance for the relevant community and can be used, for instance, to investigate
switched singular time-delay systems. The authors explored the singular system within a category of
DEs with multiple delays in his work documented in [11].

It [12] was developed and summarizes the results of previous studies for non-stationary time-
continuous linear stochastic systems. The focus is on the probabilistic aspects, the conclusion of the
natural representation of the process state as the state of the stochastic limited "input-output” display,
and the implementation as a "representation of the update release".

Imposed on the process conditions, it may be time-dependent and can lead to realization of larger
dimensions. Classes of fixed order models (“guaranteed models") were defined as having a common
correlation matrix of combined vector's outputs in the range of determination greater than or equal to
the correlation matrix of the process. This approach is not just theoretical, but also applied in the
practical problem of detecting the smallest order models of high-order correlation matrices in
numerical form, making it highly relevant to real-world problems.

Wiener's theory was used to prove the theorem of stochastic nonlinear realization existence in
Hilbert's space. Its analysis critically depends on the assumption that Volterra's kernels are set to
update the representation of the output process, as the problem of definition of these kernels is non-
trivial.

It [13] presented the initial condition for the Aver-Stokes equation. These ideas were developed
further [14-18].

Discussion

The basic definitions of the theory of pseudo- semi-inverse matrices.
Definition 1. For the matrix E of dimension m by n, the matrix

E€ is called a pseudo semi-inverse matrix if the following relationship

E = EE°E, (1)
Definition 2. Matrix R is called left S. L. Sobolev's annulator, if

R=1—-EE*
In presented algorithms for finding the pseudo semi-inverse matrices, but not the only way.

Mathematical formulation of the problem
Consider the Singular Bilinear Stochastic System of the Langevin's form

Ex(t) = Ax(t) + Bx(t)U(t)
Ex(ty) = Ex, (2)

y(t) = Vx(t) (3)
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where A, B — square matrices, dimensional m x n, x(t) —n-dimensional vector-column , C- the
row of identical dimensionalities, U(t) — standard Wiener process. For system (2)- (3) required to find
the Map "Input-Output”. Input U(t) and Output Y(t) can be measured at any moment of time.

det (E) =0.

It is supposed, that processes x(t) is independent for all ¢, t,, t; and the matrix Q = Exyx}

Sh.S. Smagulov's Theorem 1 Initial condition for class of singular deterministic and stochastics
systems presented by formula (2).

Proof: We use properties of action singular operator on system.

Theorem 1 is proved.

Definition 3. Condition (2) called Sh.S. Smagulov's initial condition for singular systems.

Theorem 2. For Singular Bilinear Stochastic Systems (2) — (3) with n there exists mathematical
model by following form:

Where
A1=EC'A, Bl=EC'B, BZ=I—EC'E (5)

E°€ — Pseudo-semi-inverse matrix;
V(&) — constant vector,
If and only if

E-E°(Ax(t) + ByxU(t)) = Ax(t) + BxU(t) (6)

Proof:
Suppose, that (4) is true. Multiplying of both parts of equation (4) in left on matrix E, we have

Ex(t) = E(A;x(t) + Byx()U(t)) + E(I — E°E)
or
Ex(t) = EE¢(Ax(t) + Bx(t)U(t)) + E-EEE
Since
E = EE°E

According to condition (6), we obtain following equation
Ex(t) = Ax(t) + Bx(t)U(t)

Theorem 2 is proved.

On the basis of Theorem 2, we use the representation of the system (2) as (4).

Problem state

Required to find the solution of system (2) - (3) in Langevin's form with several inputs due to the
transformation we can receive in the form of Volterra's stochastic series in Ito's form or receive Map
«input-output» and investigate its uniqueness, convergence and finite properties.4

Central to our analysis are one-dimensional centered random variables, which we consider as the
norm for convergence in our study.

HIE [Efz The convergence of n-dimensional variables

N = (M1 s M)
is defined by norm
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lInll =
norm of matrix random variables
§ = (&)
is defined as operaturny norm of the type:
€1l = sup g # 0 L.
Where
I'=(lig;10

On the basis of Theorem 1, we use the representation of the system (2) as (4).

Problem state

It is required to find the solution of system (4) - (3) in the form of Volterra's stochastic series or
receive Map «input-output» and investigate its uniqueness, convergence and finite properties.

The solution to the problem is not just a mere result but a profound revelation, as it follows from
the following theorem.

Theorem 3. For the stochastic bilinear system (2) - (3) in Langevin's form with several inputs there
is only unique solution presented in the form of Volterra's series: in Ito’s form

o t re ej_ _ _ .
y(@) = cetxg + T2 XL oo ;)n=1fo fol fo tcedltenedleme g e Aleiamen) (7)

0o m t req rej—q
xodWj(ey) ...dW,(ey) + Z Z f f f CeA(t—e)BjeA(e1—ez)
i=14=j=1Jg Jo Jo

B; ..eAlei1—er) - xodW;(ey) ...dW;(e;)

which uniformly converges under a sufficient condition: for any matrices 4, B;(i = 1, ..., m), x,
and any fixed t, exists € > 0,
and thatatany B;(i =1, ....m):

IBill <& (i=1,..,m), (8)

which is finite, if the set of matrices is nilpotent (Lie’s algebra).

Proof analogously as proof for deterministic bilinear systems (See [14]).

Proof: We consider system in form Map «Input — Outputy for class of systems, but with several
inputs in the Langevin's form. Using connection between Langevin's form and Volterra's form.
(See [14]).

The construction of Volterra's model.

Applying Ito's formula of stochastic differentiation we have:

dd(e tx(t)) = e™tdt — Ae~"tx(t)dt = e~ 4¢(dx — Axdt) = e 4O (T, Bix()dW;(t)) (9)
Integrating both parts, we obtain:

e Atx(t) —xo = XN, fote_AeBix(e)dWi(e) (10)
From here
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x(t) = e x, + XN, fOteA(t_e)Bix(e)dWi(e) (11)

The right-hand part of the integral equation (10) denoted through G where the operator G — acts
from the space of all Gaussian processes with the norm sup|x(&)|| on the interval (0,t) in himself.
For the solution of the equation (11) we write it in a recurrent form:

x®K+D (1) = eAtxy + YN, foteA(t_e)Bix(k)(e)dWi(e) (12)

To the equation (12) we apply the method of consecutive approximation, and then we obtain:

N
xD(t) = edtxy +
=1

t
f eAt=4)B. x,dW;(e)
0

l

N t
x@(t) = ettx, + Z f eAt=)B.xW(e)dW;(e) = eAx, +

i=10 i

o0 N t re re
+Z z f f f eAt=eV)B.eAer=e2) . B dW; (e,)dW;(ey)
i=1 j=1Jo Jo Jo

Finally directing
k — oo, we have:

N t
feA(t_e)BieAelxodWi(e)
=19

e t rt ti— _ _
X(£) = cetxy + N2 S, SN, L[5 [ eAt-en g g aee) (13)
j e F D

BpeA(ei—l_ef)deWi(el) de(ep) + -
o0 N t req rej—q

+ Z Z ] ] j eAlt=eVpeAli=ep,  eAlei-1=edy dW(e,) ...dW;(e;)
i=14j=1Jo Jo Yo

From here we have (8).

Notation. Representation (13) contains from real and stochastic of parts. However, in this case,
members obtained by way of conversion from Langevin's form to Volterra's form are contained in
real part of formula (13). Likewise, we use formulas (5).

Uniqueness

To prove the uniqueness, we address the operator equation (11).

If the coefficients of the equation (11) are measurable functions on a Hilbert space and the fact
that:

t
Elln,(t) = ny (&) — || < ¢ | [I1&2(e) —&1(e)||*de
t
where ’
ll€1| = sup|1€°11%,
we have:
t

E||G(x2)(®) = Gx)(®)]]* < Cf E||x,(e) — x1(e)||* de
to
Integrating this assessment, we have:
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E|1G*(x2) (1) = G*(x) ()11 SfEIIGA(Zz)(e)—GA(Zz)(e)II2

to

2( _ )T
<c ft delft E||xy(e) — x.(e)||* de < —.||xz —x|]?
And then by induction:
[1GT () () = G (x) (B)]|* < @II% —x|[?
Thus, for sufficiently large r the inequality is:
cet) o,

r!

then the corresponding map G is squeezing. This implies the existence of a unique fixed point G
of the map that is unique (if we identify processes and, that is stochastically equivalent processes).

Conclusion

On the results of this work, we can present the following conclusions:

1. We considered bilinear stochastic singular systems in Langevin's form, which is very
ineffective for investigating deterministic nonlinear singular systems.

2. In this work, authors presented the definition and application of apparatus, a new class of
pseudo-semi-inverse matrices.

3. Asis well known, in the problem statement for solving singular systems, the initial condition
stated in our view is noncorrect, or this condition is absent. For the first time, including Sh. S.
Smagulov's initial condition for a class of singular nonlinear stochastic systems in bilinear case.

4. This work considered a system as a Map «Input - Output» for a class of systems but with
several inputs in Langevin's form.

5.  We considered the connection between Langevin's form and Volterra's form.

6. Inabilinear case, we proved the theorem about constructing Volterra's model for a class of
singular nonlinear stochastic systems.

7. Also, the authors proved theorems about uniqueness, convergence, and finiteness (on the class
of nilpotent matrices of S. Li) for VVolterra's models in Ito’s form in conception of describing a system
in form Map «Input - Output» for the aforementioned class of systems, but with several inputs.

8. Due to Sh. S. Smagulov's initial and on-the-base apparatus R.S. Sudakov's class of pseudo-
semi-inverse matrices and use S. L. Sobolev's annulator, we can construct solutions above the name
of a class of singular nonlinear stochastic systems in bilinear case.

9. In future, we can solve problems realization, identification, and deterministic and stochastic
nonlinear singular systems.
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MEKTEJIMET'EH OBJIBICTA HOJISIPJIBIK EPEKIIEJITT BAP BEJIBTPAMU
TEHAEYI YINIH KOUBIJI'AH BACTAIIKbI- IHEKAPAJIBIK ECEII TYPAJIbBI

Anoamna

Cunrynspiasl koadduuuentrepi 6ap Oipinmi perti Aepbec auddepeHunanabK TeHIEYIep KylenepiHe
KOWBUTFaH IIEKapaNbIK €CENTep/li 3epTTey €Ki OarbITTa KapacThIpeUiaabl. bipeyiHiH kKoapduImeHTTepine
CHUHTYIISIPIIBIK HYKTE Oap, all eKiHIIICiHIe CHHTYISPIBI CHI3BIKTap 0ap. byi skymbicTa akpIpchI3 0OIBICTA
OepiireH MOJAPIBIK epeKIie HykTeci O0ap benbrpamu TeHzeyi YIIiH KOHBLIFAH OacTanKbI-IIICKapasbIK eCcerl
menrinred. KapacTelpbuiran TeHACYAIH KOXQPUIMEHTEPiHiH KoopAnHaTanap 6ac HYKTeciHae OipiHIm peTTi
nomoctepi 6ap skone omap L,(G) wmaceiHa okarmaiinel. Conpgsikran V.H.BekyaHbIH aHaJIHTHKAIBIK
anmapaThiMEH KaMTBUIMaraH »>KOHE JKeKe 3epTTeyli Kaxker eremi. EcentiH wemnMin Taly YHIiH
(YHKIMOHANIBIK aHAIN3 KOHE KOMIUIEKC aifHbIMaJIbIFa OaiaHbIcThl PYHKIHATIAP TEOPUSCHIHBIH dIiCTEpiMEH
ymracteipa xkacanraH ©.b. TyHFaTapoBTBIH 3epTTey oiicTemeci maimamaHsuinbl. HoTwkeciHae MOMSPIIBIK
epekmeniri 6ap benpTpamu TeHIeyiHe KoWbUFaH OacTamnKpI-IIEKAPANBIK €CeNTiH IemiMiHiH 6ap 0oy
IapTTaphbl TAOBUIABI XKOHE Y31UTicCi3 menriMIepi alKbIH TYPAE KYPBUIIBL.

Tyiiin ce3aep: benbTpamu TeHeyi, TOMAPIBIK SPEKIICTITi Oap TeHIEY, OacTaKbI-IeKapaIbIK, eCell.

V.P. Kymep6aesa', C.A. AnTbin6ek?

'Kazaxckuil HalIMOHAILHBIN YHUBEPCUTET UM.alb - Dapabu, . Anmatsl, Kazaxcran
2Ka3axCKuii yHMBEPCHUTET TeXHONOrUK U ousHeca uM. K Kynaxanosa, r.Acrana, Kazaxcran
O HAYAJBHO-KPAEBOM 3AJIAYE 1J151 YPABHEHMSI BEJIbTPAMU
C NOJIIPHOM OCOBEHHOCTHIO B HEOTPAHUYEHHOM OBJIACTH

AnHomayus

UccnenoBanusa 1o KpaeBbIM 3ajjayaM JUIsl CHCTEM YpPaBHEHHH B YaCTHBIX  IPOHM3BOJHBIX
MEepBOr0  TOpSJKA C  CHUHTYJISPHBIMU KOdpQHIMEHTaMH  pa3BHBajWCh B  JIBYX HallpaBJICHUSX,
BOJIHOM U3 KOTOPHIX O0BEKTAMH H3YYECHHUS SBISUIHCH KOA(D(OUIIMEHTH! ¢ CHHTYISPHBIMA TOYKAMU, B JAPYTOM
— C CHUHTYJSIDHBIMH JIMHMSIMHU. B 1aHHOW paboTe perieHa HadabHO-KpaeBas 3ajada JJisi ypaBHEHHUS
BenbTpaMu ¢ mosisipHON OCOOCHHOCTHIO B HeorpaHudeHHOUM oOnactu. KoadduimenTsl paccmaTpuBaeMoro
YPaBHEHUS UMEIOT MOIIOC IEPBOI0 NOPSAIKA B HAUYaJIbHOM TOUKE KOOPAUHAT U HE MPUHAJJIEKAT JAXKE KIacCy
L,(G). Tlo 3T0#f mpuynHe, HECMOTPS HA CBOM CHEeMU(DHUYIECKUI BHI 3TO ypaBHEHHE HE OXBATHIBAETCS
aHanuThyeckuM annaparoM M.H. Bekya u Hy»k/1aeTcsi B CaMOCTOSITEIbHOM UCCIEA0BaHUU. [ HaxoxaeHus
pelIeHnsl 3aa9r UCIOIb30BaHA MeToluKka pa3paboranHas A.B.TyHraTtapoBeIM B COYETaHHH C METOJAMH
Teopuil (YHKUMI KOMIUIEKCHOTO IMEPEMEHHOro M (PyHKIMOHAJIBHOTO aHajlu3a. YCTpaHeHa 3aBUCHMOCTH
ycnoBui Manoctd ko3(hGUIMEeHToB ypaBHeHW oT oOimactm G, ypaBHEHUS HW3ydallMCh TOJBKO B
OKPECTHOCTH  CHHTYISIDHBIX  TO4YeK. B pesynbrare JnaHHOW pabOThI HAWIEHO JOCTATOYHOE YCIOBHE
Pa3pelnMOoCTH Ha4aJbHO-KPaeBOH 3a/1auu JIIsl CUCTEMBI besbTpamul ¢ OIIpHOi 0COOEHHOCTBIO.

KiroueBblie ciioBa: ypaBHeHne benbrpamu, ypaBHEHHE ¢ MOJSPHONH 0COOEHHOCTHIO, HaualbHO-KpaeBas
3a/1aya.
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U. Kusherbayeva?, S. Altynbek?
lal-Farabi Kazakh National University, Almaty, Kazakhstan,
2K. Kulazhanov Kazakh University of Technology and Business, Astana, Kazakhstan
ON THE INITIAL BOUNDARY VALUE PROBLEM FOR THE BELTRAMI EQUATION WITH
POLAR SINGULARITY IN AN UNBOUNDED REGION
Abstract
Research on boundary value problems for systems of first-order partial differential equations with singular
coefficients developed in two directions, in one of which the objects of study were coefficients with singular
points, in the other - with singular lines. In this paper, the problem for the Beltrami equation with a polar
singularity in an unbounded domain is solved. The coefficients of the equation have a first-order pole atz=10
and do not even belong to the class L, (G). For this reason, despite its specific form, this equation is not covered
by the analytical apparatus of I.N. Vekua and needs to be independently studied. To find a solution to the
problem, the method developed by A.B.Tungatarov in combination with the methods of theories of functions
of complex variable and functional analysis was used. The dependence of the conditions of smallness of the
coefficients of the equations on the area G was eliminated; the equations were studied only in the neighborhood
of singular points. As a result of this work, a sufficient condition for solvability of the initial boundary value
problem for the Beltrami system with polar singularity is found.
Keywords: Beltrami equation, equation with polar singularity, initial boundary value problem.

Kipicne kone Herizaepi

Puman 6errepin, Telixma Mroiep keHicrikrepin, Kiein tonrapsd, mepamopd QyHKIusIap st
3eprrerenzie, Kimuddopa tannaysinaa, THIFBI3ABIK HYKTECI 0ap KMCHIKTBIFBI OH aKbIPChI3 a3 UIIETiH
OeTTep TEOPHSICHIH/IA KOHE THIFBI3IIBIK HYKTEC1 0ap KUCBHIKTHIFBI OH O€TTepe N30METPHSIIBI TYHIH IEC
KOOpJUHATTAPAbI KypacThIPY YILIH OipiHINI PETTi CHI3BIKTHIK U depeHIIHaNAbIK TeHACYl

0;f =u(z)o,f, zeUcC

naiinananaael. Ocel TeHaeyai berompamu meyoeyi (dcytieci) Aen aTaibl.

Erep u(z) Tenpmep OoitbiHmia y3imiccis Oosca, oHma U TYHWBIK OOJBICTHI ©3iHE KOIIPETIH
romeomopdusm TadeaTeiHbH M. H.Bekya [1] nonenneni. An, b.B.bosipckuii [2] Oyi1 HOTHKEHI Ke3
KEJITeH OJIIeM Il koHe mmekTenareH ((z) xoaddumnmenti yurin keneirri. Ocbuiaiiima, benbrpamu
KYHECIHIH aHAIWTUKANbIK (YHKUMSATIAp apKbulbl OepiireH menrimi TtabbutFaH. byn HoTmxenep
TeMeH ieriiel (hopMynaMeH OepiireH Kalllbl SJUIMITUKAIIBIK TEHACYJIep YILIH 1€ OpbIHAANAIbL:

0zf + 11 (2)0,f + p(2)0,f +af +bf =0
MyHna [y, iy — OIIIEM I XKOHE IEKTeNreH (yHKIMsIIap
Iy | + |pp| < po = const < 1

TEHCI3/ITiH KaHaraTTanabipaisl. An, a,b € L, ), p > 2.

Teopusnblk maibIMIayIap MeH MpakTUKaIbIK KaxerTinikrep V.H. Bekyanbix [3] skannbinanran
AQHAIMTUKAIBIK (QYyHKUUSTIAp TEOpHSICHIH p < 2 Karjaiffa KeHEHTy KaKeTTUIriHe okenai. byn
moceneni H.K. baues [4] Bg, o(U) Hukombckuii — BecoB KeHICTIri TYPFBICBHIHAH IICIITI.

Mynna U — KOMIUIEKC &a3bIKTHIKTAFbI II€Kapachl )KETKUIIKTI TeTIC, MIeKTeNreH oosbic, 1 < p <
2, 0<a<1, 6=1. Atita xety kepex, 1<p <2, a =2p—1 6omrauna By ,(U) c L,(U)
oOipak, ng(U) ¢ Lq(U), q > 2. ©.b. Tynrarapos [5] TeHjey/i 3epTTey YIIiH )KaHa aHATUTUKAIIBIK
anmapartel naiganmanael. On Tenzeyzaeri kKod@uuueHTTepre KOWBLIATHIH IIAPTTHl OOJBICTaH
amactangpl. SIFHU, TEHJEY TEK CHHTYJSPIBIK HYKTEHIH MaHaiblHAa Kapamansl. [1] >KYMBICTHIH
HOTIKEJIEpiHEe CYHEHE OTBIPBIN, THIFBI3JBIK HYKTECI 0ap KHCHIKTBIFBI OH OeTTepae M30MEeTpUsIIbI
TYHiHAEC KOOpAUHATTApAbl TYPFbI3Y benbTpamu TeHaeyiHiH roMeoMopdThl MemiMIepiH Ta0yMeH
Oipneit exenin 3.J1.YcmanoB [6,7] nonenaeni.
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J.b. Kariy [8] BbenpTpamm TeHpaeyiHiH nepOec >karFgaibl YIIIH CeKipic eceOiH KapacThIpIIbL.
JLK. Axmen-3axu [9] cunrymnspisl Ty3yi 6ap OipiHini peTTi Aepoec TyBIHABUIBI TEHACYIIep Kyiiecine
KoiputFan Jupuxne, Heliman, PoOuH ecenrtepiHiH y3uIicci3 memMaepiH aaabl. byl >KYMBICTBIH
MakcaThl - MOJISPJIBIK epekineniri 6ap benbTpamMu TeHIeyiHe KOWBUIFAaH OacTamKbI-IIeKapaIbIK
€CEeNTIH MIeNMiHIH 6ap 00JIy mapTTapblH Ta0y JKOHE Y3UIiCCi3 MIeIIMIepiH alKbIH TYpIe KYpYy.

3eprrey dicHaMachl

EcenTin KoitblIysl AfiTanbik, v > 1 HakThl cad, by, —KoMIuiekc caH, k = [v] O0JCBIH.
Mynna [a] — a-n 6yTin Geirin Ginaipesi. R > 0xone G = {z =re'®:0<r <R,0 < ¢ < 2m}
OOJICHIH.

0,V — pe?®,v + =Ly + X8y — g, Q)

Mynzaa 0 < B < 1 — smmnrukansk wapt, a(¢p), b(¢) € C[0,2n], a(¢p + 2m) = a(p),
b(¢ + 2m) = b(¢).

G obnviceiHa (1) Tenaeyain

CGNW,(G),1<p<2 )
KJIaCTa KaTaThIH JKOHC
0@ =0 (n=TG-D) ®)
V@, )l =00 ), r> oo (4)
V(r,0) =V(r,2n) = borﬁ, 0<r<ow (5)

[IapTTap/ibl KAHAFATTaH/IBIPAThIH LIEMIiMiH Ta0y kepek. MyHaa k > 1 OyTiH caH.

Ecentin memyi [10] xxymbicTbiH HoTHKECIHE (1) TeHaeyaiH (2) KiacTarsl MENTMIHIH

V,(r, @) = 177 (5P, () + ¢, Po($)) X exp (7 (v + B<¢>)> (6)

TYp1 anblHFaH. MyHJa

B(@) = [ atdy,  A,($) = 7b(@) exp (——ﬁ (vé + Re B <¢>))),

Py (@) = Xk=1 Ly 26-1(), Py (@) =1+ Xio1 L2k (),

La@) = [PAMdr, L@ =[P AWM L0y, (k =2x),

3 d, A(v) =A,(v) =0, .
v {Al(v)d- MO, 1AW = A0 %0 0
A1(v) = P,1(2m), A,(v) =P,,(2m) —exp <—12+i; v+ a1)>, a, = 3(22:), d —Ke3 KereH

KOMIIJIEKC CaH.
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Ke3 kenren OyTiH k ymiiH

A, (V)] = [A, (V)] (8)

TCHITH KaHaFaTTaHIBIPAThIH V caHbl [k, k + 1] apanbikran opyaksiTta TabbuIaThiHbI [ 10] )KyMBICTA
nonenpenred. CoHapIkTan MyHaai v - nep yuin V, (r, 0) = V,(r, 21r) TeHairi opslHaaiaibl.

(6) popmynamen anpikranFad V(r, ¢) dynkuus (1) reraeynin (2) knacra sxataTsid xoHe (3), (4)
maprrapasl xkoHe (5) maprrei V(r,0) = V(r, 2m) coun xak OeJliriH KaHaraTTaHAbIPaThIH MIENIiMi
OoJIaIbl.

Enni (7) popmynanarst d ko3¢ duiuentTi (5) mapTThIH OH JXKaK OeJliriH KaHaraTTaHAbIpaThIHAAN
erin tagmaimMez. On ymiid (7) tenmikti (5)-ke amapbin KOsMBI3. (8) TEHIIK OpPBIHIAIATHIH
Karganunapabl KapacThIPANBIK.

1) A;(v) = A,(v) = 0 opsiHgaica, oHga ¢, = d OOJFaHIABIKTaH

V,(r, @) = ri7 (@P,,1(¢) + dP, () x exp (m (v + B(qb))) 9)

Jlemek, ecemntiH (5) mapTThl KAaHAFATTAaHABIPATHIH (9) popMynaMeH TaObUIATHIH JKAIFbI3 HICTiMI
6onansl. by memiM v + B > 1 opeinpanranna C1(G) knacta xaransl, an v + f < 1 opelHganrasa
2(1-p)

_ . 20-8)
C(G) N W, (G) xnacra xatanel, myana 1 <p < P——

2) |A;(W)| =1A,(v)|, A;(v) # 0 opbiHIanaThIH OipHELIIE JKaFaail Oap.

2a) A (v) = A,(v), A;(v) # 0 GoschiH.
Omnpa Re(bo A (v)) =0 opeiHganranga ecentid (5) maptTel KaHaraTTaHAbipaTeiH  (9)
dhopmynaMeH TaOBUIATHIH JKAJIFBI3 MmIeTiMi 0otabl. by menrim

v+ B =1 opeinganranaa C1(G) xnacta sxatanpl, an v + f < 1 opblHganrania C(E) N W, (6)
2(1-B)

KJ1acTa kaTraJbl, MyHJIa 1< p < PE——

20) A (v) = —=A,(v), A;(v) # 0 6onchiH.
Onpa Im(bo Aq (v)) =0 opbiHganragga ecentid (5) mapTThl KaHaraTTaHabIpaThiH  (9)
(dhopmynaMeH TaOBUIATHIH JKAJIFBI3 MIeiMi 0otaabl. by menrim

v+ f =1 opeinganranaa C1(G) xnacta xatanpl, an v + f < 1 opslHganrania C(E) N W, (6)
2(1-B)

KJ1acTa kaTraJbl, MyHJIa 1< p < PE——

20) 1A, (V)| = 1A, W), A;(v) =0, A (v) = A, (v), A;(v) #= —A, (V) GosCHIH.
Onma A, (v)by + A,(v)by = 0 opslHmanFanma ecentid (5) mapTTsl KaHaraTTaHmbIpaTeH (9)
GopMynaMeH TabbLIATHIH KAIFbI3 mIemimi Gonansl. by memim v + f = 1 opeipanranga C(G)

KJIacTa kartajel, an v + § < 1 opelHIanFaHaa C(G) N Wpl(G) KJacTa karaapl, MyHaa 1<p <
2(1-p)
1-v-4’

Hormwxkecinge A, (v) # 0 6oinca, onzga

Re(A;(v) — Ay(v))Red — Im(A,(v) + A, (v))Imd = Reb,,

Im(A,(v) — A,(v))Red + Re(A;(v) + A, (v))Red = Imb,

TeHJeyIIep Kyiecid xone A;(v) # — A,(v) 6Gosca, onma d = b, amamsi3.
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Tenneynep xyieciHiH aHBIKTAYBIIIBI HOJTE TeH OONFaHIBIKTaH by # 0 Goiica, mernriM 60IManiIbI.
b, = 0 GosrFaHza COHFBI TEHIACYJIEP KYHECIHIH IIenniMin (6) —Fa Kolcak, onaa ¢, = 0 anambi3.

3eprTey HOTHKeIEPi

Teopema 1. Erep A, (v) = A,(v) = 0 opeigaica, ona ecentid (6) popmynamen TabbLIaTBIH
YKAJIFBI3 IIeNIiMi 00Jaael, MyHAa €, = by.

Byn memmim v + f > 1 opeiaganranga C1(G) knacra xaransl, an v + f < 1 opelHjanrania

ral 1 2(1-p)
C(G) N W, (G) xnacra xatanel, myana 1 <p < pa——

Teopema 2. Aiitanbik, A (V) = — A, (v), A;(v) #0, v—(8) renueyain memrimi 6oiceid. Onma
by # 0 6onca, ecentiH wemiMi )oK, by = 0 GoJica ecenTiH MIEKCi3 Ko 1enrimi oap.

By memimaep (6) popmynamen tabsutanel, myaaa ¢, = ialm(A;(v) - A,(v)), a-ke3 kenreH
HAKThI CaH.

Juckyccus

Alitanpik, C KOMIUIEKC »a3bIKTBHIK OOJICHIH, 9ACTTETiIeH, OH OaFbpITTaliFaH CTaHIApT O0a3uc —
{1; i}. Koopaunar perinne (x,y) nemece (z, z) maiinananame3, z = x + iy, Z=x — iy.

Ce3pikThIK Kapta L:C — C temennerimeii Typae

L(z)=az+ bz
*a3puiaael, MyHna a, b,z € C.
1 xoHe | apKbUIbl TYPFBI3bUIFAH OipiiK IIapiibiHbl L kapra a + b xoHe ai — bi apKbUIbI
TYPFBI3BUIFaH Mapajuienorpammra oerineneiiai. (1-cyper)

_— =
_._,_4/{ ]

% ——

Cypem 1. Bipnix wapwoimviy {a + b; (a — b)i} napanrenroepammea betineci

[MapamienorpaMHbIH ayaaHbl L-H aHBIKTAYBIIIBIHBIH a0COJIOT IIaMackiHa TeH, stan  det(L) =
la|* — |bl?.

Bi3 GarbITTBI CaKTAMTHIH KOHE MHBEPCHUsUIaHFaH KapTa Kapactbipambid. CoHabikTan |a| > |b|
OoJ1aabl.

. o b
L ymin Berbmpamu xospduyuenmi erin  u(L) = —  CaHBIH alaMbl3 XKOHE u(L) caHBIHBIH

apryMmeHTiHiH kapTeichiH 0 € R\(7Z) nen Genrineiix.

Conna

6126

b
w) = |2

Kenin aymaparsin xarmaii: L 6areITThl cakraca, ouna U(L) € D, D — Gipriik genrenek. CoHmaii-
aK, L rosomMopdTsl coHsa, Tek KaHa conna erep b = 0 nemece u(L) = 0 Gouca.
Eumi
E(L) =L"1(D)
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nen anaiieik. Erep w(L) = 0 Gonca, onma E (L) smuric, aepbec sxaraaiiaa qeHrenexk 6osasl.
E (L) snnurcri ansiktay yunin a = |ale'®, a € R\(2nZ), u = u(L) nmem amsim, L- H TYypiH Kaiita
JKa3albIK:

L(2) = |ale!®z + |ua|e@9IrD) 7 = |a|e*(z + |u|e??0 2)

Ocpinaiimia, L — 0y
S(z) = |ale'®(z + |ule™°Z)

CBI3BIKTHIK KapTaHnblH R (z) = e'*z aiinany kemerimen Kypacteipbura. {1; i} 6asuc GoiibiHma S
MaTpPUILIAHBIH TYP1 MbIHAal OOJaabI:

la|(1 + |plcos(20)) lal|ulsin(26)) )
lal|ulsin(20)) lal(1 — |ulcos(20))

Hepbec skarmaiina OyJl MaTpuila CHMMETPHUsUIBI OoJaThIHBI aHBIK. CoHIbIKTaH L —mi e3apa
TYHIHAEC CBI3BIKTBIK TYPJCHIAIPY XOHE OPTOrOHANb TYpPIAEHAIpY Hen exire Oemyre Ooiasbl.
Ocpuraiitia, S —H €Ki HaKThl MEHIIIKTI MoHAEpi Oap >kaHe erep b # 0 Gosca, OHAA OJApIBIH COWKeEC
MEHIIIKTI BEKTOPJIapbl OPTOTOHAIb O0Ia/Ibl.

MarpuiianblH aHBIKTaybIIbIH ecentey apkbuisl |al(1 + |ul), |a|(1 — |u|) menmikTi MmoHmepine

i i(0+Z .
© sxone ' ®*2) menmixri BEKTOpJIapbIH aJlaMbl3.

Mat{l;l-} (S) = (

colikec e

. TT.
o . i(6+= .~
Oceunaiinia, E (S) ammric 6071a/1bl, OHBIH YIKEH JKapThl 6Ci € 0+ OarbITHI OOMBIHIIIA Tl

TeH, ki skapThi oci e  GarbITl GoiibIHIIA teH. E (L) smmunci E (S) smunci 6o1a1b1,

_r
, lal(L+ 11D
cebebi R(z) = e'*z aitnamupipyna Oipimik meHOep cakTagaasl (2-Cyper).

g Tey
E.I,S-?E,

lal(1=|ul)

ig .
R\.\lﬂ!{i—ﬂ#l],——t“ i, _,"{ et
| J

Cypem 2. E(S) = E(L) snnunc

Y JIKeH OCTiH Killli 6CKe KaThIHACKIH L kenero nen artain, K (L) men Oenriieiik:

1+l lal + ||
1—Iul ~ lal—1b]

K(L) =

L —nin xypneni keneroin (L) benbTpamu xoddduireHTi apkplibl anbikTaiimMbiz. K (L) keHero
SIUTMATICTIH TE€K MacCIITaObIH aHBIKTaM B, at (L) SIUIHIICTIH MacIuTabbl MEH KOCA ©CTEP/IiH OaFbITHIH
J1a aHBIKTaUbI.

Kone kepicinme, erep E smunc 6epince, onna benbrpamu koddduimenTi ToMeHaeriaen

u(E) = (M +m)/(M — m)e™?b
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(dopmya apkbUIbl Ta0bUTaABL. MyHI1a M, m - E 3IIIHIICTIH COMKeC YIIKEH jKHE Killll )KapThl 6cTepi,
- i )KapThl 6CTIH OarbITHIHBIH [0; 77) apalIbIKTaH aJbIHFAaH apryMeHTi (3-cyper).

=

)

2
NG /

A

_,_/

Cypem 3. E sanunc bepince, onoa Berompamu xosgpuyuenmi M, m apgwiivl mabwiiaobvl,
Konin 6oniniz: 8 apeymenmi [0; TT) apanvikman anbiHaowl

Aiitaneik, U € C xoHe TU = Uyey T, U - Oyi1 u € U HYKTenepiHaeri )kaHaMma KEeHICTIKTEP/IiH
KUBIHTBIFBI 00JICBIH. OnapaplH opKaichichiH C KEHICTIKTEri BEKTOPIBIH KeIIipMeci Jen Kapayra
oonazael. backa ce30eH aliTkanma opOip u € U HyKTe yuIiiH Oenriai mMacmTaOKa JACiiH aHbIKTaIFaH
E,, c T, U snnurnic TaOblIaabl, OHBIH KapTachl

J7% U-D
u— u(u)

Mynna p(u) apkeuisl E,, — narel o;uunctin beastpamu kosddunuenti 6enrinenren (E, Jleber
OoiibiHIIa esemM I 6osap1). Opoip mekci3 a3 amwmne T, U — ma o(u) KOHGOPMABIK KYPHLTBIMIbI
aHbIKTaiabl, sFHU, T, U kaHama KeHicTikTi C ChI3BIKTHI BEKTOPJIBIK KEHICTIKKE aifHanabIpaabl. Erep
KOMILIEKC KYPBUIBIMABI 0 JCTI aJICaK, OHA

1+|p@)|

K(o) = ess sup K(w),  K(w) = 5%

E, — H keHetoin O6epeni. K(a) € [1; ) ekeHi aHBIK.

Enni Genrimi Oip mapTTapAbl KaHaFraTTaHABIPATBIH KapTajap apKbUIbl KOMIUIEKC KYPBUIBIMIIbI
Kajaii aimyra OonaTelHBIH Kapacteipaiibik. On ymria U,V < C xone f:U — V  0arbIT CaKTalThHIH,
y3imiccis ynkumsnapas kaaceki - DY (U, V) kapacteipambis. Byn GyHKnusnap GapibIk skepie
nepiik muddepenunaniananst, opi cuHrynsapisl emec mubdepenunan Dy, f: T,U > Tr, )V Gapibik
XKepJe AepIrik enmemai. bi3 skanama KeHICTIKIICH )KYMBIC )KacalThIH OOJIFaH/IBIKTAH IIeKCi3 a3 dz, dZ
KoopauHaTTapAbl naiinamanamer3. Conaa quddepeHnnanipl Obutaii xa3yra 601abl:

Dyf = 0,f(w)dz + 0;f (wdz,

Mynna
1(9 , .0 _1(0 .2
0:=5(ti5) =305 i%;)

JuddepeHunaniblk reoMeTpUsHbIH, MeXaHHKaHbIH (OeTTep TeopusChl, KBAa3UKOH(POPMIBI
OeiiHeneysep, KaObIKIIagap TEOPUSCHI, ra3 IMHAMUKACKI) Keilbip ecenTepl ochl AuddepeHnranImex
TBIFBI3 OaiiaHbIcTa. Byl )KyMbICTa KapacThIpbUIFaH TeHACYIIH K03 (DUIIMEHTTEpiHIH KOOpIUHATTAP
6ac HykTecinae Oipinmi perti momoctepi 6ap. CorpikTan Ly, (U), p > 2 knaceiaza xarnaisr. byn
TeHaeynepaiH nupdepeHIuaNIbIK [eOMETPUsLa MaHbI3Abl KOJJAHBICTaphl Oap OOJFaHIIBIKTaH
©3EKTUIII KYMOHCI3. 3epTTey HoTwkemnepl auddepeHuanabplK TeHACYIep KOHE MaTeMaTHKAIIbIK
(u3nKaHbIH 3aMaHayH OarbITTapbl apHACBIH/A.
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KopsbIThIHABI

Byt skyMbICTa THIFBI3JBIK HYKTECI 0ap KMCBHIKTBIFBI OH aKbIPChI3 a3 HUJICTIH OCTTEep TCOPHUACHIHIA
KOHE TBIFBI3JIBIK HYKTECI 0ap KHCHIKTHIFBI OH OETTEepe M30METPHUSIIBI TYHIHIEC KOOPAUHATTAPIBI
KYpacThIpy/ia TYbIHIAHTBIH benbTpamMu TeHEYl YIIiH KOMBIIFAH IICKAPAIBbIK €Cell  KapacThIPbUI/IBI.
Jomipek aiiTkanna, G = {Z =re®:0<r<R0< ¢ <2m, R> 0} o0spIcTa OepinreH

(?)V+b(¢)l7= 0
2z

, a
0;V — Be?®a,V + =

rerueynin C(G) N Wp1 (G),1 < p < 2 KIacra KaTaTblH KOHE

oV
arm

0,¢)=0 (n=1(-1)
V(r,¢)| = 0@"), r— o

)
V(r,0)=V(r,2m) = byr'=8, 0 <r < o

mapTTapasl KaHaraTTaHABIPAThIH  y3imiccid memrimi O.b. TyHFaTapoBTBIH 3epTTey 9JliciHe
CYWEHIIT TaOBLIIBI.
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