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10.51889/2959-5894.2025.89.1.001

B.K. Anumoaesal”, M.JK. Cakbingexona?, JI.A. Carumbaesa?, I'.TI". 'a3n3?, A.K. MomkaJjos®

'YHuBepcuTeT MexIyHapoaHOTO GM3HECa, T. AnMatsl, Kasaxcran
Kazaxckuii HAIMOHANBHBINA YHHBEPCUTET UMEHH anb-Dapabu, T. Anmatsl, Kazaxcran
$Ka3zaxckuii HAIMOHATIBHBII [eIarOrHYeCKHil YHHUBEpCUTET UMeHU Abasi, r. Anmatsl, Kazaxcran
“e-mail: bagilaalimbayeva@gmail.com

MOJIEJMPOBAHUE HEB3AMMHBIX YCTPOMCTB HA OCHOBE YIIPYT'HX
METAMATEPHAJIOB

Annomayus

B paborte paccmaTprBaeTcst ofHOMEpHAas HEMTWHEHAS IePHOANIecKas CTpyKTypa, oonanatomast 3gexrom
HEB3aUMHOCTH PpACHpPOCTPAaHEHUs YNPYTHX BOJH. [3BECTHO, YTO MUMKPOCTPYKTYPUPOBAHHBIE CPEMbI
CIOCOOHBI KOHTPOJIMPOBATh PACIIPOCTPAHEHHE BOJIH 3a cUET 0COOEHHOCTEH CBOel BHYTpEHHEH CTPYKTYphl. B
YaCTHOCTH, YIPYI'He TMHEHHBIE PELIETKH, COCTOSIIIE U3 TOYSYHBIX MACC U YIPYTHUX HEMHEPLIMOHHBIX CBA30K,
JIEeMOHCTPHUPYIOT BBIPAKCHHBIE TUCIIEPCUOHHBIE U (QMIBTPYIOLINE CBOIMCTBA, AaXe MPH MX OTHOPOAHOCTH.
I[J'IH 3(1)(1)GKTI/IBHOI‘O HMCIOIb30BAHUS TUX CBOMCTB BAXKHO JACTAJIbHO U3YUUTh NTMHAMHUYCCKUEC XaPAKTCPUCTUKHU
CTPYKTYpBl. AHanW3 IUCIHEPCHOHHOIO COOTHOIICHHUS IPEUIOKEHHONM MOJENN BBISIBWJI 3HAUYMTEIIbHbIC
MIPEUMYIIECTBA, MO3BOJIAIOIINE LIEICHANPABIEHHO MAaHHUITYJIUPOBATh PACPOCTPAaHEHHUEM YIPYruX BOJH. B
YaCTHOCTH, paCCMOTPCHBI OJJTHOATOMHBIC U JIBYXaTOMHBLIC CUCTEMbI KaK C OI[HHaKOBOP'I, TakK U C pa3JIPI‘IHOI>'I
kKecTKocThio. [loka3aHo, YTO HOBas HENMHEHHas ymOpyras NepuoJuuecKkas CTPyKTypa oOnagaer
NPEeUMYIIeCTBAMH Tepe]] APYTMMH BHUAAMH IEPHUOAMYECKHX CTPYKTYpP, B TOM YHCIE IOBBILIEHHON
YyBCTBHTEJIILHOCTBIO K THOKOCTH IPH PETyJIHPOBAHUM 3alpelleHHON 30HBL [lMHaMU4Yeckoe IMOBEICHHE
ynperﬁ CHUCTCMbI UCCIICAYETCA AHAJIMTUYCCKU U CPAaBHUBACTCA C YHCJICHHBIMHU PCIICHHUAMM. Ha ocnose
MOJTYYEHHBIX PE3yJIbTAaTOB NPEAJIOKEeHa KOHCTPYKLHS HEB3aMMHOI'O YCTPOMCTBA, B KOTOPOH peanu3yercs
BKJIIOUEHHE KaK JIMHEHHBIX, TaK W HENMHEHHBIX Leneid. DPQeKkT HeB3aMMHOCTH AJIS MepeaBacMbIX BOJIH
oOycinoBieH 3((hexkToM CBsI3M, KOTOPBIM TOATBEPKAACTCS PAacdeTOM JABYX B3aWMHBIX PaldOT MEXKIY
MPUIOKEHHBIMH CHIIAMH.

KiroueBble cioBa: MeramaTepualibl, BOJIHOBAas MEXaHUKA, JBYXaTOMHAs peIleTKa, OJHOMEpHas IIeTb,
MHUKPOAPXUTEKTYPa.

B.K. Anmumb6aesal”, M.)K. Cakpin6exosa? , JILA. Carumbaesa? , I'. I'azus?, A K. Momkasnos®
1Xam,n<apaﬂbn< OousHec yHuBepcuTeTi, AnMatsl, Kasakcran
Zon-Mdapabu atbiHgarsl Kasak yITTeIK yHuBepcuTeTi, AnMarsl, Kazakcran
$AGaii areiniarsl Kazak yITTBIK TI€1aroruKaibK yHUBEpCUTeTi, Anmatsl, Kasakcran
CEPIIIMAI METAMATEPUAJIJAP HEI'I3IHAEI'T PEHEITPOKATTBI EMEC
KYPBUIFBUIAPJABI MOJAEJIBAEY

Anoamna
Bi3 cepmimzi TONKBIHHBIH TapallybIHBIH ©3apa €Mec ocepiH KOJJIAUTBIH Oip eMIeMJIi ChI3BIKTHl eMec
MEPUOJTHIK KYPBUILIM/IBI KapacThIpambi3. MUKPOKYPBUIBIMIIBI OpTaNIAP/IbIH 1MIKI MUKPOKYPBUIBIMBI apKBLITBI
TOJIKBIHHBIH TapaslyblH OacKapy MyMKiHir1 Oap exeHi Oenrini. Hykrenik maccanap MeH cepriMIi HHEPUHSIIBIK
eMec OaimamIapiaH TYpaTblH CEpHiMAl CBI3BIKTHI TOpjap OipTekTi Oojca Ia AMCHEPCHSUIBIK JKOHE CY3y
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KacUeTTepiH KepceTei. byn MyMKiHIIKTI naiiianany yIIiH KYpbUIBIMHBIH JUHAMHUKAIIBIK KACUETTEPIH TYCIHY
MaHpI3bI. OCBI )KYMBICTa KApaCThIPHUIFAH OPTYPIl MOJAETBAED YIIiH JUCIIEPCHs] KAThIHACKIHBIH HOTHKENIEpi
(KaTTBUIBIFBI OipJcH JkoHE OPTYpJi MOHOTOMBIK, €Ki aTOMJBI XKYHesaep) KaHa ChI3BIKTBI €MeC CepITiMi
MEPUOATHIK ~ KYPBUIBIMHBIH ~ MEPHOATHIK  KYPBUIBIMIAPAbIH 0acka TypJepiHe KaparaHga aiKbIH
APTHIKIIBUIBIKTAPEI 0ap €KEHIH KOpCeTell KOJaK apabIFbl, Oy JKaHa CHI3BIKTHI €MEC CEepITiMII TMEPHOITHIK
KYPBUTBIMHBIH TIEPUOITHIK KYPBUIBIMIAPABIH 0acKa TypJIepiMeH CaNbICThIPFAH/Ia alKbIH apTHIKIIBUTBIKTAPFA
Ve CKEHIH, COHBIH IIIIHJIC CaHbLIAY J>KOJAFbl KE3iHJEe WKEMIUIKTIH KOFaphl CE3IMTaJILIFIH KOPCETEII.
CepmiMIi JKYHEHIH TWHAMUKAIBIK OpEKETI aHAMMTHKAIBIK TYPAC 3EPTTEIIIN, CAHABIK IIeIliMISPMEH
CAITBICTHIPBLIAAbL. MOJENBIIK JUCTIEPCUsT KATBIHACBIHBIH HOTHIKEJIEpl CepHmiMil TONKBIHHBIH TapalyblH
0acKapyMeH OaiJIaHBICTBl AWKBIH APTHIKIIBLUIBIKTAPABI KOPCETTI. AJIBIHFAH HOTHIKEJIEP HETI31HAE CHI3BIKTHIK
JKOHE CBI3BIKTBI €MeC Ti30eKTepi KOCY apKbUIBI 633apa €MeC KYPBUIFBIHBIH KOHCTPYKIMACHI CHII3UITCH.
Kocwuy addexricine OaitnansicTsl OepisieTiH TOIKBIHAAP YIIIH €PEeKIIe Kepi eMec 9Cep, SCep eTYIIl KYIITep
apachlHIAFbl €Ki e3apa JKYMBICTBI €CENTEY apKbUIbI OCKITINTEH TEOPHUSUIBIK TYXKbIphIMJaMa HETi3iH[Ie
TeKcepiei.
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MODELING OF NONRECIPROCATIVE DEVICES BASED ON ELASTIC METAMATERIALS

Abstract

We consider a one-dimensional nonlinear periodic structure that supports the effect of nonreciprocity of
elastic wave propagation. It is known that microstructured media have the ability to control wave propagation
due to the internal microstructure. Elastic linear lattices consisting of point masses and elastic non-inertial
ligaments exhibit dispersive and filtering properties, even if they are homogeneous. To exploit this advantage,
it is important to understand the dynamic properties of the structure. The dispersion relation results for different
models considered in this paper (monoatomic, diatomic systems with the same and different stiffness) show
that the new nonlinear elastic periodic structure has obvious advantages over other types of periodic structures,
including greater sensitivity to flexibility in band gap manipulation. The dynamic behavior of the elastic system
is investigated analytically and compared with numerical solutions. The results for the dispersion relation
model demonstrated obvious advantages related to the manipulation of elastic wave propagation. Based on the
obtained results, the design of non-reciprocal device is introduced by including linear and non-linear circuits.
The specific non-reciprocal effect for transmitted waves due to coupling effect is verified based on the
theoretical concept supported by the calculation of two mutual works between applied forces.

Keywords: metamaterials, wave mechanics, two-atom lattice, one-dimensional circuit, microarchitecture.

BBenenue

Meramarepuansl — 3TO  palMOHAJIBHO CIIPOEKTHUPOBAaHHBIE KOMIIO3UTBI C HWH)KEHEPHOU
ApPXUTEKTYpOH, KOTOpbIE JIEMOHCTPUPYIOT HEOOBblYaliHble MaKpPOCKOIIMYECKHUE  CBOMCTBA,
ABJIAIOILNECS PE3YIBTATOM KOJUIEKTUBHOIO OTBETA NEPUOANUECKH KOHCTPYUPYEMBIX METAaTOMOB, a
He oTAenbHbIX [ 1-5]. B HacTosmiee BpemMsi MeTaMaTepHalibl IPUBIEKAIOT Bce O0blliee BHUMAaHHUE U3-
3a MIOCTOSTHHO PacTyIIMX TpeOOBaHMI K MaTepualiaM B pa3UUHbIX MpuioxeHusx. Ilpepukc meta, ot
JPEBHETPEYECKOr0, O3HAYAET «3a MpelIeJaMu», U OH OTHOCHUTCS K HOBOMY KJIACCy IE€PENOBBIX
MaTepHalioB C MPEBOCXOAHBIMHU SBICHUSMHU, KOTOPbIE HE BCTPEYAIOTCS B OOBIYHBIX MaTepuanax [6,7,
8, 9, 10]. DddexTrBHBIE CBOWCTBA 3TUX KOMIIO3UTHBIX MaTEPUAJIOB B 3HAUMUTEIHHON CTETICHU
3aBUCIT OT CIPOEKTUPOBAHHON MHUKpPOApXUTEKTypbl. I[locie nepBbIX NPUMEHEHHH B ONTHKE
MeTamarepuaibl ObICTPO BOIUIN B pa3Iu4HbIe (pu3ndeckre 00aacTu, BKIOYas OTOHUKY, aKyCTHUKY,
MaTepHalioBeIcHHe, MEXaHUKy. B HacTosiee Bpemsl MeTamarepuaibl NMPUBJIEKAIOT Bce OOJbIlee
BHHUMaHHE U3-3a CBOMX OTPUIATENbHBIX WU SKCTPEMANIbHBIX YIPYTHX, TEPMUUECKHUX, CTPYKTYPHBIX,
MEXaHUUYECKUX U TMHAMUYECKUX CBOMCTB M PaCIIMPWIIN CIEKTP IPUIIOKEHUH, KOTOPBIE MOIB3YHOTCS
OOJBIITUM CIIPOCOM, HANpuMep, COOp PHEPTUU, JATYNKUA, OMOMEIHIIMHA, aBTOMOOHWJIECTPOEHHUE,
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a’pPOKOCMHUECKasi MPOMBIIUIEHHOCTh, pacllo3HaBaHUWE pedd, o0paboTKa CUTHAJIOB, YCTPOMCTBA
MacKUpPOBKH, CO3JaHHEe (PUIBTPOB U T. JI. 3HAUUTEIIbHYIO POJIb B Pa3BUTUU METaMaTepHallOB UIPAeT
OBICTPOE Pa3BUTHE TEXHOJIOTUH MPOM3BOJCTBA, OCOOCHHO aJJUTUBHOTO MPOU3BOJCTBA, BKIIIOYAS
ontudeckytro 3D-meuats, nepenoByro JaUTOrpaduio, MHOrogoToHHYy0 4D-mieyaTh M HaHONEYATh.
KoHcTpykuuu, pa3paboTaHHBIE C HCIOJNB30BAaHHMEM MEPEAOBBIX TEXHOJOTHH  IM(PPOBOTrO
IIPOM3BOJICTBA, IPOJEMOHCTPUPOBAIN CBOIO BBICOKYIO IPOU3BOAMTEIBHOCTh B COBPEMEHHBIX
ycrpoiictBax [11, 12]. CnemoBarenbHO, ¢ OBICTPHIM pa3BUTHEM TEXHOJIOTHYECKHUX METOJIOB
MeTaMaTepualbl CTAHOBSTCS Bce 00Jiee aKTUBHBIMU M 3((PEKTUBHBIMH U 3apPEKOMEHI0BAIN Ce0s KaK
«yMHBbIE MaTepUaJIbI».

MexaHuueckue  MeTamaTepualbl  OCHOBaHbl ~ HA  MEPUOJUYECKHM  CIPOEKTUPOBAHHBIX
3JIEMEHTApHbIX SYEeHKax, pa3pabOTaHHbBIX C UCIOJIb30BAHUEM CTPYKTYPHBIX 3JIEMEHTOB, TAKUX Kak
0aJKu, CTep>KHU M MacChl ¢ HACTPOCHHBIMU cBoiicTBamH [13]. B mociennue rojpl ObII0 MPOBEACHO
MHOI'O MCCJIEOBAaHUN pa3IMYHBIX MEXaHUYECKHUX METaMaTepUaloB ¢ HEOObIYaliHOW MPOYHOCTHIO
OTHOCHUTEIILHO WX TUIOTHOCTH [6], oTpumatenbHbM kodddummentom Ilyaccona [14, 15, 16],
nokazaressiMu nipenomsieHus [17, 18, 19] u coiictBamu sxectkoctu [20], xupanbHocThio [21,22,23],
IporpaMMupyeMbiMu [24] 1 1pyrumMu Meramatepuanamu. JloctuxeHus B 00J1acTH MeTaMaTepuaaoB
MOTYT OBITh NPUMEHEHbI JJIs CO3[JaHMsl MCKYCCTBEHHBIX Cpel C JIIOOBIMH JMHAMHUYECKU
pa3pelieHHbIME CBoOMicTBaMu [25], [26], 1, 9TO MpUMEYaTeIbHO, 3TH CBOHCTBA MOTYT OBITh H3MECHEHBI
IIPOM3BOJILHO KaK B IPOCTPAHCTBE, TaK U BO BPEMEHHM, UTO JI€IaeT MeTamaTepuaibl aKTUBHBIMU,
HACTPaMBA€MbIMH, PEArupyoOIIMMH Ha OKPYKAIOUIYI0 Cpeay. OJTO OTKpPhIBAaeT HEOObIYaiiHBIC
BO3MOYKHOCTH B pa3IMYHbIX 00JACTAX, PACIIMpss CIEKTP MX MPUMEHEHHUS: OHU MOIYT CIYXHTb
MEXaHUYEeCKUMU (QUIbTPaMH, BOTHOBOIAMH, IUOIAMH U PE30HATOPAMH, KOTOPHIE MOTYT 00€CIICUUTh
pelleHysl peabHbIX TPOOIIEM.

[leproanueckue CTPYKTYpbI SBISIOTCS AUCIEPCUOHHBIMH, U JUIsl IOHUMAaHUS UX JUHAMHYECKOTO
MOBEJCHMSI BA)KHO MOJYYUTh JUCIEPCHOHHYIO JUarpamMMy, CBSI3bIBAIOILYIO YaCTOTy KoJeOaHUH ¢
BOJIHOBBIM 4HUCJIOM. B 3TOH CBfi3u 1OAPOOHBIM aHanIU3 AUCIEPCHOHHOTO COOTHOILEHUS MOKET
CITy’KUTb 0a30BBIM MHCTPYMEHTOM I MOJISIMPOBAHMSI HOBBIX CTPYKTYp [27, 28].

Xopoiio H3BECTHO, 4YTO OECKOHEUHBbIC Mepuoanueckue cucrembl [29,30] meMOHCTpUPYIOT
¢unbTpytomee noseneHue. Ananus duaoke-baoxa nokaspiBaeT, YTO B TAKMX CUCTEMAX CYILECTBYET
ONpeeNeHHbId JMana3oH YacToT, B KOTOPOM IMpPU OTCYTCTBHUM JUCCHUMNAIMM  BOJIHBI
pacrpocTpaHsIoTCs 06e3 3aTyXaHus, B TO BpeMs KaK B JPYI'HX AMANa30HAX 4aCTOT BOJIHBI 3aTyXalOT
SKCIIOHEHIIMAIILHO, a IOKa3aTellb 3aTyXaHWs MOXET JOCTHraTh 3HAYEHHWH, HEJOCTHKUMBIX H3-3a
auccunaTuBHBIX 3¢ ¢ekToB. [[ng OeCKOHEYHO MEepPHOAMYECKMX CHUCTEM STH JAMANa3oHbl YacTOT
0003HaYaIOTCSl KaK «I10JI0ca MPOIMYCKaHUsD) U «I10J10ca 3aiep kuBaHus». CeKTpallbHbIN aHaIu3 A
BoJiH brnoxa B mnepuoaMyYecKMX cHUCTeMax YyAOOHO MPUMEHATh K KOHEYHBIM CHCTEMaM W,
CJIeIOBATEIBHO, K peajbHBIM CTPYKTYpaM C aHAJIOTHYHBIMU CBOMCTBamMU niepenaun [31,32], naxe nms
HeOoJIbIIOro YKcia nopTopstomuxcs equuull [33]. B atom ciayuyae Oonee KOppeKTHO 0003HAYATh
YacTOTHBbIE MHTEpBalbl Kak oOO0JacTH paclpoCTpaHEHMUs U HepacnpocTpaHeHus. B peanbHbIX
CTPYKTYpax Je(eKThl U HECOBEPLIEHCTBA CTPYKTYPHBIX CBOMCTB MOT'YT BHOCUTD «3arpOMOXK/ICHUEY,
KOTOpPO€ B OMNPEJECICHHOM JMana3oHe HECKOJIbKO M3MEHSET TUCIEPCHOHHBIE CBOMCTBA CHUCTEMBI,
0c00EHHO B aKycTHuUecKuX BeTBsX [34]. JlucnepcroHHbIN aHanu3 ynpyrux pemerok [35,36,37,38]
MTOKAa3bIBAET, YTO AUCKPETHBIN XapaKkTep yIpyroi cuCTeMbl IPUBOAUT K MOSBIECHUIO AUCIIEPCHH, T1IE
YKCJIO TMOJOC 3aBUCUT OT 4YMCJA JIArPaHXKEBBIX KOOPAMHAT B 3JIEMEHTapHOH s4uelike. B Takux
CHUCTeMax oOcoOble CBOWCTBA, TakhMe Kak OHEHHE BOJIH W BO3HHMKHOBEHHE 3alpelieHHbIX 30H,
JOCTUTAIOTCSl IyTEM IMEPUOAMYECKOTO H3MEHEHHS JKECTKOCTM U IUIOTHOCTH KOMIIOHEHTOB
pemierku [39].

Jlpyroil HMCTOYHMK IUCIIEPCUHU CBSI3aH C TE€OMETpPUEH M TPAaHUYHBIMU YCIOBHUAMM, KakK B
CTPYKTYPHOM MEXaHHKE, IJ€, HauyMHasi C TPEXMEPHOW TEOPHUM CIUIOIIHOM Cpeapl U Clenys
aCHUMIITOTUYECKOH Mpolielype, MOIYy4YatoTCsl CTPYKTYPHBIE MOJIENH, TaKUE KaK OaJIKH, TJIACTUHBI T
000JI0UYKH, KOTOpBIE SIBISIFOTCS TUCHEPCUOHHBIMU. XOPOIIO HU3BECTHBIMU NPUMEPAMH SIBISIOTCS
M3ruOHbBIe BOJHBI B IJIacTUHAX M Oankax wuiau BoiHbl JIomOa. Ilpunoxkenus, oObenuHsIONmINE
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CTPYKTYpHbIE MOJEIM U TMEPUOJMYECKHE CHUCTeMbl, MOXXHO Haiitu B [40,41,42], a
KBa3HIEPHUOJUICCKHNE CUCTEMBI OBLTH paCCMOTPEHBI B [43,44].

W3yuenne HeIMHEHHBIX MeTaMaTepHaIIOB SBISICTCSI aKTUBHOM 00JIACTHIO HCCIIE0OBAHUHM, KOTOPAs
00BbeIMHSET KOHUEMIUU U3 TaKUX AUCIMILIMH, KaK MaTepUajoBeIeHNe, HEeIMHEWHas JUHAMHUKA U
¢u3MKa KOHJCHCHUPOBAHHOTO COCTOSIHHMS. HenmuHeHHOCTh B BOJIHOBOM MEXaHHKE SIBISIETCS
HMCTOYHUKOM OOraToro u IMIHUPOKOTO CIIEKTpa SBJICHUI YIpaBlIeHHs BOJTHAMH, KOTOPbIE HEIOCTYITHBI
JUTSL TUHEHHBIX MaTepualoB [45,46], BKtouas aMIUTUTYTHO-3aBUCUMYIO 3alpelleHHyo0 30HY [47,48],
reHEepaluil0 TapMOHUK BbICOKOro mnopsaka [49], yenunennyro BosHy [50,51]. Hampumep,
JUHAMHAYECKOE TIOBEJCHUE HEIMHEWHOM CHUCTEMBbl 3aBUCUT OT aMIUIMTYAbl JIBMOKEHHMS. OTa
3aBUCHMOCTh BIIUSI€T HA JUCIEPCUOHHOE COOTHOILIEHHWE, YTO IPHUBOIUT K MU3MEHEHHUSIM B 30HAX
pacnpoCTpaHEHUsT M 3aTyXaHUsl CTPYKTYpbl. AMIUIUTYIHO-3aBUCUMOE CBOMCTBO HEJIMHEWHON
CTPYKTYpPBI JIa€T BO3MOKHOCTh HPOEKTHPOBATH aKTHUBHO-HAcTpauBaeMble (UIBTPHI BUOpAIHH,
KOTOpBIE CIIOCOOHBI MOIYJIHPOBATH MOBEICHUE PACIPOCTPAHSIONICICS BOJIHBI MPU OMPEIEIIEHHBIX
YCIIOBUSIX.

Takske HeTMHEHHOCTb MO3BOJIAET CUCTEMAaM IOAIEPKUBATh HEB3aUMHOE PACIIPOCTPAHEHUE BOJIH,
3TO MOXKET OBITh CBSI3aHO C AMIUIMTYIHO-3aBUCUMON CKOPOCTHIO [52]. CyIecTBYyIOT pa3iHYHbIC
MOAXOAbl K aHAIN3Y JUCIIEPCUOHHOTO COOTHOILUEHUS JJI HEJIMHEUHBIX MEPUOJUYECKUX CTPYKTYP
[P ONPEJENICHHBIX IpeanooxkeHusx. Hanbonee yacto ucnosiab3yemble MOAXOABI - 3TO METOJ
Jlunacrenra-Ilyankape, Teopust BO3MYILIEHUM, KOHEUHBIE 3JIEMEHTHI U T. 1. Pe3ynbTarsl BCex ciryyaeB
JI0Ka3aJI1 3aBUCUMOCTb YaCTOThI OT BETMYHUHbI HEJIMHEHHOCTH, a TAaKXKe OT aMILJIUTY/bl HA4aJIbHOTO
BO30YykaeHus [53,54]. HecMoTpst Ha Bce MperMylIecTBa, HETMHEHMHOCTH YacTO yAaBalloch U30eraTh
13-3a HEOOXO/IMMOTO CJIOKHOTO aHalln3a, NOCKOJIbKY AaHAJUTHUUYECKUX PEIIeHUMN i OOJIBIIMHCTBA
HEJIMHEWHBIX CUCTEM HE CYIIECTBYET, a HeluHelHbIe 3 ()EKThl B CUCTEME €Ille OOJIbIIE YCIOKHIIOT
3ajady. TeM HEe MEeHee, HOBbIE YCOBEPILIEHCTBOBAHUS aHATUTUYECKUX METOJIOB U BHIYMCIUTEIBHON
MOIIIHOCTH TPOKJIAJbIBAIOT MyTHU [Uisi BBeACHHUS A(P(HEKTOB HEIMHEHMHOCTH B CTPYKTYpPBI IS
reHEepaly YHUKAJIbHBIX HEJIMHEWHBIX BOJHOBBIX OTKJIMKOB [55]. Ha ocHOBE 3THX OTBETOB MOTYT
OBITh pa3pabOTaHbI MEPeIOBbIe UHKEHEPHBIE YCTPOUCTBA U (DYHKIIMU, TaKHE KaK HAaCTpauBaeMble
GbunbTpel U 30U [S56], poOOTH3MPOBAHHOE IBIKEHHE [S5], yCTpOHCTBA 3a1IUTHI OT yAapoB [52],
aKyCTHUYECKHE JIMH3BI [57], mepexinodareny, AMoas! [58], skpaHupoBaHUE CEHCMUYECKUX BOJH [59].

CriocoOHOCTh HapyllaTh B3aUMHOCTb B MaTepHallaX OTKpPHIBAET BO3MOXKHOCTH SKCTPEMAJIbHOM
BOJIHOBOM JMHAMHMKH W MEXaHH3MOB YIPABICHHUS W 00ECIEYMBACT PEBOJIOIMOHHBIC PEIICHUS
CYLIECTBYIOIIMX MPOOJEeM U TOJIE€3HbIE HMHCTPYMEHTHI M1 OyAylmuxX MNpuiiokeHud. M3yuenue
HEB3aMMHOT'O PACTIPOCTPAHEHHsI BOJH MPECTaBIIAET OOIBIION HHTEpEC KakK s (yHIaMEHTAIbHBIX
UCCIIEIOBAaHUM, Tak W I MHXKEHEpHbIX npuioxeHuil. Hacrosimas pabora cocpepoToueHa Ha
WCCIAEAOBAHMM  HOBBIX  KOHUENUMH  ONTUMAJIBHOTO  MPOEKTUPOBAHUS  MEPUOAMYECKOU
MUKPOCTPYKTYpPBI, CIIOCOOHOM KOHTPOJIMPOBATh PACIHPOCTPAHEHUE YHNPYIMX BOJH JUISl 3alUThI
O00BEKTa OT HEeXeNaTeNbHBIX BHOpalMii, U WX BCECTOPOHHErO aHamu3a. MBI TpeIaraem
MOJIETMPOBAaTh HEB3aMMHOE YCTPOWCTBO, COCTOsIEe W3 KOMOWHAIUMU YIPYrol HeIuHEHHON
PELIETKH C KBaApaTUYHOM HEJIMHEMHOCTBIO M JIMHEWHOW Lenu. BaXHbIM CBOMCTBOM MOJEIH
SBJIIETCS CIIOCOOHOCTh HapyllaTh B3aMMHOCTh Uil GWIbTpAlMM BOJIH Mepeaayu. B
2JIaCTOIMHAMUYECKOW B3aMMHOCTH ONPEIENAETCS CUMMETPHS MEXKIYy ACUCTBUEM M peakuued B
TBEPABIX TeJaX U MOXKET ObITh BbIpa’KE€HA KaK CBEPTKA MEX]Y IBYMS YIIPYTUMHU COCTOSHUSIMH.

B3aumHOCTE MOXET OBITh pazOuTa MO-pa3HOMY, CTPYKTYPHPOBAHHBIMU TMPOCTPAHCTBEHHO-
3aBUCHMBIMH M 3aBUCSIIMMH OT BPEMEHH KOHCTUTYTHBHBIMH cBoWcTBaMu [60] W BHEITHUM
cMmenieHueM [62,63], B Halled MOJEIM OHa JOCTUTaeTCsi KOHCTUTYTUBHOM HETMHEHHOCThIO [61]
cucTeMbl. UHUCJIEHHbIE pEIIEHUs IMOJIY4YeHbl AHAIUTUYECKH W YHCIEHHO C HCIOJIb30BaHUEM
MOJIETTUPOBaHUsl MeTofoM KoHeuHbIX anemeHToB (FEM) B Python mmst mpoBepku pe3ynbTaTos,
KOTOpBIE XOPOILIO COTNIACYIOTCS C TEOPETHUECKUM JUCTIEPCUOHHBIM COOTHOIICHUEM.
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MeTtopnoJsiorus UCCae10BAHUSA

2. [ucnepcuonnoe coomuoutenue 00HOMEPHBIX YAPY2UX MeMamamepuanos

2.1. Moodenb 00HOAmMOMHOU peutemku — 00UHAKOB8ASL MACCA, OOUHAKOBASL JHCECMKOCDb

Mg OynieM ucciie[oBaTh NpoaoJIbHOE KosiebaTelbHOe IBKEHUE OECKOHEYHON CUCTEMbI Macca —
IpYyXHHA, KaK I10Ka3aHo Ha puc. 1. MbI paccMarpuBaeM MOJI€Ib OJTHOMEPHOM LIEIH, COCTOSIEN U3
IEPUOJMYECKH PACIIONIOKEHHBIX TOYEK, pacHoNokeHHbIXx Ha X; = (il,0) u | — nHavanbHOM
pPacCTOSIHUU, UMEIOIINX OJIMHAKOBYIO Maccy m, CBA3aHHYIO KECTKOCTBIO MPYXUHBI K, Kak moka3zaHo
Ha puc. 1. Kaxnoil yactuie BHyTpH CTPYKTYpPbI IPUCBAUBAETCS UHACKC | € Z)

Uj—1 Ui Uiy

Pucynox 1. I'eomempus beckoneuHol yenu macc.
Pasnosecnoe paccmosanue pasoenenus medxncoy maccamu pasHo l.
Hepacmsarymoe nonooicenue u cmeuenue Maccel m; = m 0003Hayenvl Kax U;

HOCKOJII)Ky nmpeamnojgaracTcda, 4To Kakaad Macca COBCPIIACT NOCTYIATCIbHOC ABUKCHHUEC TOJIBKO
B HAIIpaBJICHUH X, OIIPECACIIAIOIINEC YPABHCHUA IJIsA jth MAacCChI 3aJal0TCA KaK

d?u;
m?; +K(2uj — wjyq —Ujyq —Uj_1) =0, (1)

rac U.j — CMCIICHUC jth MacCChI OT €€ ITOJIOKCHHA PABHOBCCHUA, H TCOPCMaA Bbrnoxa MoxeT OBITH

3AC€Ch IIPUBCACHA H3-3a IICPUOIUYCCKOIO PACIIOJIIOKCHUA. Ha ocHoBe TCOPCMbI brnoxa mimockoe
PEIICHUC MOXKCET OBITh BBIPAXKCHO KakK

1 = Aelko0 @

rae A, k, w npeicTaBisioT aMIUIMTYy CMEIICHUs, BOJHOBOE YHUCIO M YIJIOBYIO YacTOTY
cooTBeTCTBeHHO. [loacTaBisist 3o pemenue B quddepeHnnanbHoe ypaBaenue (1) npuxenus,

—mw? = —K(2 — ek — e/¥) = —2K (1 — cos(kl)) (3)

Pemras oTHOCHTEIIBHO w(k), noJjryqyacM JUCIICPCHUOHHOC COOTHOIICHHUE pemeTanoﬁ CUCTCMBI

w(k) = \/%sin ('kz—”) (4)

Mopnenps uenu npyxuHa-Macca C HICHTUYHBIMM MAacCCOBBIMU JJIEMEHTAMH M MPYXUHHBIMU
JJIEMEHTaMHU SIBJISIETCS OJHOPOJHOW, M €€ CIEKTP YacTOT KojeOaHUH COCTOMT TOJBKO U3
aKyCTHYECKOH BEeTBH, KakK IMOKa3aHO Ha pucyHke 2. Takum oOpa3om, CyIIECTBYET N pa3iIMYHBIX
3Ha4eHU’ w(k), COOTBETCTBYIOIUX N Pa3IMYHBIM 3HaYCHUAM K, YTO MPUBOJMUT K N MojaM. Moabl
OITMCHIBAIOT BOJHBI C YacTOTOH w (k) M CKOPOCTSIMH, KOTOPHIE SBISIOTCS (Da30BBIMU

9p = “/} n rpynmosbvu 9, = aw/ak _
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30

MI:M2=1:1
KLy EE=141
2.5

104

0.5 -

0.0

=3 —’2 —’l 0 J. 2 é
k
Pucynox 2. JJucnepcuonnas kpueas 00HOMepHO20

JUHEUH020 Ynpy2020 Memamamepuana onam; = m,k; = K

MaxkcumanbHOE 3HaueHHE YaCTOThI MOYKHO OIpEaACIUTb, KaK:

®=
@ N m
korma k = + %

2.2. Mooenb 08yxamomHol peuemku — 0OUHAKOBASL MACCA, PA3HASL HCECMKOCMb
B 3T0if 4acTH MBI paccCMOTPUM HEMHOTO OoJiee CIOXKHYIO 3a/ady, KOTOpas HpeACTaBisieT coO00i
OJTHOMEPHYIO PEIIeTKY, UMEIONIYI0 OJMHAKOBYIO MAacCy M W JIBE pa3HbIe KOHCTAaHTHI )KECTKOCTH
(K1, K), pacrionoxeHHbIE IEPHOAMYESCKH, KaK ITOKa3aHo Ha puc. 2.

K
i1 " U Ui

Pucynok 3. Beckoneunas yenouka mMacc ¢ pasiudHbiMu KOHCIAaHmMamu
arcecmrocmu npyscunvt (Kq, Ky), mescdy maccamu

Vnpapnstomue ypasHenus 11 j u (j + 1)**macc, Bkmouaromiue TonbKo IPOoA0IbHbIE CMEIEHHUs
u; (t) umeroT BUJL

mduan _ g ( —Uyp) + K - 6
ez~ MalUzn—1 — Uzp 2(Uzn+1 — Uzn) (6)
md?uyp+1
Tzzn = K (U2 — Uzn+1) + K1 (Uan+2 — Uant1) (7
roe U, i, — cMemenns Mace j = (2n)™ uj = 2(n+ 1)™ u3 ux nonoxenuii paBoBeCHs.

CHOBa mpHUMEHSsI T€ K€ TPaHWYHBIE YCJIOBHUS, MBI IPEANOJIAraeM, 4TO BOJIHOBBIE PEIICHHS AJIS
JUCKPETHBIX CIy4aeB B COCEJHUX IIOJIOXKCHUSAX, OIPENCICHHBIX OTHOCUTEIBHO pPEaJbHOU
LEHTPAJIbHOW YaCTUIIbI, IPUHUMAIOT CIEAYIOUINE (POPMBI:

uZn(t) — Alei(wt—(Zn)kl)' (8)
Upni1(t) = Ajel@E-(@ntDKD, 9)

rne Aiu A, — ko3 duimenTsl, 3a1ar01ue OTHOCUTEIbHYIO aMILTUTYAY U (ha3y IBHKEHUH.
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[Moacrasnss ypaBuenus (8) u (9) B ypaBHenus (6) u (7), moiayyaeM IUCTIEPCUOHHOE COOTHOILIEHUE
B BUJIE

w? =m-1 (K1 + K, + K? + KZ + 2K, K, cos(kl)) (10)

3nech 3HaK «+£» B ypaBHeHuH (10) maet nBa 3HadeHUs o sl Kaxaoro k. [Tockonbky nmeercst N
HETPUBHAIBLHBIX 3HAYeHHUH k, MbI nMeeM 2N HOpPMalbHBIX MOJI, TIOCKOJIBbKY uMeeTcs 2N CTerneHen
cB0OObI. COOTBETCTBYIOIIEE TUCIIEPCHOHHOE COOTHomeHHe w(k)  cHCcTeMBl NMPHUBEICHO Ha
pucynke 2. PucyHok 3 wumMeeT nBe pa3nuuHbie BeTBU (t): HIKHSS KpUBas Ha3bIBACTCA
aKyCTHYECKON BETBBIO M3-3a €€ MOBEICHMS NPH MaJIbIX K, 4TO XapaKTepHO JJI 3BYKOBBIX BOJIH H
MOXO0’KE€ Ha KPUBYIO, HAWIEHHYIO paHee JIJIsl OAHOMEPHBIX MOHOATOMOB. BepxHsisi KpuBasi Ha3bIBaeTCs
ONTHYECKOW BETBBbIO, TIOCKOJBKY OSTH MOJbl HMMEIOT TEHJCHIIMIO B3aUMOJICHCTBOBATh C
3JIEKTPOMArHUTHBIM H3JTy4eHUEM. YacTOThl, COOTBETCTBYIOIIME OOEMM BETBSM, O3HAYAIOT, YTO
KoJieOaHUsl MOTYT TIEPe/IaBaThCs Yepe3 CTPYKTYpy 0e3 3aryxaHus. /luanasoH MEX1y ONTHYESCKOU U
aKyCTHUYECKON BETBSIMH O0O3HAUYaeT JMANA30H YacTOT, B KOTOPOM HET MOJI PacIpOCTPaHCHUS
KOJIeOaHUH, U Ha3BIBACTCS «3aNPEIICHHON 30HOW». 3HAYEHUS YaCTOThl BEpXHEH M HIDKHEH T'PaHMII
3amnpeieHHON 30HbI MOYKHO OIPEACIIUTh KaK

2K,

w= |— and A; = —A, I ONTHYECKON OTPACIIH, (11)
/21(2 .
w= |—= and A; = A, s aKyCTHYECKOW OTpaciiy, (12)

T
xorma k = n

— Kl iK2Z= 1L
74 — Kl1:K2=1:3
—_— Kl:K2=1:5

Pucynox 4. Jucnepcuonnas kpueas 00HOMEpHO20 ynpy2020 Memamamepuand
o011 M; = M u 08yx paziuunwlx sicecmxocmeit Ky, Ky npyoicun

Pucynox 4 onuceIBaeT AMCIEPCUOHHOE COOTHOIIIEHUE €T MACC JIJIS IBYX PA3IMYHBIX 3HAYECHUN
KECTKOCTU TPYKHUH, CHEKTP YacTOT KoJeOaHWW HEOJHOPOIHBIX METaMaTepHalioB COCTOUT U3
AKyCTHYE€CKOM BETBH M ONTHUYECKOW BETBH, a MEXIY aKyCTHUUYECKOM W ONTHUYECKON BETBAMH
BO3HHMKAET 3alpellieHHasl 30Ha, KOTOpasi MOXKET MPENsATCTBOBATH PAaCIpOCTPaHEHUIO BOJIH. Tenepb
MBI BUIUM TIOSIBJICHHE 30H 3aIllPEIICHHOW 30HBI MEXKIY ONTHYECKOW M aKyCTHUYECKOW BETBSIMU B
COOTBETCTBYIOIEM CIIEKTPE YaCTOT KoieOaHui. AKyCTHYECKasi BETBb OMKCHIBAET BCE MacChl BHYTPH
MPUMUTUBHOU sSYEHKH, JBWXKymuecs B (ase, B KOTOPOW JTOMUHUPYIOT MEKbIUCCUHBIC
B3auMojeiicTBusA. OnTuyeckas BETBb OINUCHIBAET BCE MAacChl BHYTPU INPUMHUTUBHOM SUYEHKH,
BUOpUpYIOIIME HAa MeCTe€ JApYyr MPOTUB JApyra. 3HAYEHUS HadaJlbHOM M KOHEYHOM 4YacToT
3anpenieHHoi 30HbI omnpenesstorcs ypaBHenusimu (11), (12). Kak moka3bIBaloT pe3ynbTaThl,
YBETUUYCHUE PA3THUUNA MEKY 3HAUCHHUSIMHU KECTKOCTH CUCTEMBI PUBOIUT K YBEIIMUECHUIO IIIUPUHBI
3anpPELICHHON 30HBbL.
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Pe3yabTaThl HCCIe10BAHNS
2.3. Mooenb 08yxamomHoll peuemKu — pa3Has Maccd, 0OUHAKOBASL HCeCMKOCHb
3/1ech MBI pacCMaTpUBAaEM OJHOMEPHYIO CUCTEMY Macca-Ipy>KUHA, COCTOSIIIYIO U3 JBYX pa3HbIX
Macc mq, M, COEIWHEHHBIX MPYXKUHOU >KecTKOCTH K, pacmonoxeHHBIX MNEPUOAMYECKU, Kak
MOKAa3aHO HAa PUCYHKE 5.
my | my | m

U1 U Ujyq

Pucynox 5. Beckoneunas yenouka zpy308 pasHol Maccyl ¢ 00UHAKOGLIMU npydcunamu scecmrxocmu K

ypaBHeHI/IH JABHXKXCHUSA UMCHOT BU/JL

d?uyp
1 dttlj = KQ2uzn — Uzn-1 — Uan+1), (13)
d?uyp
m; —Zizﬂ + K (2uzns1 — Upn — u2j+2) =0, (14)

IZle Upyp— CMELICHUE MAcChl M4 OT €€ MOJIOXKEHUS PaBHOBECHS, Uy, 41 COOTBETCTBYET Macce m2
m, OT €€ MOJOoXeHus paBHOBecus. OTMETHM, YTO 3JEMEHTapHas f4elika paccMaTpUBaeMOM
MHUKPOCTPYKTYPBI COJAEPKHUT pa3iIMyHble Macchl My, M, U KECTKOCTb NpyxkuHbl K cucremsl. /s
HaXO0XEHNUS HOPMaJIbHBIX MO/ MPEANOI0KUM, YTO BCE aTOMBI IBUXKYTCS C OJIMHAKOBOI 4acTOTOM,

Upn (1) = Ay (@WKI-0D), (15)
u2n+1(t) — Azei((2n+1)kl_wt). (16)

HOI[CT&BJ'I?I?I 9TO PCHICHUC B YPABHCHUA ABWIKCHUSA, ITOJTydIacM wz(k) B KBaZIpaTUIYHOM BHUIC

2 _ _k > 5
W= (my+m, + \/m1 + mj5 + 2mym, cos(kl)). (17)

[TonyuyeHHsbIil pe3yabTaT AJsi AUCTIEPCUOHHOTO COOTHOIICHUS MOKa3aH Ha PUCYHKE 5. 3HAUCHUS
YaCTOThI BEPXHEN U HWXKHEHN TPAHUL 3alPEIIEHHON 30HBI MOYKHO ONPEACIIUTD KaK

2K .
w? = ——  JUIsl ONITHYECKOH BETBY, (17)
2
2K N
w? = — JUIS aKyCTHYCCKOH BETBH. (18)
1
/[
k=—
i

Ha pucynke 6 Mbl J€MOHCTpUPYEM JMCHEPCHUOHHOE COOTHOILIEHHE IENU MacC C IBYMs
Pa3IUYHBIMU MacCaMH my M.

Kak moxazano Ha pucyHke 6, CHEKTp 4YacTOT KOJeOaHWUN HEOJHOPOIHBIX MeTaMaTepuajioB
COCTOMT M3 aKyCTUYECKOM BETBU M ONTUYECKOW BETBH, & MEXKAY AKyCTUYECKOM M ONTHYECKOU
BETBSIMU BO3HUKAET 3alpelieHHas 30Ha, KOTOpas MOKET MPENSATCTBOBATh PaCPOCTPAHEHUIO BOJIH.
YacToTHblE NpeAensl 3alpElEHHON 30HBI, OTKPHIBAEMOM JABYXaTOMHOM LENbIO MpYKHHA-Macca,
MOKHO ompenenutb ¢ mnomombio (17), (18). PesympTupyltomye IuCHEpCUOHHBIE KPHUBBIE
IIOKAa3bIBAIOT, YTO 3allpElICHHAas 30Ha, I0-BUANMOMY, CBsSI3aHA CO CBOWCTBAMHU IIPYKHMHA-Macca, 4yTo
JlaeT BO3MOXKHOCTh YMEHBIIUTh YAaCTOTY BOSHMKHOBEHHMSI 3alpPELIEHHON 30HBI IIyTEM yYMEHBbIICHUS
KECTKOCTHU WJIM YBEJIIMUEHUS MacCBhI.
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p— ML:M2=1:1

7 1 — M1:M2=T173T]
—_— Ml:M2=1:5

| e e

3 -2 -1 0 1 2 3
k
Pucynox 6. Jlucnepcuonnas kpueas 00HOMEPHO20 Ynpy2020 MEMaMAmepuana

07151 08YX PAZIUUHBIX MACC My M,

w
£

2.4. [lepuoouueckasn yenouxa HeIUHeuHbIX OCYULIAMOPO8

B 31Ol yacTm MBI HcClenyeM BOJHOBOE IIOBEJACHUE B HOBOM HEIMHEHHOM IEPUOINYECKOH
LIETI0YKE, KaK MOKa3aHO Ha PUCYHKE 7. DJeMEHTapHas sueilka COCTOUT TOJIbKO M3 OJHOM MacChl C
MIPUCOCTMHEHHOW JIMTHEWMHON M HEMHEHHOM (KBagpaTU4yHOW) npyxuHoi. [Ipenmnonaraercs, 4ro Bce
MacChl paBHbl (M; = M)

Ujiq U Uiy

Pucynok 7. bBeckoneunas Henuneinas MOHOAMOMHAS Yenb.
Hepacmanymoe nonoscenue u cmewenue maccol (m; = m) o603navaemcs Kax ;.
Ipyosicunvl ¢ Hepacmsinymoii Oaunol | sensiiomest K8aOpAMuyHO HeUHeUHbIMU

OnHa crerneHb CBOOOJBI MPEACTABISAET MPOAOJIBLHOE JBM)KCHHE KaKJI0M Macchl. HemuHeilHOe
CHJIOBOE B3aHMMOJIEICTBIE MOYKHO OITHMCATh KaK

F, = KAu + KeAu?3, (20)

rae e-mapameTp HenuHeiHocTu. TakuM o0pa3oMm, cHlla TPYXKHHBI C KBaJApaTUIHON
HEJTMHCWHOCTHIO OTHOCHUTEIHHO COCTOSIHHSI PABHOBECHS MPUBOJUT K YIPABJISIONIAM ypPaBHEHUSM
NBIKEHHs, a 00mmas macca (I € Z,), BKII0Yaromas TOJIbKO MPOIOJIbHBIE CMEMIEHHS U, ONIUCHIBAETCS
KaK:

2,,.
dcu;

2 = K (=) = (o —y-2) + e ((wan — )" =y ~w0)’) (D)

[lepexonHble ypaBHEHUsI JBUKEHUS ObLTN PELIEHBI YUCIEHHO C MTOMOIIBIO IBYX KO/0B Ha Python
1 ML juist 01HOM KOHEYHOH [eTH, COCTOsAIIEH 13 N Macc U OJJTHOPOJIHBIX HAYAIBHBIX YCIOBUM U; =

m

Ow w; =0, ¢ i=1..N. [lna renepand BOJHBI CHCTEMA HArPYKAETCS IyTEM HAIOKEHUSA

pacCTATrUBaArOIICTO CMCIICHUA aMITJIUTY/IbL A Ha JICBYIO I'paHUIY, @ UMCHHO

— —1+tan hﬂ

w () = —-A———= (22)

rae top — COBUT IO BPEMEHH, a V — MepexOoAHbI mepuoA. s ducieHHOro aHamu3a ObLI
pa3pabotan kox Python, xoTopslii ucnonb3yer cxemy uHTerpupoBanusi Pynre-Kyrrtel. [lanee,
paccMaTpuBaeMblil YMCIEHHBIA pE3yJIbTaT, IPEACTAaBICHHBI Ha PUCYHKE &, WIIIOCTPUPYET

JANHAMHUYECKOE IIOBECACHUE CUCTEMBI. YucieHable PE3YIBTATHI TOJYUCHBI JJIA LCIIN, COCTOSIH_[eI\/'I nu3
N=30 y3n0B ¢ omuHakoBbIMH Maccamu m; = m = 1 Tam pemerka umeer mmny 1 = 10 mm. [Jlns
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[1apaMeTPOB IPUIIOKEHHOTO PACTATUBAIOILETO CMELIEHUS U, MbI ucnoibsdyeM tg = 400 ¢, v = 40 c.
Y4uThIBas, 4TO CHUCTEMA UMEET CUIIbHYIO HEIMHEWHOCTb, MBI YCTAHABIMBAEM 3HAYEHUE € PABHBIM
0,2 nyist pacyeTos.

Ha pucynkax 8, 9 mnoka3aHo CBOWCTBO aMIUIMTYIHOH 3aBUCHUMOCTH pPacCMaTpPUBAEMBIX
HEJIMHEHHBIX cucTeM. YTOOB! MOIYEPKHYTh CBOMCTBA HOBOM MOENH, MBI IPOAHATM3UPOBATIN KaK
JMHENHbIE, TAK U HEJTMHEUHBIE CUCTEMBI JUIsl PAa3JIMYHbBIX aMIUIMTY/ BXOJHBIX CUTHANIOB. [IockonbKy
LleNb 3aTBEP/EBAET, YACTOTHl Cpe€3a YBEJIMYMBAKOTCA C POCTOM aMILIUTYAbl. Takum o0pas3om,

YBEIIMYECHUE aMIUIMTY/bI OT A=0,10MM 104 = 0,5 MM JIEMOHCTPUPYET CBOMCTBO AMIUIMTYIHOU
3aBUCHUMOCTH CUCTEMBI. V3 IEpBBIX CPAaBHUTEIBHBIX PE3YJIbTATOB BUAHO, YTO Pa3IN4Ydi MEKIY
JIMHEWHOM U HEJIMHEWHON MOJEIISIMU HE3HAYMTEINIbHBI, TOT1a KaK BTOPBIE PE3YJILTATHI, ITOJy4YCHHBIC
s A = 0,5 MM, IeMOHCTPUPYIOT 3aMETHbIE Pa3Iuyus B aMIUIMTYJaX U BPEMEHHBIX C/ABMIax.
@uU3nYecKu 3TO OOBSACHSAET, YTO PACIPOCTPAHEHHE BOJH 3aBUCUT OT MEXAHUYECKUX CBOMCTB
CUCTEMBI, a HE TOJIBKO OT BEJIMYUHBI IPUIIOKECHHON CHJIBI.

04 T T

03

02

0.1

0 500 1000 1500 2000 2500 3000
Time

Pucynox 8. Bxoowoti cuenan ¢ éxoonou amnaumyooi A = 0,10 MM mm npedcmagnen 07 TUHEUHO20 (CUHA
NYHKIMUPHAA TUHUA) U HETUHEUHO20 (CUHSAS TUHUS) PeHCUMOB

CooTBeTCTBYIONINE BBIXOAHBIE CUTHAIIBI OBLIM IPOTECTUPOBAHBI MpU 25- Macce KaKk JTMHEHMHON
1enu (KpacHasi MyHKTUpHAs JIMHUS), TaK U HEJIMHEHHOM 1enu (KpacHas JIMHUS).

~ |

v
1

0 500 1000 1500 2000 2500 3000
Time

Pucynox 9. Bxoowoii cuenan ¢ eéxoonou amnaumyooii A = 0,50 MM npedcmasnen
O/ TUHEUHO20 (CUHAS NYHKMUPHAsL TUHUS) U HeTUHENIHO20 (CUHSS IUHUS) PEHCUMO8

Coo0TBeTCTBYIONINE BBIXOJAHBIE CUTHAIIBI OBLIIM MPOTECTUPOBAHBI MpHU 25- Macce Kak JTMHEHMHON
1enu (KpacHasi MyHKTUpHAs TUHUS), TaK U HETMHEHHOM 1enu (KpacHas JIMHUS).

W3BecTHO, 4YTO aMIIUTYJHO-3aBHCHMbIE 4YacTOTHBIE CIBMIM BOJIM3UM 00JacTeil oTceuku
MIO3BOJISIFOT NIPOEKTUPOBATh HACTPAaUBAEMbIE€ YCTPOWCTBA HA OCHOBE 2JIEMEHTApPHBIX sueeK. OHUM
U3 TaKUX YCTPOMCTB SIBJISIETCS aMIUIMTYJHO-3aBHCHUMBIM YaCTOTHBIM H30JISTOP, MCIOJIB3YHOIIUI
HeJIMHEHHY!o 1enb. Teneps Mbl PACCMOTPUM MOJIEIb YCTPOHUCTBA, COCTOSIIYIO U3 KOMOMHALIUYU IBYX
ITOCJIEI0BATEIbHO COCTMHEHHBIX LENEH, PACIPOCTPAHSIOIINXCS BOJIH C YACTOTHBIM COJIEPKAHUEM B
y3KOM 1oJioce, Kak rnokazaHo Ha pucynke 10. B 3Toii cucreme mumpuHa pacrpocTpaHsieMoi M0JI0ChI
3aBUCUT OT aMIUIMTYJbl W, CIIEOBAaTEIbHO, HacTpauBaeMa. Mbl NOMNBITAIUCH CIHPOECKTUPOBATH
YCTPOMCTBO, cOCTOAIIee M3 KOMOWHAIMM HETMHEHHOW MEepPUOANYECKON CTPYKTYPHI U JHMHEHHOU
MEPUOINYECKON CTPYKTYphI, KaK IOKa3aHO Ha pHUCYHKE 25. MBI UCHOJB30BAJIM HEIUHEHHYIO
CTPYKTYpy MJisi oOecrnedeHus aMIUTUTYAHO-3aBUCHMOIO OTKJIMKA TMafaromieil BOJHBI, YTOObI
HapyLUTh IPUHLIHUI B3aUMHOCTH. B 3T0#1 cucTeMe mMprHA paclipoCTPaHIEMOM MOJIOCHI 3aBUCUT OT
aMIUIUTYJbl W, CJIENOBATEIIBHO, HAcTpauBaeMa. TeOpeTHYECKUN aHajau3 II0Ka3bIBACT, YTO IIPU
COOTBETCTBYIOIIIEN HACTPOUKE IMapaMeTPOB CTPYKTYPBI IPUMeUaTeIbHas aMIUIMTYHAs 3aBUCUMOCTD
CIEKTpa MPOIYCKAaHUs B HEIMHEWHOW CHUCTEME MOXET IPUBECTM K aCUMMETPUYHOMY

16



Abaii amvinoazer Kaz¥I1Y-uiy XABAPIIBICHI, « Duszuka-mamemamura sviiimoapsly cepuscol, Nel(89), 2025

pacrpoCTpaHEHUIO SHEPrHM, MPOXOIAIIEH dYepe3 CHUCTeMY, KOTopoe OyAeT OTIMYaTrbes Npu
M3MEHEHUU aMIUTUTY/bl UM HallPaBJICHHUS.

Pucynox 10. Pacnpocmpanenue 8onn, gvizgannoe cunamu, oeticmsyiowumu 6 mouxax A, B u C.
Bonnucmeie cmpenku yxasviearom Ha pacnpocmpanerue 80IH, Y8ema C8A3AHbL C MeCMAMU NPULONCEHUS CUTL

Pucynok 10 cxemaTtndecku MoKa3pIBaeT MpeAiaracMylo CTpYKTypy 3JIaCTUYHOTO MeTamaTepuaia,
KOTOpBIM MOJIEpKUBAET HEB3aUMHYIO IIiepefady, KOTopas MOXKeT ObIThb peajn3oBaHa B
MpeyIaracMoi CTpyKType, KOTOpasi COCTOUT U3 HEJIMHEMHON CUCTEMBI Macca-MpyKUHA U JIMHEUHOU
CUCTEMBI Macca-IPyKHHa ¢ XOPOILIO HACTPOCHHBIMU MapaMeTpaMu, KOTOPbIE 00CYXAAUCh paHee.
[Ipsimoe HampaBiieHHE YCTPOMCTBA ONpEENsAeTCs KaK HalpaBJIEHUE PaclpOCTPaHEHUs NaJarolen
BOJIHBI C JIEBOM CTOPOHBI JIMHEHHON CHUCTEMBbl Macca-IpyKUHA, a TPOTUBOIIOIOKHOE HAIPABICHHUE
orperneNsaeTcsl Kak oOpaTHOe HampaBieHue. st m3ydeHus: HeB3auMHOTO 3(QeKTa MOJEINu MbI
YHCIIEHHO BBIYUCIIIEM B3aUMHYIO pabOTy B COOTBETCTBUU C TeOpeMoil 3akoHa MakcBeia-bertu.
Teopema 0 B3aMMHOM OTKJIOHEHUU IJIACUT, YTO paboTa CHIIbI B TOUKE A HM3-3a CMEILLEHUS B TOU K€
TOYKEe A, BBI3BAHHOTO CHJIOM, MPUIIOKEHHOW B Touke B, paBHa pabote cuibsl B Touke B u3-3a
CMENICHUsI B TOM ke Touke B, BBI3BAHHOTO CHJION, MPUJIOKEHHOM B Touke A. MbI paccmaTpuBaeM
MPUJIOKEHHBIE CHJIbI C OJMHAKOBBIMU W Pa3HbIMU aMIUIUTYIaMH M PACIpPECICHHUEM BPEMEHU B
Toukax A, B, kak moka3ano Ha pucyHke 10, a uMeHHO

t
F(t,0,F) = F”taT“h(?)

CornacHo TeopeMe O B3aUMHOCTH, B3aHMHOCTh MOKHO OTOKJECTBUTBH C PABEHCTBOM B3aMMHOMN
paboTsI, T. €.

FAuE = FBué (23)

YucneHHble pe3ysbTaThl B3aUMHON paboTel WP # W4 Korja npuiosKeHHbIE CUIIbI OJMHAKOBBI
F, = Fg, u pa3mmunsl, F, # Fp,, npencraBneHsl Ha pucyHkax 11, 12 coorBercTBeHHO. MBI IMEeM
HEB3aUMHOCTbh JUISl BCEX CIY4aeB HE3aBUCHMO OT aOCOJIOTHBIX U OTHOCHUTENIbHBIX HalpaBlIeHUH U
3HaueHu# cui. Pa3znuune B3auMHBIX paOOT CBSI3aHO C HEJIMHEWHBIM KOHCTUTYTHUBHBIM IOBEJIEHUEM
CUCTEMBI IIPU PACTSIKEHUU.

35

30
25 /

20

0 2 4 6 8 10 12 14 16 18 20

Pucynox 11. Bzaumnvie pabomor WP , W4 kax ¢pyuxyuu epemenu mescoy 08yms cunamu Ons Heaunelinoil yenu, kozoa
F, = Fg. Pe3yibmamul ONUCHIBAION CYYAU, KO20A NPUTLOJCEHHbIE CUIbL UMEIOM 00UHAKOGble HANPABIEHUs 6NPABO
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x107°

0.8

0.6

02t | /

Pucynok 12. Bsaumnas paboma é3aummnwix pabom WE | W2 kax ¢pynxyus spemenu mescoy deyms cunamu
ons Herunelnou yenu, koeoa F, + Fg.
Pesyrvmamul onucviearom ciyyau, K020a NPUIOHCEHHBIE CUTbI UMEION 00UHAKOBble HANPAGLEHUsS BNPAGO

3ak/ro4yeHue

B 3710i1 paGote MBI cocpeoTOUMMCS HAa CBOWCTBaX Iepefadd BOJH MEPUOANYECKON CHUCTEMbI
Macca-npykuHa. Mbl paccMaTpuBacéM OJHOMEPHYIO OJHOATOMHYIO PEUIETKY C OJMHAKOBBIMU
HOpY)XKUHAMH U JPYTy0, ABYXaTOMHYIO MOJIENIb LIENIU C Pa3HbIMU MaccaMM M UX XapaKTepUCTUKU
JUCIEPCUOHHOTO COOTHOUIEHMs. [IoCKONbKY JIMHEHHOCTh CO34Aa€T OTPaHUYEHUS, Mbl H3y4aeM
OJHOMEPHYIO peIIeTKYy Macca-lpyKMHa C KBaJpaTUYHOM HEJIMHEHHOCThIO. Pe3ynbTaThl
IMOKAa3bIBalOT, YTO HIUPHUHY 3aHp€IH€HHOI71 30HBI MOXHO PCryJIUpoOBaTh ¢ MOMOIIBIO COOTHOLICHUSA
Macc, COOTHOILIEHUS JKECTKOCTEH, HeIMHEHHOCTH M aMILIUTYAbl cMelieHus. COOTHOIIEHHE Macc
MO’KET YBEIMUMBATh KaK BEPXHIOI0, TAK U HI)KHIOIO FPAHHUILY 3allpeIieHHOM 30Hbl. OIHaKO OHO MaJlo
BIMSIET Ha LIMPUHY 3alpelleHHONW 30HBI. JIMHEHHOe COOTHOIIEHHE JKECTKOCTEH Maio BIHAET Ha
BCPXHIOIO T'paHUIY 3anpemeHH0171 30HbI, HO HWXHAA TI'paHUlla 3HAYUTCIIBHO YMCHBIIACTCA C
YBEJIIMYEHUEM COOTHOLIEHMSI JKECTKOCTEM. OTO O3HA4aeT, 4TO UIMPUHA 3alpEIleHHON 30HBI
yBeIMuuBaeTcs. JIMHEHHOE COOTHOIIEHHE >KECTKOCTEH Mallo BIMSET Ha BEPXHIO TPaHUILY
3aIpEIICHHON 30HbI, HO HY)KHSSI TPAHUIA 3HAUUTEIBHO YMEHBIIIAETCS C YBEJIMUEHUEM COOTHOILICHUS
XKecTKocTe. OTO O3HayaeT, 4YTO IIMpPUHA 3alpelieHHONM 30HbI yBenuuuBaercs. M3meHss
HEJIMHEHHOCTh WJIM aMIUIMTYJy CMEIIEHMs, ILeNb B3pblBa MOXKET OBITh CMEIIEHa, a IIUpHUHA
3alpemieHHoN 30HBI 3aMeTHO yBenuuuBaercs. C  yBelIMYEHHEM HEJIUHEHHBIX I[apaMeTpoB
MaKCHUMaJIbHOE 3HAYCHHE 3aTyXaHHs CMEIAeTCsl BbIIIE IMHEHHOM COOCTBEHHON YacTOTHI JTOKAIbHBIX
pPEe30HATOPOB. 3aTeEM MPOBOIAUTCS YUCIECHHOE MOJEIMPOBAHME JJISl MOJY4YEHUsI CBOMCTB Iepenadn
KOHEUHBIX PelIeTOK Macca-lpykuHa. B Hamem uccienoBaHMM NOAPOOHO 0OCYXIaeTcsl BIMSHHE
HACTPOMKM pa3jMyYHbIX MapaMeTpOB Ha YNpPYrHe BOJHBI B HEIMHEHHBIX DM, uTo obecrneumBaer
MIOTEHLINAIBHOE IIPUMEHEHNE Ui CHW)KEHHUS BUOpAIHH. Pesynbraret HOBOM
MUKPOCTPYKTYPUPOBAHHOM Cpeibl, MPEACTAaBICHHBIE B 3TOW CTaThe, MOTYT OBITh NMPUMEHEHHI B
Pa3NIUYHBIX O00JIACTSIX, KOTOPbIE BapbUPYIOTCS OT YNPABICHHUS MEXaHHMUECKUMH KOJICOAHUSMHU B
KpYITHOMAcCIITa0HBIX CTPYKTypaX, TaKUX Kak TOHKHE MOCTBI, 10 (UIbTpallMd BOJH U Iepeaayvu
CUTHAJIOB B MHMKPO- M HAHOZJIEKTPOMEXAHMUYECKHUX CHCTeMax. s Takux NpUIOKEHUM Ba)KHO
0000LIUTh MpeACTaBICHHbIE 37eCh pe3yiabTaTbl, YTOOBl BKIIOUUTH pa3IUYHbIE HArpy3sku U
aJIbTePHATUBHBIE THPOYIPYTHE CBA3HM, YTO MPHUBEAET K OOHAPY>KEHHIO HOBBIX JHHAMUYECKHUX
SIBJICHUN B pacCMaTpUBAEMbIX PEIIETOUYHBIX CUCTEMAaX. JTO, CIeI0BaTENIbHO, IO3BOJIUT pa3paboTaTh
HOBBIE€ KOHIENINH CTPYKTYPUPOBAHHBIX MATEPHAJIOB.
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MIXED-TYPE DIFFERENTIAL EQUATION WITH FRACTIONAL DERIVATIVE IN
THE CAPUTO SENSE

Abstract

The purpose of this paper is to study boundary value problems for a mixed-type differential equation with
fractional derivatives in the sense of Caputo and to demonstrate the existence and uniqueness of its solution.
Such equations, including fractional derivatives, have significant potential to describe various physical
processes in which the effects of memory and heredity are evident, such as abnormal diffusion, heat transfer,
and relaxation phenomena. The paper presents an analytical approach to solving the problem based on the
method of separating variables by representing the solution as a Fourier series. As a result, the conditions for
the uniqueness of the solution were established and strictly proved, which, if certain conditions are met, ensure
the ambiguity of the task. In addition, the uniform convergence of the obtained series of solutions is proved
under the specified conditions. The results obtained can be used in the theory of differential equations and in
further applied research.

Keywords: Caputo operator, uniqueness and existence of a solution, Fourier method, boundary value
problem.

A.E. Annsic6aesal, M.Myp3am6erosa?, A.P. Prickan®
! AGaii areinarsl Kaszak yITTBIK eqarorukanslk yHuBepeuteTi, AnMarsl, Kasakcran
2 AskuHus3 aTeiHAarsl HyKic MeMIIEKeTTIK TearoruKanbk MHCTUTyThl, Hykic, ©36ekcTan
KAITYTO MAFBIHACBIHJIA BOJIIIIEK PETTI TYBIHIBICHI BAP APAJIAC THUIITI
JUOOPEPEHIUAJJIBIK TEHAEY

Anoamna

By xympicThIH MakcaThl — KamyTo MarbIHACBIHAAFBI OOJIIEK PETTi TYBIHIBUIAPHI O0ap apajiac THIITI
G hepeHIMAIBIK TeHISY YIIIH MIeKapaiblK ecemnTepli 3epTTey JKOHE OHBIH HIemiMiHiH 6ap O0iypl MeH
JKaIFBI3/IBIFBIH KopceTy. MyHiail Tenaeynep, COHbIH imiHae OeIek peTTi TyBIHIbIIap, eCTe caKkTay JKoHe
TYKBIM KyalaylIbUIBIK ocepliepi KOPIHETIH OpTYpJi (PM3UKAIBIK IMPOIECTep/l CHUNaTTay YIIiH MaHBI3JIbI
QJIeyeTKe ue, MbIcajbl, aHOMaJbIbl TU(Qy3us, KbUTy Oepy >koHe penakcanus KyObuisicTapbl. JKymbicTa
memiMal Oypre KaTapsl TYPiHAE KOPCETY apKbUIBI alHBIMAJIBUIAPABI &XKBIPATY 9JIiCiHE HETI3IeNITeH MaCelleH]
HICIIYAiH aHAMTHKAJBIK TOCUIl YChIHBUIFAH. HoTwkecinge Oenrinmi Oip mapTTapAbl CakTail OTBIPHIM,
KOWBLIFaH MOCEJICHIH aHBIK EMECTITiH KAMTaMacChl3 €TETiH IS MHIH JKaJIFbI3IBIFBIHBIH [IAPTTAphI OCNTiIeH I
XKoHe KaraH Jonenaenzai. CoHbIMEH Kartap, OeNrijieHreH IapTTap OphIHAAIFAH Ke3[e aJlbIHFaH IIeIIiMAep
KaTapbIHbIH O1pKAJIBIIThI YKHHAKTBUIBIFI JJICIICH1. AJIbIHFAH HOTHXKeIep i audGepeHInaIbIK TeHISYIep
TEOPHACHIHIIA KOHE 9Pl Kapail KoJaHOaIbl 3epTTeyiep/e KoIIanyra 00masl.

Tyiiin ce3aep: Kamyto onepaTopsl, memiMHiH XKaJFbI3AbIFbI XKoHE Oap O60iybl, Dyphe 9/ici, HeKapalbIK
ecerl.
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A.E. Anmbic6aeBa’, M.Myp3ambetoBa?, A.P. Prickan®
'Kazaxckuii HallMOHABHEIN TIE€IarOTHYECKMI YHUBEpCUTET MMeHH AGast, Anmatsl, KazaxcTtan
?HykyccKuii rOCYIapCTBEHHBIH Me1arorudeckuii MHCTUTYT UMeHH Askunussa, Hykyc, Y36ekucran
TUOPEPEHILIMAJIBHOE YPABHEHUE CMEIIIAHHOI'O THUIIA C IPOU3BOJIHOM
JAPOBHOI'O MOPSAIKA B CMbBICJIE KAITYTO

Annomayus

Lenpto maHHOM PabOTHI SBISICTCS MCCIIEAOBAHUE KpaeBbIX 3a1av sl aud(depeHIMaibHOro ypaBHEHHUSI
CMEIIAaHHOTO THTA C JPOOHBIMH TMPOHM3BOJHBIMH B CMbIciie KamyTo W JeMOHCTpaIusl CYIICCTBOBAHHS W
€IMHCTBEHHOCTH €ro pelleHus. Takue ypaBHEHUs, BKJIIOYas MPOU3BOAHBIC OpOOHOTO Mopsijaka, 001agaroT
3HAYUTENILHBIM MOTEHIUAIOM Ui OMMCAaHMS Pa3IMYHBIX (PU3MUECKHX MPOLECCOB, B KOTOPHIX OYCBHIHBI
3¢ (deKThl MaMATH W HACIEJACTBEHHOCTH, TAaKMX KaKk aHOMaybHas nuddysus, MepeHoc Teruia W SIBICHUS
penakcauuu. B pabote mpencTaBieH aHATUTUYECKUN MOAXOJ K PEICHUIO 33a4i, OCHOBAHHBIA Ha METOJe
pa3ziesicHUs] MEPEMEHHBIX MyTeM MpeAcCTaBiIeHUs peuieHust B Buae psaa Dypoe. B pesymprate ObLH
YCTAHOBJICHBI W CTPOTO JIOKa3aHbl YCIOBHS €IWHCTBEHHOCTH PEIICHUS, KOTOPbIE MPH COOIIIOJCHUU
OMpEeIeNICHHBIX YCIOBHIA 00ECTIeYNBAIOT HEOJHO3HAYHOCTh MOCTABICHHOM 3a1aun. Kpome Toro, nokazaHa
PaBHOMEpPHAs CXOAUMOCTb ITOJIYYEHHOI'O PsiJ1a PELIEHUM IIPY BBINIOJHEHUH YKa3aHHbIX yciIoBUi. [lonydyeHHble
pe3yabpTaThl MOTYT OBITH WCIONB30BaHBI B TEOPUH AU(PPEpEHIMATBHBIX ypaBHEHUH M B JaJIbHEHIINX
MPUKIIATHBIX UCCIICTOBAHUSX.

KuaroueBbie cioBa: omeparop KamyTo, eMHCTBEHHOCTh M CYILIECTBOBaHHE pelieHus, meronr dypeoe,
KpaceBas 3aj1aya.

Main provisions

In the paper we consider a boundary value problem for a differential equation of mixed type with
fractional derivatives in the sense of Caputo and obtains its analytical solution in the form of a Fourier
series. Sufficient conditions for the existence and uniqueness of a solution are determined, and
uniform convergence of the obtained series is proved. It is shown that the analytical method allows
one to effectively take into account the memory effects common in physical systems. The results
obtained open the way to studying multidimensional and nonlinear cases and will serve as a basis for
future studies of the dependence of the solution on parameters using numerical modeling.

Introduction

In recent years, interest in boundary value problems for fractional differential equations has grown
due to their application in memory-intensive modeling processes such as wave propagation in
inhomogeneous media, plasma theory, and biophysics, as well as the growing need for accurate
models to describe processes with inhomogeneous dynamics.

Equations with fractional differential operators such as Caputo derivatives are particularly useful
in modeling complex dynamic systems. These equations are used in porous media, in problems of
fluid filtration in electromagnetic waves, and in studying wave propagation processes in weakly
dispersed and cold plasma media [1].

A significant amount of research is devoted to the study of boundary value problems for fractional
differential equations of mixed type, where methods and conditions ensuring the unigueness and
existence of a solution are considered. In addition, the use of the Fourier method and other numerical
approaches allows one to effectively solve such problems and obtain exact solutions for various
physical applications, including magnetohydrodynamics and processes in space plasma. Differential
equations of mixed type have been studied in the works of many authors, in particular [2-4].

Research methodology

This theoretical study was conducted in 2024 at the Faculty of Mathematics, Physics and
Informatics of the Abai Kazakh National Pedagogical University. The aim of the study is to analyze
boundary value problems for a mixed-type differential equation with fractional derivatives in the
Caputo sense.
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The study uses analytical methods of mathematical analysis. The solution to the boundary value
problem was constructed by expanding it into a Fourier series with separated variables. This allows
us to express the solution as a sum of orthogonal eigenfunctions. The properties of the Caputo
fractional derivative are used to take into account the effects of fractional differentiation. The study
is carried out in a model domain consisting of two subdomains: parabolic and hyperbolic. This
division reflects the mixed nature of the equation under consideration. Theorems of existence and
uniqueness of solutions are established on the basis of special conditions. A criterion for the
uniqueness of a solution is formulated and proven. In this paper, we consider a boundary value
problem for a differential equation with fractional derivatives in the Caputo sense.

Let 0 < a@ < 1. The f fractional derivative of f in the Caputo sense up to order a is as follows:

fh (r—s —f( )ds,ha(t)=

F(a) ’
Where T'(«) is gamma function. Consider the following equation:
—uxx(x,t)+D‘rxu(x,t) =f(x), 0<x<I, 0<t<T. (1)
For equation (1) there are boundary conditions:
u(0,6) =u(l,t)=0, 0<x<I, )
and the initial conditions:
@(x,0)=p(x), 0<x<l, (3)

it is necessary to find a function u(x,t) that satisfies equation. If ¢ =1, then this problem
corresponds to the usual classical problem.

Definition. The solution to problems (1)-(3) is the sum of all the conditions of the general problem
and the following:

1) D%l(x,r) € C([0,1]x[0,T]);
2) u_(x,0)€CX[0.0]x[0,T]);
3) u(x,r) € CX[0,1]1x[0,T]);

The function u(x,7) is called satisfying the conditions. Here, 7> ( is a given real number.
We find the unknown function «(x,r), which is a solution to problems (1)-(3), as follows [5]:

u(x,t) = El Tk(r)Xk(x). (4)

In the following spectral problem, we denote the system of orthonormal functions in the space
L*0,) by {X k} and the set of positive eigenvalues by (i) [7]:

07X (x)
_a—xz=,1kxk(x), 0<x<l, (5)
x(0) =x(1)=0.

Accordingly, we obtain the following differential equation:
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DT (1) +4 T (1) =f (1),
(6)
@(0)=g,.

The solution to the differential equation is as follows [7]:

= _ a foa—1 _ a\ je
Tk(t) _(pkEa,l( oy )+ fo 5 flcE(z,(z( ge )d‘;'
The unknown function u(x,z), which is a solution to problems (1)-(3), has the following form:

o]

u(x,f)=k§l|:<pkEa!1(—lkt“)+ h{)'tga-lkaa,a(—/lkga)dg]sin( \/Z x). )

The existence and uniqueness of the solution
Theorem 1. If the problem has a solution, then it is unique.
Proof. Let ul(x,t) and uz(x,t) be the solutions of problems (1)-(3). Let us prove that

u(x,t) = ul(x,t) - uz(x,t) =(. To find the solution u(x,t), we obtain the following homogeneous

problem.
Problem statement.
Consider homogeneous equation

0%u(x,t) "
_sz+]_)ru(x,t)=0, 0<x<l, 0<t<T. (8)

Find u(x,) a regular solution of equation (8), satisfying the boundary conditions (2) and initial
conditions (3).
Let u(x,t) satisfy all conditions of the homogeneous problem and let Xk be the eigenfunction

corresponding to each eigenvalue \/Z of the spectral problem (5).
Consider the following function:

I
wk(r)=_[Tk(t)sin(\/Zx)dx, k=1.2,.. )

Here, Tk(t) depends on ¢ but not on x, so it is taken from the integral notation. However, the
original formula implies integration over x without eliminating the function Tk(t). We differentiate
(9) with the integral notation over time ¢:

! [
d d d
Ewk([)= E{Tk(t)sin( ka)dx= {ETk(t)sin( ka)dx.

We consider the original differential equation (8) and the function (4) classified by eigenfunctions.
When substituting into the equation, each term must satisfy the equation, and as a result, we obtain
the differential equation:

a —_ =
DS wk(r) )Lkwk(t) 0

The solution to the resulting differential equation is as follows [6, b. 17, (1.3.3)]:
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w(t)=A E
k «a,

. (—zkra), k=12,., 0<t<T, (10)

1

Since (p(O) = ( by the conditions, Ak = 0. Then the right side of the equation is zero. This means
that u(x,r) is completely orthogonal to the system {Xk}. Therefore, ul(x,t) = uz(x,t),
u(x,t) =0, 0<x <1. The theorem is proved. O

We introduce some properties of the Mittag-Leffler function.
Lemma 1. For any ¢ > 0 the following estimate is valid:

C
E (-1)< ,
au 1 +1

(13)

where C is a constant independent of 7 and .
Lemma 2. The classical Mittag-Leffler function of the negative argument of Ea(—t) IS a

monotonically decreasing function forall 0 <« <1 and

O<Ea(—t)< 1, Ea(0)=1 (14)

is feasible.
Lemma 3. Let 0<a <1 and 4 >0 be such that for all positive ¢ the following holds [8]:

t
fga_lEa,a(_lga)dg=taE(z,a+l(_}'ta)' (15)
0

Theorem 2. Let f(x) € C[0,/] be a continuously differentiable function. Then equations (1)-(3)
have a solution u(x, t) and are given by the series (6) uniformly and absolutely convergent on the
interval () < x </ for all r €(0,7).

Proof. We differentiate the solution (6) twice with respect to

_ 0o _ I -1 _ .
uxx(x’t) B Zk =1 Ak |:q0kEa.l( ZkIOl) +Zk»{)‘ & ka(x,a( )Lkga)dg]snl( \ )ka)'
Let's break this row into two parts:

— — a
> )LkrpkEa’]( 3t ) (16)
k=1

> -1, fo el E, (~h ) (17)

If the function ¢(x) is four-times differentiable and the condition (0) =¢() =0 is true, then
the series (10) converges.
Using the estimate (13), we consider the modulus of the series (16).
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Za|rE, (4| < Tl

k1+zr

<

[es] ] oo 00
<22 ¢|=Zt_“<0|=f_“2|¢ |
k=1 k2 @ 10k o k Pl M

Here,

q)k=%f01¢)(x)sin(ﬁx)dx= (75{)2 Ol (4)(x)sin(\/zx)dx,

Then the series (16) converges absolutely and uniformly.

By following the same steps, we investigate the convergence of the series (17).

If the function £(x) is four-times differentiable and the condition f(0) =/(/) =0 is true, then the
series (17) converges.

o0

2. A

k=1 Kk

s 1

194 f
k= 1kt“

T ‘—Zf

Here,

) 2
= TJO‘If(x)Sin(\/Zx)dx = () jo‘lf(fl)(x)sm(\mx)dx

Then the series (17) converges absolutely and uniformly.

If u (x,r)ec¥[0,]x[0,7]) is absolutely and uniformly convergent, then wu(x,r) € C*([0,/]1x[0,T])
converges.

According to equation (1):

D?u(x,t) = f(x)+ uxx(x,t)

Therefore, D;‘u(x,t) € C([0,]1x[0,T]) is absolutely and uniformly convergent.
Theorem 2 is proved. O

Results of the study

As a result of theoretical studies, sufficient conditions for the existence and uniqueness of a
solution to a boundary value problem for a differential equation of mixed type with fractional
derivatives in the sense of Caputo were established. The solution was given in the form of a Fourier
series and its uniform convergence was proven when the formulated uniqueness conditions were met.
The obtained results confirm the validity of the proposed hypothesis about the existence of a stable
and unique solution in a limited region divided into hyperbolic and parabolic parts. An existence
theorem was proven, and the uniqueness conditions showed its applicability to various sets of
boundary conditions.

Discussion

As a result of this study, a boundary value problem for a differential equation of mixed type with
fractional derivatives in the sense of Caputo is solved by a rigorous analytical method. Its solution is
given in an exact form using a Fourier series, which allows one to express the solution clearly without
using numerical methods. Below, the importance of this approach, its relation to memory effects in
physical systems, and a comparison of this work with other modern studies using the work of Caputo
are discussed, and future research directions are outlined. The analytical approach used in the study
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allows one to obtain an exact solution to the equation and provides a deeper understanding of the
behavior of the system. Unlike numerical approximation methods, the analytical solution completely
describes the dependence of the problem on the parameters and initial conditions, eliminating
approximation errors. Representing the solution as a Fourier series not only clearly shows the
influence of each harmonic component of the solution, but also ensures that the solution approaches
the true value as the number of terms in the series increases. The significance of this approach is that
it allows one to analyze the influence of computational parameters (e.g., the order of the fractional
derivative) and can serve as a benchmark for assessing the accuracy of approximate methods.

One of the unique features of this study is that the problem is solved purely analytically, without
using numerical methods. Usually, fractional equations cannot be solved by simple analytical
formulas, which forces us to resort to numerical methods. Therefore, the analytical solution in our
work has significant value in this context. The analytical solution completely describes the behavior
of the system and can serve as a basis for checking the correctness of other numerical results. This
approach also allows one to study the boundary conditions of the solution.

Caputo's work is currently used in many studies. A special feature of our work is that we obtain
an exact analytical solution for a mixed-type equation. In other studies, the solution is often specified
by special functions and only general properties are considered (e.qg., the existence and uniqueness of
the solution). We will supplement this area with the specific solutions we obtained.

The results obtained allow us to continue research in several directions in the future. Firstly, by
implementing numerical modeling, it is possible to study the stability and dependence of the
parameters of the obtained solution. Secondly, the transition to multidimensional cases and, thirdly,
the consideration of nonlinear variants of the problem are important and promising areas. These areas
allow us to expand the scope of solving applied problems of physics and engineering by combining
analytical and numerical methods.

Conclusion

In this study, an analytical solution to a boundary value problem for a differential equation of
mixed type with a fractional derivative of Caputo order was obtained. It was verified that the obtained
solution satisfies the equation and the boundary conditions, and it was proven that this is a unique
solution. It was also shown that in the limiting case of fractional order (when the order of the
derivative is 1), this solution becomes a solution to the classical equation.

Theoretically, the conclusions obtained in the work complement the theory of fractional
differential equations. It is shown that for equations of mixed type it is possible to solve a boundary
value problem using fractional derivatives, and the classical results are generalized to fractional order.
From an applied point of view, the obtained results can contribute to the accurate modeling of
complex processes in various fields. For example, fractional-order models are currently used to
describe phenomena with memory properties, such as relaxation or anomalous diffusion in
viscoelastic media. The analytical solutions obtained in the course of the study make it possible to
increase the accuracy of such models and analyze their behavior.

The obtained solution is expressed in analytical form. The main advantage of such a specific
solution is that the behavior of the solution can be analyzed directly by freely changing the parameters
of the problem (for example, the value of the order of the fractional derivative). In this case, the
analytical solution serves as a standard for checking the correctness of the results obtained using
numerical methods, allowing one to evaluate the accuracy of numerical models. One of the directions
of future research is the extension of the proposed method to similar problems in multidimensional
areas. The second direction is a comprehensive consideration of the nonlinear case of the equation.
In addition, an important direction for the future is the development of numerical modeling methods
for complex problems that cannot be solved analytically.
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O PEHIEHUSX B IITPOKOM CMBICJIE HEJIMHEWHBIX CUCTEM B YACTHBIX
IMPOU3BOJHbLIX ITEPBOT'O ITOPAIKA

Annomayus

B crarthe paccMOTpeHBI BOIPOCHI CYIISCTBOBAHHS M CAMHCTBCHHOCTH MEPUOJUYECKUX [0 YacTH
MEPEMEHHBIX PEIICHUS B IIMPOKOM CMBICIIC HEIMHEHHOW CHCTEMbI B YaCTHBIX IPOM3BOJHBIX IEPBOTO
mopsiaka. MareMaTudeckue MOAeIr (U3UYECKMX M HHBIX IIPOIECCOB OIMMCBHIBAIOTCS C  ITOMOIIBIO
nddepeHIHaTBLHBIX YPABHEHUI B YACTHBIX MPOU3BOJHBIX. B cTaThe MPHBEICHBI OMPEACICHUS PEIICHHS B
ITUPOKOM CMBICJIC HEJIMHEWHON CUCTEMBI B YaCTHBIX IMPOM3BOJHBIX TIEPBOTO MOPSIKA, OCHOBHBIC CBOWCTBA
orneparopa auddepeniuporanus. [[puMeHeHbI METOJT XapaKTEPUCTHK, METOJT CKATHIX OTOOPaKESHUH, B IIape
JI0Ka3aHa TepeMa O CYIIECCTBOBAHHU U €IMHCTBEHHOCTH MEPUOTUIECKOTO IO YaCTH IEPEMECHHBIX PEIICHHS B
IIUPOKOM CMBICIIC HEJIMHEHHOM CHCTEMbI YPABHCHHUS B YaCTHBIX IIPOU3BOJIHBIX MIEPBOTrO Mopsiaka. JJokazaHo
HE00X0IUMOE U JIOCTATOYHOE YCIOBHE MIEPUOIUIHOCTH 110 YACTH IIEPEMEHHBIX PEIICHHS B IIUPOKOM CMBICIIE.

KioueBble cjI0Ba: HENWHEHHBIC CHCTEMBI, CHCTEMBl YpPaBHCHHS B YacTHBIX MPOU3BOJHBIX,
OOBIKHOBEHHBIC MU (G epeHIMATBHBIC YPABHEHUS, PEIICHUS B IIMPOKOM CMBICIIE, METO]] XapaKTePUCTHUK.

A.Y. bekxbayoBa
K. XKyb6anoB ateiHnarsl Akre6e oHipiik yauBepcureti KeAK, Axrooe k., Kazakctan
CBI3BIKThI EMEC BIPIHIII PETTI JEPBEC TYBIH/BLIBI )KYUAEJEPJIIH KEH,
MAFBIHAJAFBI LIEIIIMI TYPAJIBI

Anoamna

Makanana OipiHIII PETTi CHI3BIKTBI eMec JepOec TybIHABUIB aAuddepeHIHanablK TeHISYIep XKYHeCiHIH
aifHpIManbUIapablH Oip Oesmiri OOWBIHIIA TEPHOATH KEH MarblHAIaFbl MIeMIiMAEpiHiH 0ap OOIyBIHBIH
KETKUTIKTI [IapTTapbl KapacTelpbUiraH. (DHU3MKaNBIK JXKoHE e Oacka mporeccTep AepOec TYBIHIBLIBI
g depeHIMaIIBIK TCHICYICp KOMETIMEH cUMarTaiaasl. MaKkanajaa ChI3bIKTBI eMec OipiHimm peTTi aepoec
TYyBIHABUIBL UG DEepeHIMATIIBIK TeHIACYICPAiH KEH MaFbIHaJarbl IICIIIMIHIH aHBIKTaMachl OEpilIreH.
CunaTTaysImTap 9JIiCi ®oHe CBIFYIIBI OTIePaTOP 9/1iCi KOJIAHBUIHIIL, Map/ia ChI3BIKTHI eMeC 1epOecC TyBIHABLIBI
mupGepeHIMANIBIK TEHACYJICP JKYHECIHIH aWHBIMANbUIapAbIH Oip Oesiri OOWBIHIIA TEPUOATHI KEH
MarbIHAJIaFbl IMICIIIMJCPI Oap >KOHE JKaJFbI3 OOJaThIHBI JanejieHreH. KeH MarblHajarbl MISHIMIepIiH
aifHpIMANBLTAPABIH Oip Oeiri OOMBIHINA TEPUOTHUTBIFBIHBIH KQXKETTI )KOHE )KeTKUTIKTI IIapThl KOPCETLITeH.

Tyiiin ce3maep: CBI3BIKTHI eMec KyHenep, nepoec TYBHIBUIB TudhepeHIMAIIBIK XYyienep, KapanaibiM
¢ GepeHIMANIBIK TSHACYNIEP, KeH MaFbIHAIarbl IICIIMIeP, CUIIATTAYbIIITapP JIICI.

A.U. Bekbauova
Aktobe Regional University named after K. Zhubanov, Aktobe, Kazakhstan
ABOUT SOLUTIONS IN THE BROAD SENSE OF NONLINEAR SYSTEMS IN PARTIAL
DERIVATIVES OF THE FIRST ORDER

Abstract

The article addresses the issues of existence and uniqueness of periodic solutions in some variables in the
generalized sense for a nonlinear system of first-order partial differential equations. Mathematical models of
physical and other processes are described using partial differential equations. The article provides definitions
of solutions in the generalized sense for a nonlinear system of first-order partial differential equations, as well
as the main properties of the differentiation operator. The method of characteristics and the method of
contraction mappings are applied. The theorem on the existence and unigueness of a periodic solution in some
variables in the generalized sense for a nonlinear system of first-order partial differential equations is proven
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within a ball. The necessary and sufficient conditions for periodicity in some variables of the solution in the
generalized sense are also proven.

Keywords: nonlinear system, system of partial derivative equations, ordinary differential equations,
solutions in a broad sense, method of characteristics.

OcHOBHbBIE 110JI0OKEHUS

B nanHOi cTraThe MpOBOAMTCA JUTEPATypHBIA 0030p pabOT MOCBALICHHOW B OOIIYIO TEOPHIO
HEJIMHEHHBIX, TEPUOJMUYECKUX, TIOUYTH EPHUOJMUECKUX KOJICOaHUH.

B pabote uccnenoBaHbl BOPOCH! CYIIECTBOBAHUS U €JUHCTBEHHOCTH MEPUOINYECKOTO 110 YaCTH
MEPEMEHHBIX PELICHHUS B IMIMPOKOM CMBICIE CUCTEMBI AU depeHInanbHbIX YPaBHEHUH B YaCTHBIX
MIPOU3BOJHBIX MEPBOro Mopsiika. PaccMOTpeHbl JMHEHHbIE U HEJIMHEWHBIE CUCTEMbI B YACTHBIX
IIPOM3BOJHBIX IEPBOro mnopsaka. JlaHbl ONpenencHus] MEPUOANYECKOro MO YacTU INEPEMEHHBIX
peuieHuss B IIMPOKOM CMBICJIE. YCTAaHOBIIEHBI JOCTAaTOYHBIE YCIOBUS CYHIECTBOBAHUS U
€IMHCTBEHHOCTH IIEPUOIUYECKOIO 10 YACTH IIEPEMEHHBIX PELIECHUS B IIMPOKOM CMBICIIE, ITOTY4EHO
He00X0IMMOE U JOCTATOYHOE YCIOBHE NEPUOAMYHOCTH M0 YACTH MEPEMEHHBIX PEIIeHHSI B IIUPOKOM
CMBbICJIE HETMHEMHBIX CUCTEM B YaCTHBIX IIPOU3BOAHBIX I1EPBOTO MOPSIIKA.

Beenenue

CucreMbl ypaBHEHHS B YACTHBIX MPOU3BOAHBIX YACTO MPUMEHSETCS MIPH PEIICHUAX MPUKIATHBIX
3anad. [leproanyueckue penieHus MUPOKO HCIIONB3YIOTCS B (PU3UKE JUIST ONTUCAHKS KOJIeOaTeIbHBIX
MIPOLIECCOB, OMUCHIBATH IHMKJIMYECKHUE MPOLECChl B OHUONOrMHM, B HMHXXEHEPUU U DJICKTPOHHUKE
MIEPHONYCCKHIE PEIICHHUS COOTBETCTBYIOT YCTOWYUBBIM peKUMaM PabOThI KOJIeOATETbHBIX CUCTEM,
TaKHX KaK reHepaTopbl, (PUIBTPBI M CXEMBI ¢ 00paTHOM CBsA3bi0 [1-7].

Pa3BuTHs 001l TEOPUYU HETMHEHHBIX KOJICOaHMiA B3sT cBoe Hadasio B 90-x rogoB XX cronerus.
J71s mOCTpOeHUs MePHOJNYECKUX PEIICHUN HETMHEHHbIX cucTeM nuddepeHIMalbHbIX YPaBHEHUIH,
KOTOpBIC COJIEPKAT MaJIbIi mapamerp ObuT mpeioker Meton A. [lyaHkape ¥ 3TOT METO IIMPOKO
npuMeHeH B oOmactu paauodusuku. Haubonee conmepikarenbHble W TIIyOOKHE PE3YNbTaThl IO
pPa3IMYHBIM TPOOJIeMaM TEOPUU TEPHOAMYSCKUX W TIOYTH TEPHOAMYSCKUX KOJIeOaHWi ObuH
M3II0KEHBI B MHOTHX paboTax ydeHHbIX. B pabotax B.X.Xapacaxamna MHOTHE BOIIPOCHI, CBSI3aHHBIE
C cHcTeMaMu OOBIKHOBCHHBIX MU (EpPCHIMATBHBIX YPaBHEHUH C KBA3WTIEPHOAMYECKON IMpaBoOit
YacTbl0, CBEJEHBl K HM3yYEHUIO CHUCTEM YpaBHEHHI B YaCTHBIX MPOM3BOAHBIX. Takoil mepexon
BO3MOXXCH OJIarojiapsi CBSI3M MEXIy KBa3HIECPUOANICCKUMHU (YHKITUSIMHU OT OJTHOUM MEepEeMEHHOU U
MEPUOANYECKUMHU (DYHKIUAMH OT MHOTHX TIepEMEHHBIX, yeTaHoBIeHHbBIX [1.Bomem, I'.bopom. [8-9]

[enb 3T0# pabOTHI HCCIEIOBATH BOTIPOCH CYIIECTBOBAHUS M €IUHCTBEHHOCTH MEPUOTUICCKIX
M0 YacTU TEePEMEHHBIX pEIICHHUS B IIUPOKOM CMBICIIE HEIMHEWHOM CHCTEMBl B YaCTHBIX
MPOU3BOJHBIX IEPBOTO TMMOpsKa. [IpUMEHEHBI METOJ XapaKTCPUCTHK, MPUHIUI CHXKATHIX
0TOOpakeHHsI0 MOTYYEeHBl TOCTATOYHBIE YCIOBHS CYIIECTBOBAHUS U €IWHCTBEHHOCTU PEIICHUS B
ITUPOKOM CMBICIIC CUCTEMBI MU (EPCHIIMATBHBIX YPaBHEHUH B YAaCTHBIX MPOU3BOIHBIX IEPBOTO
MOPAIKA, C IEPUOTUIECKIUMH YCIOBUSMHU.

Metoago10rus uccaIe10BaAHUA

N3ydyeHne caMux ypaBHEHMI B YaCTHBIX IPOU3BOIHBIX IIPEICTABIISIET ONPEECIICHHBIN HHTEPEC, U
HaxoJIT NpPUMEHEHHE B MNPHUKIAIHBIX 3a7adax. V3ydeHHio NepuoJudyeckux MO BpPEMEHHOW U
IIPOCTPAHCTBEHHBIM IIEPEMEHHBIM pELIEHUI CHUCTEM YpPaBHEHUH B YACTHBIX IPOU3BOJHBIX
MOCBSIICHBI cieayrorue padotsl [9-15].

B nmpuknagabix npobieMax, Korjaa, ucXojs U3 TpeOOBaHMI HOPMAaJIbHOTO (YHKIIMOHMPOBAHUS
00BEKTa, JAOCTATOYHO 00ECHeYUTh MHOTONEPUOAMYHOCTH 0 YaCTH NEPEMEHHBIX, €CTECTBEHHBIM
00pa3oM BO3HUKAET 33aJaua 00 yCTAaHOBJICHUU NMEPHUOAMUYECKUX JBHKEHUN 10 OTHOIICHUIO K YacTH
MEPEMEHHBIX (3aTyxaromnue KosieOaHus, BUHTOBOE IBM)KEHHE MaTepuaibHOW TOYKH; OJHOOCHAs
cTabuin3anus ClyTHUKa U jip.) B padore [9-10] paccmarpuBanuch o4t MHOTONEPHUOIUUECKUE TI0
4acTH MEPEeMEHHbIX pellIeHUs KBa3WIMHEWHON cUCTeMbl TMIepOOIUYECKOro TUIIA C MEPEMEHHBIMU
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MaTpUYHBIMH KO3((UIIMEHTAMH, Y KOTOPOH JIMHEWHAash 4acTh PACMagacTcs Ha CaMOCTOSITEIbHbBIE
CKaJIIPHBIE OJHOPOJIHBIC JINHEHHBIC ypaBHEHHs. [[OCTpOCHBI KJIacCHYEeCKHE PEIICHUSI CUCTEMBI B
KJIacCe MEePUOTUICCKUX 10 YACTH IMEPEMEHHBIX (PYHKIIUH.

B OonpmmHCTBE (H3MUYECKMX 3ajad  ONpeneieHue OOOOIIEHHOTO PpEHICHUS JIUKTYETCs
MMOCTAHOBKOW 3a7auu (HAampuMmep, B Ta30BOM JAMHAMHUKE OCHOBHBIMU (DU3MYECKUMHU 3aKOHAMU
SIBIISTIOTCSI 3aKOHBI COXPAHEHUSI MaCcChI, HMITYJIbCA, SHEPTUH, a 0000IIEHHOE PEIICHHE ONIPEIEISIOTCS
KaK TEYCHHE, YJOBJECTBOPSIOIIEE 3TUM OCHOBHBIM 3akoHaMm). Cnenys dpunpuxcy, o6o0meHHOe
pEIIeHre CUCTEM B YaCTHBIX MPOU3BOIHBIX HA3bIBACTCS PEIICHUEM B IIIMPOKOM CMBICIIE.

Ecmu He mpearmonarath, 4TO BXOJHBIC JaHHBIC CHUCTEMbBI B YaCTHBIX MPOM3BOJIHBIX IEPBOTO
MOPSJIKa MMEIOT HEIPEepPhIBHBIC MPOW3BOAHBIE, TO 3TO YPABHCHHE MOXKET HE MMETh HHU OJHOTO
peleH s ¢ HENPEePhIBHBIMU YaCTHBIMU TIPOM3BOJHBIME. TakuM mpumepom siBisiercs: npumep H.M.
['tontepa [16]. PaccmoTpuM ypaBHeHHE

0z 0z
ax oy = bx—Y) o)

rae b(w) - HenpepsiBHas GyHKIMS BeilepmTpacca, HUrle HE MUMEOIIAs MPOU3BOAHON MO W.
YroObl T0Ka3aTh 3TO, BBEAEM BMECTO X U ) HOBBIC HE3aBHCHMBIE MTEPEMEHHbBIE U U @ TOJIOKUB X +
y=9ux—-y=w,z(x,y) =u(d,w).

Pemenunem ypaBuenus (1), HaspiBaem ¢yHKuu0 z(Xx,y), KOTOpas HMeeT BCIOAY B
paccMaTpuBaeMoi 00JIACTH, YaCTHBIE IIPOU3BOJIHEIC IO X U ), M YIOBIETBOPSIET STOMY YPAaBHEHHIO.

JlomyctumM, 4TO B HEKOTOPOI 00JIacTH Ha TUIOCKOCTU CYILIECTBYET pelieHue z(x,y) ypaBHEHUs
(1), umeromee HeNMpepbIBHBIC MPOU3BOAHBIC TI0 X U Y. Torna, BEIpa3uB MO OOBIYHBIM (QOpMyIam
MPOU3BOJIHBIC OT Z TI0 X U Y Yepe3 MPOU3BOAHbIC OT U 1o ¢ U @, moyuum

ou

1

Bce pemienus 3Toro ypaBHeHus JaroTcst GpopMysioi
u(®, ) = 2b(w)d + c(w), (3)
rie c(w) - mobas GyHKIMS OT w. 3HAYMT,

2(x,y) = (@ +y)b(x —y) + c(x =) (4)

Ho nerko nokasare, 4To HET TakoM 00JIaCTH Ha TUIOCKOCTH (X,Y), T1ie 1aBaemast 3Toi popmysoin
¢byHKIMSA Z MMeeT NPOU3BOHbBIE IO IEPEMEHHBIM X U Y. J{J1s 3TOro 3aMeTHM clieAyrollee: eciiu Obl

3TH NPOU3BOJIHBIE CYILIECTBOBAIN B TOUKE (X, y) u (X +&,Y+ 8) , TO CyILIECTBOBAJIM OBl TAKKe
MIPOU3BOJIHBIC B TOUKE (X,Y) Y GYHKIUU

zZ(x+e,y+e¢e)—z(x,y) =¢eb(x—y),

9TO HEBO3MOXHO. 3HAUUT, GyHKIHA Z(X,y) HE MOXKET yJIOBIETBOPSTH ypaBHEHHUIO (2), M HaIle
NepBOHAYAIBHOE MPEONI0KEHNE OBIJIO HEBEPHO.

Mo’xHO MoKa3aTh, YTO BCSIKOE HEMIPEPHIBHOE pellieHne ypaBHEeHUS (2), uMmeeT BUJ (4), ecu naxe
He TpeOOoBaTh, YTOOBI pPelIeHHe UMEI0 HEeNpepbIBHbIE MPOU3BOHbIE. Toraa Mbl PUAEM K BBIBOAY,
YTO ypaBHEHUE (2) HU B KaKoi 00J1aCTH HE UMEET HEMPEPHIBHOTO PEILICHUSI.

Perienus B IMPOKOM CMBICIIE KBa3HJIMHEHHBIX THIIEPOOIMUECKUX CUCTEM YPaBHEHUH B YACTHBIX
MIPOM3BOJIHBIX C JABYMS HE3aBUCHUMBIMU IE€PEMEHHBIMHU, PELIEHUS B LIMPOKOM CMBICIE CHCTEM
YpaBHEHHI B YaCTHBIX MIPOM3BOAHBIX NIEPBOT0 MOPSIIKA TTOCTPOEHBI B padoTax [17-20].
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PGSyJ'I])TaTbI HCCJIeJ0BaHUA
PaCCMOTpI/IM CJICAYIOLIYIO HCHHHeﬁHyIO CUCTEMY B YaCTHBIX ITPOU3BOAHBIX IIEPBOTO IMOPAAKA

Du=P(t,x,y)u+F(t,x,y,u) (5)

d d d

e D =—+ Yi=1a; (t,x,y) ot 2;-;1 b; (t,x,y) 3, ~ oneparop mddepentmpoBanus D 1o
J J

HAIpaBJICHUSAM BEKTOPHBIX TOJEH, 3aJaHHBIX BEKTOp - (DYHKIHUAMHU a(t, Q, w) u b(t, @, l//) B

IIPOCTPAHCTBE TlepeMeHHbIX t € (—00,+0) =R, x = (xq,...,%n) ER™, y = (¥,...,y) € R¥,

a(t,x,y), b(t,x,y) - HenpepbIBHbIC BEKTOp - (QYHKIHH Pa3MEPHOCTH COOTBETCTBEHHO m, Kk,

00JIaJafoIMMH CBOMCTBAMU MEPHOAMYHOCTH, TTIAJAKOCTH

a(t+0,x+qw,y) =a(t,x,y) € C(O’l'l)(R X R™ x R¥),

t,x,y
b(t+60,x + qu,y) = b(t,x,y) € COZP(R x R™ x RY), (6)

txy

Y OTPAaHUYEHHOCTH C HOPMOM, MaKCUMHU3UPYIOMIEH €BKIIMIOBYIO METPUKY BEKTOD - (yHKIIMA

da da
all s ap, 53| < |5H]| <@
” ” 0 dx 1 ay 21
ob ab

11l < o |52]| < B [|52]) < 82 (7)
st Becex ¢ = (qq,...,qm) € Z™, Z - MHOXKECTBO 1eJIbIX 4rcel. [lepuoast wy = 6, wq,..., Wy, -
MOJIOKUTEIbHBIE HECOM3MEPHUMBIEC MOCTOSIHHBIC, qWw = (q1W1, §2W2, -+, @ Wm) - BEKTOP KPaTHBIX
NepUuosioB, W = (W4, ..., Wy), g, Po, A1, A2, B1, B2 - HEKOTOPBIE TOIOKUTEIBHBIE TOCTOSTHHBIC, U =
(ug, ..., uy 1) - uckomasi Bektop — (ymkuus, P(t,x,y) - —ny X ny; —marpuna, oOGnagarouias

CBOMCTBaMH MNECPUOAUYIHOCTHU I10 YaCTHU IMICPEMECHHBIX U OT'PAHUYCHHOCTHU

IP|| < ko = const > 0,
P(t+9,x+qa),y)=P(t,x,y)EC(R><Rm><R"),C]Ezm (8)

F - N, - BexTop — QyHKIMsA, 06Iaar0Mas CBOXCTBAMHU EPHOAUYHOCTH

F(t+0,x+qw,y,u) =F(t,x,yu)€ Ct('(;g,’gf)(R X R™ x R¥ x R™), (9)

q € Z™, ycnoBuro JIunimmiia OTHOCUTEIBHO X.

Omnepatop auddepenuupoBanus D 06i1anaeT cienyomUMA CBOMCTBAMHU:

1% D(u; + uy) = Duy + Du,

rae uy(t, x,y) u u,(t, x,y) - HeKoTOpbIe CKaNsIpHBIC AU PepeHImpyemMbie yHKIHN

2°. D(uy - u,) = uy - Du, +u, - Duy

3°.D(C-u,) = k- Duy, rae C = const.

4°. Ecm u(t, x,y) = {u;(t, x,y),...,u,(t,x,y)} — madpdepenmupyemas N — MepHAs BEKTOP —
¢yakuus, To Du = {Du, Du,,...,Du,}. Takum obGpasom, omeparop D jeiicTByeT Ha BEKTOp —
¢byskmio u(t, X, y) MOKOOPAMHATHO.

5%, Omeparop D neiicTByeT Ha MaTpuuHyl0 (GYHKIMIO MOdIEMEHTHO, T.e. ecnu U(t,x,y) =

{ujk(t, X, y)} ( =1,m,k = 1,m), To nonoxum

DU = {Duy,}
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80, JInst MOCTOSIHHOM MaTpHIIbI C umeem, DC = 0.
9% Ecmm U(t, x,y) - nHeocobennas marpuna u U~ 1(t,x,y) - ee 0OpaTHas MaTpuua, To

pUu~t=-Uu"Y(bu)u?
Onpeoenenue
Henpepvisnas 6 R X R™ X R¥ sexmop gynxyus u(t, x,y) nazvieaemcs nepuoouyeckoii no wacmu
nepemMeHHbIX peuleHuem cucmemvl (5) 6 WUPOKOM cMbicie, ecliu OHA nepuodudna no t,p c eekmop -

nepuooom (9,60), m.e. y0081emeopsiem ciedyiouyio Yciosuio

u(t+6,x+ q/(\u,y) =u(t,x,y), *)

02paHUYena no écem NepemMeHHvIM U HenpepvléHo Jupdepenyupyema no nepemennomy 1 eoonw
xapaxmepucmuxu {A(t, to, Xo, ¥o), E(t, to, X0, Vo) } onepamopa ougpgepenyuposanus D, npuuem onsn
NONHBIX NPOU3EOOHBIX NO t BbINOIHEHbL MONCOECMEA

&~ pu+F (10)
dt

20e
11 = u(t' A(t' tO' X0, yO)' f(t' tO' X0, yO))’ P = P(t' A(t' tO' X0, yO)' f(t' tO' X0, YO))i

F= F(t' A(t' tO' X0, yO)' f(t' tOl X0, yO)' ;(tr A(tr to; Xo» yO)r f(t; to; X0, yO)))

Xapakrepuctukn  {A(t, ty, X0, Vo), §(t to, X0, Vo)}  omeparopa  muddepenmuposanus D
YAOBJIETBOPSIET CIEAYIOIUM UHTETPAIbHBIM ypaBHEHUAM [21],

f t
A(t, to, X0, ¥0) = X0 + j als, A(s, to, X0, ¥0), (S, to, X0, ¥o)1ds
to

t
E(tr tOIxO' yO) =Yo + f b[S,A(S, tOﬂxO' yo),f(s, tOﬂxO' yO)]ds

\ &

Teopemal. Ilycmo mampuyanm cucmemst (5) U(t, x,y,ty, A(to, t,x,¥),¢(to, t,X,y)) obraoaem
CBOUCMBOM HEKPUMUYHOCTU

|U(tl x! )’; tO; A(tO; t; x; Y); g(tO; t; x! )’))l S Be—Y(t_tO)l t 2 t()y

rne B=const>1, y >0, u gvinoanensvr ycnosus (6)-(9). Toecoa cucmema (4) umeem
eOUHCMBEHHOE NePUOOUYECKoe NO YaACmU NePeMeHHbIX peuleHue 8 WUPOKOM CMbICIe.

JlokazaTenbCcTBO.

B cuny ycnosus (9), umeeM o1ieHKyY

|F(t,x,y,u)] <M+ N|u| Ch)

I'me ||F|| = suprRmekanllF(t, x,y,0)] =M,N >0 - nocrosunas Jlummuia, IS Bcex

(t,x,y,u) € R X R™ x R¥ x R™_ Torna pemenue cuctemsl (5) IpojokaeMo Opu Beex (t,x,y) €
R x R™ x R¥.
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B mape S Ag ““ mpoctpanctsa (6, w)- NepPHOAUYECKHX MO t, X, OFPAaHHMYEHHBIX M HEMPEPHIBHBIX
dynxumit u(t,x,y) ¢ Hopmoii |[ull = supg,pmygryp Ut x,y)| A= const > 0 pacemorpum
1

HMHTETpalibHbIN ornepatop Qy:

Qiu(t,x,y) = f_too Utx,ys A txy),E(s,t,x,y)) X
f(s,A(s, t,x,v),E(s,t,x,¥), x(s,A(s, t,x,v),E(s, t,x,¥))ds

B MPEINOJIOKEHUH, UTO ocTosiHHbIE B, Y, N, M u A, cBsI3aHbl COOTHOIICHUSIMU
B
;(M + N4, < 4y (12)

Torna u3z (11) cnenyer, uro
? <1. (12)

B cuny ycnoBus (9) u ouenok (11), (91) u (12) oneparop Q4 otoOpaxkaet S f " B cebs u ABIACTCS
CKUMaroIuM oreparopoM. Clie0BaTeNIbHO, MO MPUHIIMITY CKATHIX OTOOpaKeHUH (J; oreparop B
IPOCTpPaHCTBE S AB " UMeeT eIMHCTBEHHYIO HenoABKHYI0 Touky u*(t, x,y) = (Q;u*)(t, x,y).

Jlanee, moKakeM, 4TO B CHJTY HAJIO)KEHHBIX BBIIIC YCIOBHUN Ha cuctemy (1), HEOABMKHAS TOUKA
u*(t,x,y) HempepsiBHO nuddepennupyema 1o { BIOIb XapakTepuCTUK M SBJISETCS pElIeHHEM
cucTeMBI (5) B LIUPOKOM CMBICIIE.

JlerCTBUTEIIBHO, IMEEM TOXKIECTBO

u*(t,x,y) = f_too U(tx,y,s A(s,t,x,9),E(s,t,x,7)) X
f(s,A(s, t,x,v),E(s,t,x,¥), x(s,A(s, t,x,v),E(s, t,x,¥))ds

KOTOpO€ BIOJb  XapakTepucTHku x = A(t, ty, Xo, Vo),V = E(t, tg, Xo, Vo) TEPEXOAUT B
COOTHOIIICHHE

. u*(t, A(t, to, X0, ¥o), € (t, to, X0, Vo)) =
= f X (t; A(S: tO' xO: yO)' E(S; tO: xOr yO)r S, xO! yO) X

— 00

X F(s,x9,Y0,u(S, X9, ¥0))ds,

C BEKTOPHEIM MapaMeTpoM xo = (x2,...,x3) € R™, yo, = (v2,...,v7) € Rk,

JupdepeHnupyeMocTh  pelieHHsl 10  IIepeMEHHOMY [, TIOJIy4eHHOTO  BOJILTEPOBOIO
HHTErPaIbHOTO ypaBHEHHs OOIICH3BECTHA, B CHJIY PaBHOMEPHOM CXOJMMOCTH HECOOCTBEHHOTO
HHTErpaa.

Ha ocHoBaHHMe TeopeMbl O HEMPEPHIBHOCTH PEIICHHH OOBIKHOBEHHBIX AH(dHepeHIIHatbHbIX

YpaBHCHHH 110 TapaMeTpaM ITOKaXXeM HeNmpepbhIBHOCTh U(t, Xg, Vo) IO KOOPAMHATAM X, Vo-

ﬂ(t, Xo,Yo) SBISETCS EIUHCTBEHHBIM OTPAaHWYCHHBIM PEIICHHEM COOTBETCTBYIOUIEH CHCTEMBI
OOBIKHOBEHHBIX TU(depeHInanbHbIX ypaBHeHHi (10).

3ameHa Xo = Ato, t,x,¥),y0 = E(to, t, X, V). €CTECTBEHHO HE HapyIIarT ee
nudGepeHIIMPYEeMOCTh, KOTOpasi MEPEBOUT 3TO pelieHue B pemieHue u”(t,x,y) wHcciaemyeMon
HeMnHEeWHoH cucteMsl (5). Takum oOpazom, umeem

u*(t,x,y) ESf“”.
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Tenepp mokaxem, 4TO TAKOE PELIEHUE Y CUCTEMBI (5) eAUHCTBEHHOE. JleMICTBUTENBHO, PA3HOCTb
p(t,x,y) IBYX pa3HBIX HNEPHOAWYECKUX II0 YAaCTH TEPEMEHHBIX PEUICHUH B HIMPOKOM CMBICIE
u*(t,x,y) mu™(t, x,y) cucreMsl (5) yIOBICTBOPSIET TNHEHHOW CUCTEME

Dp = P(t,x,y)p + F(t,x,y,u*) — F(t,x,y,u*™

NUMECT I/IHTeraJIBHOG HpCI[CTaBJIeHI/Ie
u(t,x,y) = f_too U(txys A txy),E(txy)) X

X [F(s,A(s, t,x,9),é(s,t,x,y),u*(s,A(s, t,x,¥),é(s, t,x,y)) —
—F(s,A(s, t,x,v),&(s, t,x,y),u™*(s,A(s, t,x,¥),é(s, t,x,y))]ds

Onenubas ee, B cuity (9), moaydnm

BN
ol <= —1lpll
14

BN
rae ~ < 1. Orcroga umeeM ||p|| = 0, T.e. mepHOAMYECKOE IO YACTH MEPEMEHHBIX pEIICHUE

cucteMsl (1) eTuHCTBEHHOE.

YcTaHOBMM HEOOXOIMMOE M JOCTATOYHOE YCIOBHE MEPUOJUYHOCTH MO YaCTH TEPEMEHHBIX
pelIeHus B LIMPOKOM CMBbICIIE CUCTEMBI (5).

Teopema 2. J{na mozo umobwi peweHue 8 wupoxom cmeicie Uu(t,x,y) cucmemsl (5) OvLio
(6, w) —nepuoouueckum no wacmu (t, x) nepemennvix (t, x,y) HeobX00UMO U 0OCMAMOUHO, YMOObL
BbINONHSIOCH MOANCOECTBO

u(to, Ato, £, %,¥),E(to, 6, %,¥)) = u(to + 6, A(to, t, x,y) + qu, E(to, t, x,)) (13)

Hoxazamenvcmeo. Heobxoaumocts ycnosus (13) caenyer u3 (6, w) nepuoandnoctd mo (t, x)
pelieHns B IMUPOKOM cMmbiciie cucteMmsl (5). Ecnm dynkmus u(t, x,y) mepuoandeckas 1Mo 4actu
MIEPEMEHHBIX, TO BBITIOIHIETCS TOXAeCTBO (¥) s Beex (t,x,y) € R X R™ X R¥. 3amenum t Ha to,
x Ha A(ty, t,x,y), yHa &(ty, t,x,y), TOrIa MOTYIHM TOXKIECTBO (*).

Jlnst mokas3aTenbCTBa JIOCTATOYHOCTH TIPUMEHSEM CBOWMCTBAa OOpPAaTHMOCTH, TMEPHOAWYHOCTH
XapakTepUCTHYECKON BEKTOP — GYHKIUH {A(t, to, X0, Vo), & (L, to, X0, Vo)

Jomyctum, uto u(t,x,y) - pelmieHHe B HMIMPOKOM CMbICIe cucTeMbl (1), yIOBIETBOpSIOIICe
ycnowuto (13).

OueBumHO, 9TO Hapsay ¢ pemieaueM u(t,Xx,y) B HNIMPOKOM CMBICIE CHCTeMBbI (5) BEKTOp —
byukust u(t + 6, x + qw, y) ABISIETCS TAKKE PEIICHUEM B IIIHPOKOM CMBICIIE 3TON CHCTEMBI B CHITY
(6, w) - nepuogMYHOCTH CHCTEMBI 110 (t, ¢), mpuueM, MOJOXKUB t = t, B ycioBuu (13) umeem

u(to + H,X + qw; Y) = u(tO' X, Y) (*)

I[anee, paccMaTpuBasn OTH peuicHu-d BI0OJIb XapaKTCPUCTHUK NMECM

u(t,)l(t, to, X0, Vo), (¢, to, xo,yo)) U u(t + 6, A(t, to, X0, Yo) + qw, é(t, to,xo,yo)), KOTOpBIE
SBJIAIOTCS peleHusMu cucteMsl (1), mpudem mpu t = t, onu B cuiy (13) coBmanaror, T.e.

u(to + 6, xo + qw; yO) = u(tol xO' yO)

CrnenoBarenbHO, B CHIIy €IMHCTBEHHOCTH PEIIEHHH CUCTEMBI (5) 3TH pelIeHUs] TOXAESCTBEHHO
PaBHBI:

u(t + 0: A(t; tOI xO; yO) + qw; g(t; tO; xO! yO)) = u(t, A‘(tl t(); x(); yO)l é—(t; t(); x(); yO))
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Orcrona 3amenoit x, = A(tg, t,x,v),Yo = é(to, t,x,y). B cuny Alty, T,A(T, t,x,¥),é(T,t,x,¥)] =
Alto, t,x,v),E[to, T, A(T, t,x,¥),E(T, t, x,y)] = (Lo, t, X, V). IMeeM oOIpeecHHE IEPUOIUIHOCTH
pelIeHHs:

u(t+6,x+qw,y) =u(t,x,y)
Teopema nokasana.

Juckyccus

Knaccuyeckue pelieHMs HENMHEHHBIX YpaBHEHMH 00JaJaloT CBOMCTBOM HEOIPAaHUYEHHOIO
BO3PACTaHMs BEJIIMYMHBI MPOM3BOJIHBIX, KOTOPOE HA3BIBAIOT I'PAJAMEHTHON KatacTpodoi. CMbIch
3TOr0 CBOMCTBA COCTOMT B TOM, YTO IIPU CKOJIb YTOAHO IJIaJKMX HAdalbHBIX 3HAYCHUSIX IIEPBbIE
IIPOM3BOJIHBIE PELLEHUSI OCTAIOTCS OTPaHMUYEHHBIMHU, JIMIIL B TEUEHUE KOHEYHOro BpeMeHu. llpu
HEKOTOpOM to > (0 OHM cTaHOBATCA HeorpaHudeHHbIMU. IIpu t > t; KIaccHMYecKOro peleHus
nocrasjieHHOM 3anaun Koy He cymecTByeT (Hanpumep, yaapHas BojaHa, 0Opa3oBaHHAs U3 BOJHbI
cKaTHs).

Hccnenyst pemieHns B MIMPOKOM CMBICIIE C IEPUOJUUYECKUMHU YCIOBUSMU HEJIMHEHHOW CUCTEMBI B
YaCTHBIX MPOU3BOJHBIX MEPBOrO MOPSJIKA, MOKA3adM, YTO €CTh BO3MOKHOCTh OCJIA0MTh YCIOBUS
CYLIECTBOBAHMSI U TOCTPOCHHUS KJIACCUYECKOIO PEILIEHUS HEJIMHEHHOW CUCTEMBI.

3ak/ro4yeHue

[Tosmy4eHsl 10CTaTOYHbBIE YCIOBUS CYIIECTBOBAHUS U €IUHCTBEHHOCTH MEPHOAMUYECKON MO YacTH
MIEPEMEHHBIX PEIICHHS B IIMPOKOM CMBICIIC HEJTMHEHHOW CUCTEMBI JU(epeHIINaIbHbIX YpaBHEHUN
IIEPBOTO MOPAIKA. Y CTaHOBJIEHA HEOOXOAUMOE U TOCTATOYHOE YCJIOBHE MEPUOJUYHOCTHU 110 YaCTU
[IEPEMEHHBIX PEIIECHHUS B IIUPOKOM CMBICIIE CUCTEMBI.

Ecnu mpennonarath, uto BekTop - (yHkuus F M marpuua P uMmeroT HempepblBHYI HU
OTpaHUYEHHYIO IPOU3BOJIHYIO IIEPBOI0 NOPSIKA 10 KOOPIMHATAM BEKTOPOB X, Y, U BBIIIOJHEHBI BCE
yCIOBUS TeOpeMbl 1, TOrja MOCTPOCHHOE pELIeHHE B IIUPOKOM CMbICIE OYyAeT KIacCHYEeCKUM
peuieHueM cuctemsl (1).

BaarogapHocTh
JlanHoe uccnenoBanue puHancupoBaiock Komurerom Haykun MUHUCTEPCTBA HAYKU U BBICIIETO
oOpazoBanus Pecniyonuku Kazaxcran (rpant AP19675358)
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MOJAEJIMPOBAHMUME ITPOLECCA PEI'YJIMPOBAHUSA JABJIEHUA ITAPA B
KOTJIOAT'PET'ATE

Annomayus

B pabore uccnenyroTcst mpoueccsl perylnpoBaHys AaBIeHUs Iapa B KOTJIOArPEraTe ¢ LEJIbI0 MOBBIIIECHUS
3¢ (HeKTUBHOCTH M HAJEKHOCTH ero padoTel. OCHOBHAS €N MCCIENOBaHMS - pa3paboTKa MaTeMaTHIECKOH
MOICIH, HO3BOH5HOH_[CI71 TOYHO OMMCBIBATbL AMHAMHUYCCKHUE MMPOUECChI B CUCTEME U OMPECACIIATE OITUMAJILHBIC
napameTpsl paboThl perymaropa AaeieHus. K 3agauam uccienoBaHUsT OTHOCATCS pa3paboTKa MOJENH
JUHAMHYECKUX MPOLECCOB, aHAIN3 CYIIECTBYIOIIMX METOJOB PETYIMPOBAHUS M MOAOOP ONTHMAIBHBIX
nmapameTpoB j1 MHHHUMU3ALUN OTKJIOHEHHH JaBJICHUA. MCTOZ[OJ]OFI/ISI Hccijiea0BaHuss BKJIIFOYACT
MozenupoBanue mnpoieccoB HacTpouku I[IH-perymstopa (IIpomopiimoHanIbHO-HHTETPATBHBINA PETYIATOP)
WH)XEHEPHBIMH METOJIaMH, CPAaBHUTEIbHBIN aHaIN3 U OLEHKY Pe3yJIbTaTOB, MOMYUYeHHBIX Ipu cuHTe3e CAY
(Cuctempr aBTOMaTHueckoro perymupoBanusi) c IIH-perymstopom. IlpoBens HaACTpoiiKy W OICHHUB
KaUCCTBCHHBIC XAPAKTCPUCTUKH PACCMATPUBACMOTIO PETYJIATOpPA, 6]31.]1 CAciIaH BBIBOJA O BJIHUJAHHUH 3TOI'O
perynaropa Ha 3¢ (EeKTUBHOCTh CUCTEMBI aBTOMAaTHYECKOTO PETyIUPOBaHus aBieHnus B 6apadane. C yaeTom
MOJYYEHHBIX YHMCICHHBIX 3HAYEHUM KPUTEPHUEB KAauecTBa MOXHO CIeNaTh BBIBOA O TOM, YTO BhIOpaHHBIE
HACTPOCUYHbIC KOAPDUIIUECHTHI 1 cTpyKTypa [11-perynsropa rapaHTHPYIOT HEOOXOAMMBIE CBOMCTBA CUCTEMBI
peryjaupoBanus AaBJICHUA H COOTBCTCTBYIOT BCEM Tpe6OBaHI/I$IM, NpEaAbABIACMBIM K HNPOMBINUICHHBIM
perynsitopaMm. JlaHHBIE pe3yJbTaThl SIBISIOTCS BaKHBIMU JJIs1 MOBBIMIECHUA 3PPEKTUBHOCTH IKCILTyaTaluu
TCIIJIOBBIX SHGKTpOCTaHHI/Iﬁ M COKpall€HUs HMX SHCPTETUYCCKUX M OKCIUTyaTAallMOHHBIX 3aTpar, 4YTO MMECT
3Ha4YeHHE I SHepreTHYeckoi 00JacT M aBTOMaTU3MPOBAHHBIX CUCTEM YIIPABJICHHUS.

KiroueBble  cjioBa:  MaTeMaTHUECKOE  MOJCIHPOBAHUE,  AaBTOMAaTHUECKOE  PErYJIHMPOBaHHE,
aBTOMATHU3MPOBaHHbIE CHUCTeMbl  ympasieHus, IIM-perymsrop, MeToabl HACTPOMKH, TEIUIOBBHIE
AIIEKTPOCTAHIIHH.

C.B. beictposa®’, B.I'. JIxxy306aesal, T.b. Axumes', A.B. Keiipip6aesal, B.1M.Uepnaxos *
!K.U. Corbaes areiHnarsl ExiGacTy3 nHKeHEPIIK-TEXHUKAIBIK HHCTUTYTHI, ExiGacTys K., Kasakcran
KA3AH/IbIK KOH/IBIPFBICBIHJIAFbI BY KbICBIMbIH PETTEY IMPOIECIH MOJIEJIbIEY

Anoamna

Bys 3epTTeyne Ka3zaHABIKTBIH THIMJIUINT MEH CEHIMIUIITIH apTThIPYy MaKcaThbiHAa Oy KbICBIMBIH PETTEY
YpIicTepi KapacThIPbUIFaH. 3epTTEyHiH OacThl MakKCaThl — JKYHENeri MUHAMHKAIBIK MPONECTepAl o
CUNATTAUTBIH JKOHE KBICHIM PETTETINIiHIH OHTAMIbl IMapaMeTpiiepiH aHBIKTayFa MYMKIHIIK OepeTiH
MaTeMaTHKAIBIK MoJellb Kypy. Ochbl MakcaTKa »KeTy YIIiH KelleCi MiHAETTep KOWBULIbL: JHHAMUKAIBIK
MpoIIeCTEPAIH MOJIEIIH 93ipJiey; KONJIAHBICTAFbI PETTEY 9/IiCTEPIH TaJJay; KbICHIMHBIH aybITKYbIH a3alTaThIH
OHTAMIBl TapaMeTpiepAi TaHgay. 3epTTey OapbichiHAa mponopuunoHangsi-uHTerpanasl (I1M) perrerimi
WHXKEHEPIIK 9JIiCTep apKbUIbl TEHIIIEY, MOJIENIB/CY, COHIaii-aK aBTOMATThI peTTey xkyheciiH (APXK) cunTesi
HOTHIKEJICPIH CaJbICTBIPMAJIbl Tallfay OKYPri3iimi. AJIBIHFAaH HOTHDKENIEP HETi3IHAe KapacThIPhUIFaH
PETTEerimTiH camanblk CHIATTaMalapbl OaFanaHbIll, OHBIH OapabaHIarbl KbICHIMIBI aBTOMATTHI PETTEY
XKyHeciHe acepi Typajbl KOPBITBIHABI acangsl. Cama KpUTEpUIIIEPiHIH CaHIBIK KOPCETKIIITEPiH ecKepe
OTBIPHIT, TAHJAIFaH peTTey Kodhdunuentrepi MeH [TH-perrerinn KypbUTbIMBI KbICBIMIIBI PETTEY JKYHECiHIH
KaXXeTTi cunaTTaMaljapblH KAMTaMachl3 €TETiHI JKoHEe OHEPKICINTIK TajanTapra cail KeJeTiHi aHbIKTanabl. by
HOTHKENIEp JKbUIY JJIEKTP CTaHLMSUIAPBIHBIH TUIMAUIITIH apTTBIPYyFa, SHEPTETHKAJBIK >KOHE Naiaaiany
NIBIFBIHIAPBIH a3aiiTyFa eneyni yliec Koca anajsl. COHbIMEH KaTap, OJlap JHEPreTHKAJbIK CEKTOp MeH
aBTOMATTaHIBIPHUTFaH 0acKapy >KyHernepi YIliH MaHbI3bl OOJIBIIT TAOBLIAIHI.
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S.V. Bystrova'*, B.G. Djuzbayeva', T.B. Akishev', A.B. Kydyrbayeva', V.I. Cherdakov'
Ekibastuz Engineering and Technical Institute named after Academician K. Satpayev,
Ekibastuz, Kazakhstan
MODELING THE PROCESS OF STEAM PRESSURE CONTROL IN ABOILER UNIT

Abstract

The paper investigates the processes of steam pressure regulation in a boiler unit in order to increase the
efficiency and reliability of its operation. The main purpose of the study is to develop a mathematical model
that allows to describe the dynamic processes in the system accurately and determine optimal parameters of
the pressure regulator. The objectives of the research include development of a model of dynamic processes,
analysis of existing control methods and selection of optimal parameters to minimize pressure deviations. The
research methodology includes modeling the processes of setting up a Pl-controller (Proportional integral
controller) by engineering methods, comparative analysis and evaluation of the results obtained during the
synthesis of ACS (Automatic control systems) with a PI controller. After setting up and evaluating the
gualitative characteristics of the regulator in question, it was concluded that this regulator had an effect on the
effectiveness of automatic pressure control system in the drum. Taking into account the obtained numerical
values of the quality criteria, it can be concluded that the selected tuning coefficients and the structure of the
Pl regulator guarantee the necessary properties of the pressure control system and meet all the requirements
for industrial regulators. These results are important for improving the efficiency of operation of thermal power
plants and reducing their energy and operating costs, which is important for energy sector and automated
control systems.

Keywords: mathematical modeling, automatic regulation, automated control systems, PI-controller, tuning
methods, thermal power plants.

OcHOBHbBIE TTOJIOKEHH S

B xone nccnenoBanus 6puTH pa3paboTaHbl U MPOTECTUPOBAHBI MATEMATHYECKAsI MOJIENIb U METO/IbI
ONTHUMHU3AIMU [JIS PETYIUPOBaHMs JaBlIeHUs Mapa B KothoarperaTe. OCHOBHas ujaes pabOThHI
3AKJIFOYAaCTCA B HUCIIOJIB30BAHUU YUCIICHHBIX METOMOB IS ITOBBINICHUSA TOYHOCTH U CTa6I/IJ'II>HOCTI/I
paboThl cUCTEMBI yrpaBlieHUs. Pe3ynpTaThl MOKa3aau, 4TO ONTHMH3AIUS apaMeTPOB PEryIaTopa
HpI/IBOI[I/IT K 3Ha‘~H/IT€J'II>HOMy CHHUXXCHHUIO OTKJ'IOHGHI/II\/JI JaBJICHHS, YTO IIOBBLIIIACT 3(1)(1)€KTI/IBHOCTI:
paboThl KOTIOAarperaTa W CHIDKAET »Hepro3arpaThl. BBIBOABI HCCIEIOBAHUS TOTYEPKUBAIOT
BaXHOCTh aJarnTainnuu COBpeMeHHI)IX TCXHOJ’IOFI/Iﬁ B O6J'IaCTI/I ynpaBneHm{ IJId  TIOBBIIICHUA
HAJEKHOCTH U KOHKYPEHTOCTIOCOOHOCTH SHEPTETHYECKUX CUCTEM.

Beenenne

DddekTuBHOE U CTAOWIBHOE PEryJupOBaHUE HABICHUS IMapa SBISETCS BAXKHOW 3amauedt Jyist
obecrieyeHns: HaJIe)KHOW U SKOHOMUYHOM pabOThl KOTJIOArperaToB Ha TEIUIOBBIX AJIEKTPOCTAHIUSX.
Konebanus napneHus napa MOryT NPUBOJIUTE K CHUYKEHUIO 3(PPEKTUBHOCTH pabOThI 000PYAOBAHNUS,
YBEITMUEHUIO PHEPro3aTpaT M COKPALEHUIO CpoKa ero ciykObl. B cBsI3u ¢ 3TUM ObLIa Hcclie0oBaHa
CHUCTeMa pETYJIHMpPOBaHMs JaBJIEHUS Napa C LENbl0 Pa3pabOTKH METOAOB U MOJENeH, KOTOpble
IIO3BOJISIT TOBBICUTH TOYHOCTD U HA/IEKHOCTh PETYJIMPOBAHUS JaBJICHUS M1apa.

ens maHHOrO HCCeIOBaHUS — CO3AAaTh MaTeMAaTUYECKYI0 MOJIENb IPOILECCOB PEryIupOBaHuUs
JABJICHUS TIapa B KoTjoarperaTe W ONTUMHU3UPOBATH MapaMEeTPhl CUCTEMbI YIPABICHHS, YTOOBI
MUHHMH3UPOBATh OTKJIOHEHUS W OO0eCmedYnTh CTAaOWIBHOCTH paboThl arperara. B pamkax
UCCIIeI0BaHMsI OBLIIM ITPOBEPEHBI CIEAYIOUINE THITOTE3bI:

1. CymecTBytonye peryiasTopbl JaBieHHs Mapa MOTYT ObITh YJIy4II€Hbl IyTeM MPUMEHEHHS
YHUCJIEHHBIX METOJOB ONTUMU3ALIH.

2. MopenupoBaHue TUHAMUYECKHX MPOIIECCOB B KOTJIOArpETaTe Mo3BOJISIET BHISIBUTH KIIFOUEBBIE
[IapaMeTpsl, BIMSIOIINE HA TOYHOCTh PETYIUPOBAHUS.
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3. OnTuMmu3zamnus 3TUX MapaMeTpoB MPUBOAUT K MOBBIIICHUIO CTAOMIBHOCTH PabOThI CUCTEMBI U
CHU)KEHUIO DHEpro3arpar.

JlaHHOE€ HCCIIEJOBAaHME HAIPAaBICHO Ha PEIICHHE aKTyaJbHOM 3a7a4yd  IIOBBILICHUSA
3GGEKTUBHOCTH M HAAEKHOCTH pabOThl KOTJIOArperatoB M aBTOMAaTU3MPOBAHHBIX CUCTEM
YIIPaBJICHUSA UMH, YTO UMEET 3HAYEHUE ULl Pa3BUTUS SHEPTETUUECKON OTPACIIN.

Metoaosorust uccae0BaHUA

Jlns 1poBeAeHUs MCCIIENOBAHUM HCIOJb30BaJach MaTepuUanibHO-TEXHHUECKass 0a3a ¢uinana
kadenpel «ABTOMaTM3amMsg W UHPOPMALMOHHBIE CUCTEMbI» EKHOACTy3CKOro MH)KEHEpHO-
TEXHUYECKOro MHCTUTyTa uMeHHM akajgemuka K. CartmaeBa, pacnojokeHHOro Ha 0aze
npousBojcTBeHHoro npeanpusatus TOO «OI'POC- 1 umenun b. HypxkanoBa». B pamkax
UCCJIEIOBAHMSI HCIIOJIB30BAJICS THIIOBOM KOTJIOArperaT, KOTOPBIM pacnpoOCTpaHEH Ha COBPEMEHHBIX
TEIUIOBBIX 3JIEKTPOCTAHLUAX M COOTBETCTBYET CTaHJApTaM MPOMBILUIEHHOTO 000pYyAOBaHUS. DTO
MO3BOJIMJIO OOECIEUUTh PENPE3eHTATUBHOCTh U IPAKTUYECKYI0 IPUMEHHMOCTb pEe3yJIbTaTOB
9KCIIEPUMEHTA.

OCHOBHOW OOBEKT MOJETUPOBAHMA: THIIOBOW MbUICYTOJbHBIA KOTJIOArperar, UCHOJb3YHOIUI
YTOJIBHYIO IIBLIb B KAYECTBE TOIUIMBA. B Hccie10BaHUM YUUTHIBAIKUCH CIIEAYIOLINE TPOLIECCHI:

1. TIloaroroBka TOIUIMBA U C)KMTAHUE YrOJIbHOM MbUIH.

2. Harpes Bonbl 1 ipeoOpa3oBaHue ee B map.

3. PerynupoBaHue AaBieHMs I1apa B CUCTEME.

Takum 00pa3oM, NBUICYTOJIBHBIN NAapOTreHEpaTop OCYINECTBISIET NpeoOpa3oBaHUE SHEPTUH,
coJieprKallelicss B YrOJbHOW IBUIM, B TEIUIOBYIO JHEPrUIO, KOTOpas 3aTEM HCIOJIB3YeTCs Ul
IIPOM3BOJICTBA Iapa U I'eHEepaluy AeKTpodHepruu [1].

JlaBneHue napa, BbIpaOAaThIBAEMOro0 KOTJIOM, HaXOAUTCS B HPSAMOM 3aBUCHUMOCTH OT pPacxoja
TOIUIMBA, MOAABAEMOI0 JUIsl COKMTaHUS B TONKY. YeM OoJiblie pacxo] TOIIMBA, TeM 00Jiee BHICOKOE
JABJICHHE I1apa MOXKHO MOJJEPKUBATh B KOTJIE TP HEU3MEHHON €ro Napolpou3BOAUTENBHOCTH. 1,
Hao0O0pOT, NMPH MOCTOSTHHOM JIaBJICHUH T1apa 3a CUeT U3MEHEHUS pacxo/ia TOIUINBAa MOKHO U3MEHSTh
NapoONpPOU3BOJUTEIBHOCTh KOTHA. Takum o0pa3oM, peryjaMpoBaHUE JaBIECHUS IMapa CBOJAUTCA K
PEryJIMpoOBaHMIO MOJJa4X TOIIMBA B TOTIKY KOTJIA.

JUia  perynupoBaHMsl [aBIEHHMS TIapa HCIOJIb30BAJICA 3aMKHYTBII KOHTYp YIpPaBJIEHUS,
BKJIFOYAIOIIUN:

— OObexT ynpasieHus (Tonka 1 6apabaH KoTiioarperaTta) ¢ yrpasisifoIlIMM BO3JEHCTBHEM B BUJIE
pacxoza TOIUIMBA U BO3MYILIEHUEM B BUJIE€ Pacxo/a napa.

— JlaTuuk naBieHMs napa.

— IlponopunonansHo-uHTErpanbHbli perynarop (IIU-perymnsrop).

— HcnomHuTenbHBINH MEXaHU3M M PEryIUpYOLInil oprat [2].

3aMKHYTBII KOHTYp yIpaBleHUs JaBJI€HUEM Mapa MoKa3aH Ha PUCYHKeE 1.

TOITTHEA T
—-

UM — Ucnonnumenvroiii mexanuzm, PI] — Pecynamop oaenenus,
Prms — 3aoanue oasnenus napa 3a 6apabanom, Prp — Janenue napa 3a 6apabarom,
I+ — cuenan ynpaenenus pezyrupyrowum opeanom
Pucynoxk 1. @ynxyuonanvhas cxema cucmemvl pe2yIuposanus 0agienuem napa

'\
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B kauecTBe MCXOAHBIX JAHHBIX MpeJJaraercss 3aMKHYTas OJIHOKOHTYpHash CHCTeMa
aBTOMATHUYECKOTO YIPABJICHHUSA, CTPYKTypHasi CXeMma KOTOpoil mpuBejeHa Ha puUcyHKe 2. OOBEKT
YIpaBIeHUS SBJISACTCS OAHOKAHAIBHBIM, TIepeaTouHas (GYHKIIHS 110 KaHATy U3BECTHA.

XR Il Xt2 X33 W " (p)
- Wi 2(p)
) << Weal®)
[ Wes®) -
W (P) = gy

Wos(p) — [lepedamounas ¢hynxyus 00vekma no ynpasisouiemy 030eicmesuio,
Woeo(p) — Hlepedamounas ¢pynxyusi pecyismopa,
Wei(p), Wea(p) Wes(p) — [lepedamounvie pynkyuu 00bekmos no Kanaiam 803Mywarowux 6030eicmsuil,
Xox — Bxoonoii napamemp, Xeux — BoixoOmnoti napamemp pe2yiuposanus,
Xoao — 3a0annoe 3navenue pecyrupyemozo napamempa,
Xe1, Xo2, Xo3 — BxoOnwle cuenanvt 603mywaroue2o 8030eicmaust
Pucynox 2. Cmpyxmypuas cxema cucmemvl A8MOoMamuieckKo20 YNpasieHus ¢ 00HOKAHATbHLIM 00beKmMoM
yHpaenenus

Ha PUCYHKEC 3 nNpeaACTaBJICHA CTPYKTYPHO-aHAJIUTUUYCCKAsA CXEMa PCEryjlinpoOBaHUSA [0 KaHAITy
«pacxon TOIUIMBA - JaBJICHUC I1apa.

3amanwue g(t)

JABIEHHE Tommmeo
mapasa  Ommbka G1(f), T/a
OapadaHoOM e(r)
Prm(f), MITa 4 20mA . PO
M o nogatde
3H _"'O_" P - mse| 21| P =7, TOIIHEA
A Tok | A ‘ Ix(r)
Tox fir)
VIIpaBIeHHA
3a1AHHA
1) 4. .20MA ¥(t)
(1) 5@ Obserr | i
4 20mA VIpaBIeHHT
Tox
H3MepHTeNIs Wi e JlaBneHHe 11apa 3a
Jmi(r) ~ bapabamom Prmi(7), MIIa
4. 20MA JaTink JapTeHAR

mapa

g(t) — YVemasounoe snauenue oasnenust napa, Pnn(t) — daenenue napa 3a bapabarom komaa,
e(t) — Owuobka peeynuposanus, Gm(t) — Maccosuwlii pacxoo monausa, 31 — 3a0amuux unmencusHocmu,
P — pecynamop, UM — Ucnonnumenvholil mexanuzm, PO — Pezynupyrowutl opean,

IIFP — [lyckameny beckonmaxmuwiii pegepcugnbviil, /] — Onexmpuyeckui osucamens, P — Pedykmop,
I3(t) — Tok 3a0anus, Iy(t) — Tox ynpaenenus, |1(t) — Tox ynpasnenus pecynupyrowum opeanom nooadu
monausa, Inn(t) — Tox usmepumenvrozo npeoobpazosamens (UIl), U1 — Hzmepumenvhoiii npeobpaszosamen,
f(t) — Cuenan eosmywarowezo sosoeticmsus, Y(t) — Pecynupyemviii napamemp
Pucynox 3. Ancopummuueckasn cxema cucmemvl pezyiupo8aHusl

Maremarnueckass MoOJIeNb TPEACTaBlIeHa B (QopMe mepenarodyHor (QYHKIUU i OOBEKTa
yIPaBICHUS, YYUTHIBAIOIICH BO3JEHCTBHE uepe3 yMpaBisiommii kanan. ['paduk 3aBUCHMOCTH
JABJICHUS TIapa OT U3MEHEHUs pacxoia TOIIMBA MPEACTABJICH Ha PUCYHKE 4.
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PasrodHsie KPHBBIC ITO YTIPABTREOIICMY BOAACHCTBHIO

34

[ =
o H
] =
g 2 §
B =
£ ] 3 E
£ =
o =
B2 28 5
= g ol ¥ { 2
= L] 50 100 150 200 250 300 u
£ Bpeus. ¢ =

—e—Pr, Mla =-e-0G1 14

P — Jlasnenue napa, Gr — Pacxoo monausa
Pucynok 4. Dxcnepumenmanvhas kpusas oovekma

[Tonmy4yeHHass MO 3KCIEPUMEHTAILHOW KPHBOHM mepenaTodyHas (GyHKIHS CTaTHYECKOrO OOBEKTa
yIIpaBJIEHUs 10 KaHaJly peryiupyomero Bo3aencTsus, Woy (p), OyIeT BBIMJISAAETh CIEAYIOIIUM
obpa3zom:

PHB(p) _ K06 ' e_p.T _ 08 . e_lo.p
Gr(p) Tes-p+1 30-p+1

Woy(p) =

rae Prs(p) — maBienue mapa 3a 6apabaHom,
Gr (p) — pacxon TomuBa,

Kos — k03¢ dputment ycunenus,

Ty — IOCTOSIHHAS BpEMCHH,

T — BpeMs 3ama3/IbIBaHusl.

[Ipn HacTpoiike cHCTeMbl aBTOMATHYECKOTO YIPABJICHUSA, KaK MPHU MOMOIIM MPHUOIMKEHHBIX
WH)KEHEPHBIX METOJOB, TaK W C MPUMEHEHHWEM TOYHBIX KIJIACCHYECKUX METOJOB TEXHHUUYECKOTO
aHanu3a, HEOOXOJUMO YYHUTHIBAThH JBa OCHOBHBIX acleKTa: oOOecreueHHe YCTOWYUBOCTH U
JIOCTHIKEHHE JKEIIaeMbIX ITOKa3aTesei kadecTna [3].

[lepen HavanoM ompeaeleHHUs] MAapaMETPOB PEryNATOPa, BKIIOYAs €ro MPONOPLUHUOHATIBHYIO U
WHTETPAIILHYIO COCTAaBIISIFOIIUE, BAXKHO OMNPEACIUTh TPeOOBaHUSA K KadeCTBY PETYIMPOBAHMS,
YYUTBIBasl ~ OCOOEHHOCTHM  TEXHOJOTrM4yeckoro  mporecca.  OCHOBHBIMH  TOKa3aTeNlsMU,
OTIPEIEISAIONIMMHU TTEPEXO0THBIE MPOIECCHI, ABJISIFOTCS CIEAYIONINE:

— MAaKCHMaJIbHO€ JWHAMUYECKOE OTKJIOHEHHWE PEeryJupyeMod BEJMYMHBI OT 3aJJaHHOTO
3HAYCHHS,

— TepeperyIupoBaHue,

— OCTaTOYHOE OTKJIOHEHHE PEryIupPyeMOl BETMYUHBI OT 33JIaHHOTO 3HAUYCHUS,

— HHTETpajbHas OIICHKA KauecTBa MEePEX0THOTO Mpoliecca peryaupoBanus [4].

B cBsi3u ¢ TeéM, 4TO KpUTEPUU KAaYEeCTBA PETYIUPOBAHUS MOTYT Pa3auyaTrhbCcsi B 3aBUCUMOCTH OT
KOHKPETHOW 3aJla4yH, CYIIECTBYET MHOXECTBO Pa3HOOOPA3HBIX WHIKEHEPHBIX METOJIOB HACTPOWUKH
[5].

Jlnst mccnenoBanus ObUTHA BRIOpAaHBI TP MeToa HacTpoiku [N -perynstopa:

1. Ananutudeckuit Mmetoq KonenoBrya - mpuMeHseTCs AJIs MOTYYSHUS TPUOIIKEHHBIX PEeIIeHUI
u pacuera napamerpos [I1-perynsropa Ha OCHOBE aHATUTHYECKUX (HOPMYIT. ITOT METO] TIO3BOJISIET
OBICTPO OIPENETUTh HAYAIbHBIE 3HAYCHUS HACTPOEK PETyIsTOopa.

2. Meton [{urnepa-Hukosbca - OCHOBaH Ha 3KCIEPUMEHTAIBHOM TOJIXO0JIC C UCIOJIB30BaHUEM
METO/1a He3aTyXawmux Konebanuit. OH ObLT BEIOpaH, TaK KaK IMIMPOKO MCIIONB3YeTCs [Tl HACTPONKU
[IN-perynsTopoB B MPOMBIIIJICHHOCTH U TO3BOJISET MOJTYyYUTh 3HAYCHHUS MMAPaMETPOB C YUETOM
JUHAMUYECKHX XapaKTEPUCTHK CUCTEMBI.
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3. ABTOMaTH3MpOBAHHBIA METOJ C Hcrosb3oBaHueM mnakera Simulink Design Optimization -
MpPUMEHSIeTCS U ONTHUMH3ALMN HACTPOEK PETYNISITOpa ¢ UCHOJIb30BAaHUEM UYHCICHHBIX METOJIOB U
uHcTpyMeHTanbHOro aketa MATLAB/Simulink. J[anHbIi MeTO 00ecrieunBaeT TOYHBIE 3HAYCHUS
MapaMeTPOB PEryysATOpa HA OCHOBE UMUTAIIMOHHOTO MOJICIMpOBaHus [6,7].

Kaxxnip1it u3 MeTo10B OBUT IPOTECTUPOBAH HA 3aMKHYTOM CUCTEME YIPABJICHUS KOTI0ArperaTom,
MOJICIIUPYIONIEH peanbHyr0 pabory oOopynoBanus. Jlms kaxmoir Hactpoiiku [IH-perynsaropa
OLICHUBAJIUCh II0KA3aTely KauyecTBa PEryJupOBaHUs, TAKUE KaK BpeMs IEPEXOAHOI0 Ipoliecca,
TMHAMUYECKOE OTKJIOHEHHE, CTENICHb NIEPEPEryIMPOBAHUS U CTaTHUECKas OMINOKa.

OCHOBHBIE KPUTEPUU OLIEHKU KaYeCTBa PEryIUpOBaHUS:

Bpewms nepexoanHoro mporecca (tpee).

— MakcuMaabHOE JUHAMHYECKOE OTKIOHEHHE (XOouH).
YcraHoBuBILIEeecs 3HaUeHUE (Xcm).

KonebaTenbHOCTh U CTETICHb NIepeperyaupoBanust (1).

[IpuBeneM KiIrO4YEBBIC PE3YNIbTATHI KaXXJI0r0 U3 METOJIOB U MX BIIMSHUE HA MOKA3aTeNy KauecTBa
PEryJIUpOBaHMs CHCTEMBI.

Ananutuueckuit Meron KomenoBuua mpenonaraet UCIoIb30BaHUE MaTEMaTHYECKUX POpMYIT U
pacuetoB s Hactpoiiku [11-perynsropa. B Hamielr pabote 3TOT METO/ UCIOJIb3YETCS C TTIOMOIIBIO
nmporpaMMHOro obOecrneueHuss Mathcad, 4Tro mO3BONsIET aBTOMATU3UPOBATh U  YIPOCTUTH
BBIUMCIIUTENbHbBIE TPOLECCHl, a TAaKXE YMEHBIIUTh BEPOATHOCTb OHIMOOK. Takoi mnoaxon
oOecrnieunBaeT 6osee TOUHOE U OBICTpOE OIpelelieHHe ONTHUMAlbHBIX HACTPOEK PEryisTopa, 4To
BBITOJTHO OTJIMYAECT €r0 OT METOJIOB, TPEOYIOMIMX PYYHBIX pPAcueTOB HIIM SKCIEPUMEHTAIHLHOTO
noadopa napaMeTpoB.

Ha pucynke 5 nokasansl pacuetsl HacTpoiiku [TM-perynstopa (cpena Mathcad) mis nByx BumoB
MEPEXO/IHBIX TMPOIECCOB (aepruOJUYECKOro M KoJebaTeabHOro) W MOMy4YeHHBIE MepeXOHbIe
XapaKTEPUCTUKU CUCTEMBI.

ANepHo Drrec KT ¢ MEHEMATLHEDR BPEMEHEM PeryIHpOBaHMIAL ,

Til o= 0.5-tau = 05T Til = 23

Amplitudy

i
511 = Kpl 501 =

Tal

Sll =225 501 = 0.09% ol [ :
C MHEIMATEHON KBAIPATHMHEON ITHOMIAIRK OTRITOHEHHA

peryrmpyestofl B rHHED

Tima fseconds)

= Kp2 =373

Ko— Fiem Rt
T

Tid = tau < 035T  Tadm 205 Ve 1 —

Kpl

Ta2 2

$12 = Kp2 502

S12 = 375 502 = 0183

Pucynox 5. Pacuem nacmpoex I[1H-pezyisamopa u nepexoonvle Xapakxmepucmuxu CUcmembl
npu memooe Konenosuua

CpaBHI/ITeJ'II)HI)II\/II AHAJIN3 TTOJYUCHHBIX XapaKTCPUCTUK IMMEPECXOAHOI0 Mponecca KOJIMYECTBCHHBIM
3HAYEHMSM IIOKa3aTesie KauecTBa peryjinpoBaHust CBEACHLI B Ta6J'II/II_Iy 1.
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Tabnuya 1. Iloxkasamenu pezyiupoganus npu anaiumuyeckom memooe Konenosuua

Pezynamop T, C tpee Xcm Xoun W
ITH (Anepuoouu.) 0 70.3 0 0.02 He Onpeoensemcs
11U (Kon) 0 62.3 0 0.04 He onpedensemcs

Merton Ilurnepa-Hukonbca (MeTon HE3aTyXaroImuX KOJEOaHMIA) 3aKIF0YAaeTCs B TOM, YTOOBI MPHBECTH
CHCTEMY aBTOMATHYECKOTO YIPAaBICHUS K KoyeOaTeNbHOW TpaHHUIE YCTOHYMBOCTH C HCIOJIB30BAHHUEM
MPONOPLMOHANBEHOTO PEryysATopa. 3aTeM, ONUpasch Ha HalJeHHbIE KPUTUYECKHE HACTPOHKU M IEPUOJ
KoJIe0aHMi, BEIYNUCIAIOTCS TapaMeTpbl HacTpoiiku [I-perynsatopa. s BeiBoga 00beKTa Ha KOJIeOaTeIbHYIO
TpaHHILy UCTIONB3YEeTCs UMHTAIIMOHHOE MOJIeNupoBanue B cpeae Simulink.

Ha pucynke 6 mpezncraBieHa cxeMa 3aMKHYTOH cucteMbl B cpene Simulink 11s BeIBoja cHCTEMBI Ha
KoJse0aTeNbHyI0 TPAaHHIly YCTOMYMBOCTH.

DO

h 4

. 1
= L]

Step r Slider Transport Transfer Fon
Gain Delay Scope
Eai B—. #
Slider Int=grator
Gainl
_. asch
Slider Derivative
Gain2 Manual Switch1

Pucynox 6. Cxema 3amxrymoii cucmemsi 6 cpede Simulink

Ha pucynke 7 noxaszansl pacuersl HacTpouku IIM-perynstopa M IOIydYEHHBIE NEPEXOAHBIC
XapaKTEePUCTUKU cUCTeMBI Ipu Metoze Llurnepa-Hukomnsca.

TR 1o Transpor Dalay
Peak amplilude: 1.6 L,

Kl =777 Thr = 34941 i

| At ima [seconds): 663

nsyst |

MW perynatop

: Sysmm: Insyst
+ 10 Sten In Trenapon Delay
| Setting tne (seconds i 130

Kp = 045Kl Kp = 3.496 i i
i I / i

Tu = Tkr-0.83 Tu = 20.001 g it i
o i

Sp = Kp Sp = 3.496 M i
Kp L i

Tu

Su=— Su=0.121 i i i

Time {seconds)

Pucynox 7. Pacuem nacmpoex [1H-pecynisamopa u nepexoonvie Xapaxkmepucmuxu cucmembl
npu memooe L{uenepa-Hukonvca

3HadueHUS MMOJIYYCHHBIX MoKa3aTelieil KauecTBa CBEJICHEI B TaGHI/IHy 2.

Tabnuya 2. Hoxazamenu xavecmsea CAY ¢ IIH — pecynamopom no memooy L{uenepa-Hukonvca

Kanan ynpasnenus
Pezynamop 7, C tpee Xcem Xoun v
1 0 130 0 0.16 He onpeodensemcs
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Ananu3upys TabiauIly, MOXKHO CHeNaTh cilefyrouire BoiBojbl. Hactpoiika, metogom Llurnepa -
Hukonsca B cucreme ¢ [1M-perynaropoM no pacCMOTpEHHOMY pe3y/bTaTy MUCCIEN0BaHuUs II0Ka3aa,
94TO BpeMs pEryjlupoBaHUS W JIUHAMUYECKas OmMOKa cTajud OoJblle, NepeperyInpoBaHue

YBEIIMYHUIIOCH B YETHIPE Pa3a, a JUTMTEIBHOCTH MpoIiecca B JIBa pasa.
ABTOMaTH3MPOBAHHBI METOJ C ucmoib3oBaHueM makera Simulink Design Optimization
MO3BOJISICT HAaWTH ONTHMAJbHBIC ITapaMeTPbl HACTPOWKU Ui HEJIMHEHHON MOJENU CHCTEMBl B

Simulink, xoropsie oOecmeuaT TpeOyeMmblil MEPEeXOAHON MpOLECcC MO 3aJaHHBIM TIpadUYecKH
OTpaHUYEHUSIM B OKHE BPEMEHHOW o06nacTu. XOJA ONTUMH3AIMHU KOHTPOJIHPYETCS Ha JKpaHe C
mporecca M TeKyIIMX 3HAuYCHHH

KOHTPOJIUPYEMOTO

oToOpakeHus: Tpaduka
8 mokazana cxema oaHokoHTypHo CAP (Cucrema aBTOMaTHYECKOIO

IIOMOIIBIO

MUHUMHU3HPYEMOU ()YHKIIHH.
pEryJIUpOBaHMsI), COCTaBJIICHHAs U3 CTaHAApTHBIX O1okoB. OmHoKOoHTYpHAass CAP B uccienoBanuu
TETTOBBIX

Ha pucynke
OpUMeHsieTcd Uil pa3paboTKM M TECTHPOBAHUS METONOB PEryJMpOBaHMs, 4YTO IO3BOJISIET
HA/IGKHOCTh  PaOOTHI

JaBJICHUA W  IIOBBICUTH

MUHUMU3UPOBaTh  KojeOaHus

SHeKTpOCTaHHHﬁ.
[ O E—
—— Q—T

H-\-H' .n.l=_.=.l‘
= =
O
~1
|
=
Trasw Foag Ao prres

Cra moier nbicy

Pucynox 8. bnok-cxema oonoxonmyprnou CAP
A ONTHUMaJbHAS TMEPEXOAHAs XapaKTEPUCTHKA

OHTI/IMH?;&III/I?[ NEPECXOAHBIX IMPOLECCOB

IIPE/ICTaBJICHbI HA PUCYHKE 9.

unfitledBA6A Check Step Responss
Chascters lics

Arpitsds

60 &0 100 120
Time (seconds)

Pucynox 9. Onmumusayus nepexoonvix npoyeccos u ONMuMAanbHas nepexoonas XapaKxmepucmuxd ¢
ucnonvsosanuem nakema Simulink Design Optimization

3HavYeHMS TIOJIYICHHBIX TIOKa3aTeliel KauecTBa CBEICHBI B TAOIHITY 3.
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Tabauya 3. Hoxazamenu kauecmea CAY c IIH — pezynamopom

Kanan ynpasnenus
Pezynamop T, C tpee Xcm Xoun W
1 10 80 0 0 He onpedensemcs

Ha ocHoBe npoBeneHHBIX HMCCIEA0BAHUMN B pe3ynbTaTe BBelAeHUA B cuctemy IIU perymsaropa u
pacuera ONTUMAIbHBIX 3HAYEHUI MapamMeTpoB IO Pa3IMYHBIM METOAMKaM (MPUOIUKEHHAS
aHaJIMTUYeCKasi, OKCIIEpUMEHTAllbHas W C [IOMOIIBI0 aBTOMATU3MPOBAHHOTO pacuéra B
CHEIMAIM3UPOBAHHOM TporpaMMHOM mpwiokennn System Identification Toolbox makera
MATLAB) ObutH MOTy4YeHBI CIICYIONIUE TIOKA3aTeNId KaueCTBa CUCTEMBbI:

— BpeMs IepexoaHoro nporiecca (Setting time) ymensimiiocs ¢ 130 mo 70,3 c;

— yCTaHOBHBIIIEECs 3HaueHHe BbIxoiHOM BennunHbl (Final value) -1;

— nepeperynupoBanue (Overshoot) ymensmmiocs ¢ 16,3 1o 0 %.

PesyabTaTsl uccienoBanus

B pesynbpTare mpoBEAEHHOIO MCCICNOBAHUSA MBI BBIINOJHWIA BCE IIOCTABIEHHBIC 3aJaud, a
MMEHHO: TPOBEIM MOJCIUPOBAHUE NpoleccoB HacTpoilku I[IM-perynsitopa ¢ HCHONIb30BaHUEM
MH)KEHEPHBIX METOJI0B: (hopMyabHOro mnoaxonga KomenmoBuuya, M 3KCIEPUMEHTAIbHOIO METOJA
HE3aTYXaMMX KOoJIeOaHWH Yepe3 MMHUTAMOHHOE MOAEIHPOBAHUE CHCTEMBI aBTOMATHYECKOTO
ynpasienus B cpene MATLAB, a Tak ke ¢ mpuBJiedeHUEM MHCTpyMeHTalbHOro nakera Simulink
Design Optimization n3 6ubimorekn Simulink. BeimonHwmm aHamm3 mepexogHBIX MPOIECCOB B
3aMKHYTOM CHCTEME U OLIEHUJIM [T0KA3aTeIN KauecTBa.

[Tonyyennble mnoka3zarenum KadecTtBa peryiaupoBanuss ¢ IIM-perynsatopoM, HacTpOEHHOrO
MH)KEHEPHBIMU METO/IaMU Mpe/ICTaBIEeHbl B CBOJHOMN TabmnuLe 4.

Tabnuya 4. Ceoonasn mabauya nokazameneu pe2yiuposanus

Buo ZZIZ wa)rgi ;’l Toxazamenu xawecmea
Memoo nepexooHo2o P pecynuposanus
npoyecca pezyisamopos
P P [ D tpec | Xem | Xoum W
Anepuoousec | 505 | 098 | - | 703 0 0.02
Kutl
Ananumuueckui ®
minf e§ dt 3,75 0,183 - 62.3 0 0.04 ne
0 onp
IJucnepa-Huxonvca 349 | 0121 | - | 130 0 016 | eode
ase
Asmomamuzuposanmwiii mes
pacuem 2,01184 0,0641 - 80 0 0
UHCMPYMEHMATLHBIM
naxemom Simulink

Pa3nble MeTO/BI HACTPOUKH PETYNIATOPa MPUBEIU K MOXOKUM pe3yibTaTaM, YTO MOATBEPKIAET
UX HaJeKHOCTh U MMPUMEHUMOCTbH JJISl PETYIMPOBAHUS JaBJIeHUs napa B KoTioarperare. OCoOOeHHO
XOpOILIO COBMNAIM Pe3yJbTaThl aHATUTUYECKOTO METOJa U aBTOMaTHU3MPOBAHHOTO MOJEIUPOBAHMS,
YTO TOBOPUT O BBICOKOW TOYHOCTH ITHX MOAXOAOB. C y4eTOM IMOIY4YEHHBIX YMCIIEHHBIX 3HAYEHHUN
KpUTEPUEB KauecTBa MO>KHO CJIE€NaTh BBIBOJI O TOM, YTO BbIOpaHHbIE HACTPOEUHbIE KOI(PPHUIIEHTHI U
crpykrypa IIM perymnsaropa rapaHTHpylOT HEOOXOIMMBIE CBOIMCTBa CHUCTEMBI DPEryJIMpPOBAHUS
JIABJICHUS U COOTBETCTBYIOT BCEM TPEeOOBaHUSM, IPEABSABISAEMBIM K IPOMBIIIIEHHBIM PETYJIATOPAM:

— cucreMa o0ecreunBaeT 3a/laHHOe KadecTBO IPOLIECCOB YIPaBIeHUs BOIM3M pabodell TOUKU
(Bpems mepexoIHOTO Tpoliecca, NepeperyaIupoBaHue U Koiae0aTeIbHOCTb ),
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— obOecrieyeHa 3a/laHHasi TOYHOCTh PETYJIUPOBAHUS B YCTAHOBUBLIEMCS peXKUME,

— B IIpOIIECCE HACTPOMKHU IMapaMmeTpoB DPEryJsiTopa MOIy4YeHa HyjeBas cTaTH4ecKas OIInOKa
peryJIvpoBaHHsL.

AHanmm3upys Bce M3JI0KEHHOE, MOYKHO CJIejaTh BBIBOJI, UYTO Mpu padoTe 3aMKHYThIX CAY ¢ 11U
PEryJIATOPOM IOKa3aTeId KayecTBa MEPEXOJHBIX IPOLECCOB B CUCTEME YJYUIIAIOTCS IO KaHaly
yrnpapieHusi. M3 pacCMOTPEHHBIX XapaKTEpPUCTUK KOHTypa aBTOMAaTHYECKOIO pPEryJIupOBaHUS
JABJIEHUS, BUJIHO, YTO CHCTEMA UMEET ONTUMAJIbHYIO CTPYKTYpPY PEryJsTopa, KOTOpas MO3BOJISET
(dbopMUpOBATh OMPECIICHHBIN 3a1aHHbIN BUJI AUHAMUYECKUX MPOLIECCOB.

IIpoBens HaCTPONKY U OLIEHWB Ka4ECTBEHHBIE XapaKTEPUCTHUKU pacCMaTpUBaEMOro perysaropa,
MO3KHO CJIEJIaTh BBIBOJ] O BIUSHUH 3TOTO PETYATOpa Ha 3PPEKTUBHOCTh CUCTEMBI aBTOMATHUYECKOTO
peryaupoBaHus AaBiieHUs B OapabaHe.

Juckyccus

Pe3ynpTaThl MPOBEAEHHOrO MCCIEIOBAHUS MPOJEMOHCTPUPOBAIN 3HAUUTEIbHOE YIydIlIeHUE
TOYHOCTH U CTAa0MJIBHOCTH PEryJIMpPOBaHMs 1aBJIE€HUs IIapa B KoTjoarperare 0iaroaapsi BHEAPEHUIO
pa3pabOTaHHOM MaTeMaTH4eCKOHl MoJeNd M ONTUMHM3MPOBAHHBIX IAPaMETPOB PETYJISATOPA.
JlocTurHytass MUHUMU3aLMs OTKJIOHEHHUN [aBJIEHMSI IOATBEP)KIACT TUIIOTE3y O TOM, UTO
ONTUMM3ALM HACTPOEK PEryyiAiTopa ¢ MCIOJb30BaHHEM UYHCIEHHBIX METOAOB NPUBOIUT K Ooiiee
s deKTHBHON paboTe KoTinoarperara. JTH pe3yabTaTbl MMEIOT 3HAUYEHHUE ISl SHEPreTUYECKON
OTpaciM, TaKk KaK OHM CIIOCOOCTBYIOT CHIIKEHHIO HHEPro3aTpaT U YBEIUYEHHUIO CPOKa CIYXkOBbI
00opyIOBaHUSI.

TemaTuka peryiupoBaHusl JaBji€HUs I@lapa B KoTjoarperarax M pa3paboTKa METO/0B
ONITUMH3AIMK ITHX TPOLECCOB SBISIETCS aKTyaJdbHOH. MHTepec K 3TOH TemaTthke OOYyCIOBJICH
CTpeMJIEHHEM MOBBICUTHh 3()(PEeKTUBHOCTH PabOThl KOTJIOArperaroB, CHU3UTh JHEPreTHYECKUe M
AKCIUTYaTAallMOHHBIC 3aTPAThl U YAyUYIIUTh YCTOMUYUBOCTH pabOTHI CHCTEM. AHAIN3 CYIIECTBYIOLIHX
yOJIMKalUi MO3BOJINII HAaM BBIIEIUTh OCHOBHBIC HAIIPABJICHUS B IPOBOJUMBIX UCCIIEAOBAHMSIX:

1. AnanTuBHBIE U MHTEIJIEKTYyalbHbIE CUCTEMBbI yrHpaBieHus: MccienoBaHus HalpaBlI€HbI Ha
pa3pabOTKy M BHEIpPEHHE aJrOpPUTMOB aJalTUBHOTO YIPABJIEHUS, KOTOpBIE MO3BOJSIIOT
peryupoBarh MapaMeTpbl CUCTEMbI B PEaJbHOM BPEMEHU Ha OCHOBE JAHHBIX, IMOCTYHNAIOUIUX C
natynkoB (Ancemeros, A. T. Pa3paboTka afanTUBHON CUCTEMBI pETyJTUPOBAHMS IaBICHHUS Mapa Ha
BBIXO/I€ TTAPOBOTO KOTJIA) [8].

2. MopenupoBaHue U ONTHUMHU3ALUS MTPOLIECCOB C UCMOIb30BaHUEM crielranu3upoBanHoro I10:
MHOX€eCTBO HCCIEIOBAaHUN TOCBSAIIEHBl MOJEIMPOBAHUIO IPOLECCOB KOTJIOArperaroB B
IporpaMMHbIX cpeaax, Takux kak MATLAB/Simulink, CoDeSys u napyrux. 9To mH0O3BOJSET
UCCIIeI0BaTh JMHAMUYECKUE MPOLECChl, pa3padarbiBaTh U TECTHPOBATh PETYJISATOPHl 10 HX
BHeJpeHUs B peanbHble cuctembl (Yxan Ilyx» MopgenupoBaHue CHCTEMBI pEryiIMpOBaHUS
MapoKOTebHOM ycTaHoBKH B cpeie MATLAB) [9].

3. HmxeHepHble M HKCIEPUMEHTAIbHBIE METO/bl HAacTPOWKM perynaropoB: Paspaboransl u
HIMPOKO UCIOJIB3YIOTCS pa3INdHble HHXEHEPHbIE METOIUKH JJI1 HACTPOUKH PETYyJIsTOPOB (METOABI
[Murnepa-Hukonbca, anamutudeckuit meron KomemoBuya u T.1.). OTH METOABI MPOJOJIKAIOT
yIIydlIaTbCsi M aAaNTUpPOBAThCS Ui NPUMEHEHHUS B COBPEMEHHBIX HSHEPreTHMUECKHUX CHCTeMax
(Bopo6beB, B.IO., Cabmuna, I'.B. Pacuer u ontummsanus napameTpoB auckperHoro ITH/I-
perynsitopa merogom [lurnepa-Hukomnca) [10].

B ornuuume ot Apyrux uccienoBaHWM, MPUBEACHHBIX 10 JIaHHOW TeMaTHKe, Haila paboTa He
OTPaHUUYMBAETCS HCIIOJB30BAaHUEM TOJIBKO OJHOro Mmerona HacTtpoiiku IIM-perymsrtopa, xak 3T0
JienaeTcsl B PYTruX UCCIIeI0BaHUIX (Harmpumep, Toiabko Meto [{urnepa-Hukonbsca). Bmecto atoro,
UCCIIEIOBAaHNE NPHUMEHSET M CPaBHUBAET HECKOJIBKO METOJOB, BKIJIIOUAs AHAIUTUYECKHM METOJ
Konenosuua u nuactpymenTanbubiil naker Simulink Design Optimization. To M03BOJSET A€TATBHO
OLIEHUTDH KaX/IbIi METO U moao0paTh Hanbosee 3¢ eKTUBHBIE MapaMeTpsl peryiastopa. CpaBHeHHE
¢ paboTamu Ipyrux UccieoBaTesei mokasano, 4To Hallla METOI0JIOTHS U PEe3YyJIbTaThl COITIaCyrOTCs
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C COBPEMEHHBIMH TEH/ICHIIUSIMU B 00JIACTH aBTOMATHU3AIMH ¥ OTITUMHU3AIUU POIIECCOB YIIPABICHHUS.
B dactHOCTH, MHOTHE HCCIEIOBATEIM TaKXKE MOMYEPKHUBAIOT HEOOXOJAMMOCTh aJalTallud U
MOJICPHU3AIMU CUCTEM PETYIMPOBAHUS JIJIS TIOBBIICHUS UX 3P dexTuBHOCTH. OHAKO HalIa padoTa
n00aBIIIET HOBBIM AaCIEKT, CBS3aHHBIA C NMPUMEHEHHEM KOHKPETHBIX MOJENCH TUHAMHUYECKHX
MPOILIECCOB B KOTJIOArperaTe, YTO MOXET CIYXXUTh OCHOBOM JUIsl JNajdbHEUIIUX pa3pabOTOK U
HUCCIIEOBAaHUN.

[TepcriekTHBBI AJs1 OyIyIIUX WCCICIOBAHUKA BKIIOUYAIOT NATBHEHUIYIO aJalTalui0 MOJSTH s
Pa3IMYHBIX THUIOB KOTJIOArPETraToB, a TAKXKEe W3YYCHHE BIHMSHHUS JIPYruX (AKTOPOB, TAKHX Kak
Ka4eCTBO TOILJIMBA M DKCILTyaTallMOHHBIE YCIIOBHS, HA pa0OTY CHCTEM PEryJIUpPOBaHUs. ITO O3BOJIUT
co3/arh Oojiee YHUBEpCAIbHBIC W HAJACKHBIC CUCTEMBI YIPABICHUS, YTO OCOOCHHO aKTyallbHO B
YCJIOBHSIX TOBBIIIIEHUSI TPEOOBAHUM K IKOJIOTHH B 3(PPEKTUBHOCTH SHEPTOIPOU3BO/ICTBA.

3akiaroueHne (BLIBOAbI)

B PE3YIbTATC MPOBCACHHOI'O UCCIICAOBAHMA 6BIJIPI AOCTHUTHYThBI 3HAUYUTCIIbHBIC YCIICXU B O6J13,CTI/I
MOJICTIMPOBAHUSl U OINTHUMHU3ALMK MPOILECCOB PETrYIMPOBAHMS NaBIEHUS Tapa B KOTJoarperare.
PaspaboranHass wMareMaTudeckas MOJENTb IO3BOJWJIA HE TOJBKO  YIYYIIUTh TOYHOCTH
pEryJIUpOBaHMs, HO M TOBBICHTh CTA0WJIBHOCTh PAa0OTHI CUCTEMBI B YCIOBUSAX H3MEHSIOIIUXCS
rapameTpoB.

OcHOBHBIE BBIBOJIbI UCCIIEIOBAHUS 3aKIIOYAIOTCS B CIEAYIOMIEM:

1. Ontumuzanusa mHapaMeTpoB pEryiaTropa HaBiIEHUsS TMapa C HCIOJIb30BAHUEM YHMCIICHHBIX
METOZIOB 3HAYUTEIIPHO CHWIKAET OTKJIOHEHHMS OT 3aJaHHbIX 3HAYCHHH, YTO IIOJOKUTEIBHO
ckasbiBaeTcs Ha 3(h(PeKTUBHOCTH PabOTHI KOTIIOArperara.

2. MoaenupoBaHue JITWHAMHYECKHX IIPOIECCOB B KOTJoarperare mo3BOJsIeT Oojee TOYHO
YUHUTHIBATh BIHMSIHUE PA3TUYHBIX (PAKTOPOB, UTO CIIOCOOCTBYET YIIYUIICHUIO CUCTEMBI YIIPABIICHHUS.

3. Bueapenune pa3paboTaHHBIX IOJXOJ0B MOXKET MPHUBECTH K CHHXXEHHUIO JHEprosarpar M
IIOBBIIIICHUKO HAACKHOCTU O60pyI[OBaHI/I$I, qTO HUMECT 6OJII)HIO€ 3HAYCHUC [JId MOBBIINICHUA
KOHKYPEHTOCTIOCOOHOCTH U YCTOMYHMBOCTH HEPTETUYECKOM OTPACIIH.

JlanHoe wHccneoBaHUE TOMYEPKUBAECT BaXXHOCTh HMHTETPAllMM COBPEMEHHBIX METOJIOB
MOJICTTMPOBAHUSl M ONTHMH3AIMM B TMPAKTHUKY YIpaBlIeHUS KoTioarperatamu. B Oymyiem
IJIAHUPYETCS pacHIMpeHre paldoThl, BKIOYAs W3YYCHHE HOBBIX TEXHOJOTUM U METOIOB,
HaIlpaBJIEHHBIX Ha JalbHEIIee yIyullleHue MPOLEeCcCOB PETYIUPOBAHUS B JHEPTETUKE.

[TonyyenHble pe3ynapTaTbl NPOBENCHHBIX HCCIEIOBAHWM 110 HACTPOWKE PETYISITOPOB U
OMPEIEICHUIO ONTUMAJIBHBIX 3HAYEHUN NapamMeTpoB IO pPa3JIMYHBIM METOJMKAM IO3BOJSIOT
o0OecrieunTh CTaOWIBHYIO pPabOTy CHCTEMBI, CHH3UTh IME€PEXOJHBIE TPOILECCHl W JOCTUYb
HEe0OXOIMMOTO YPOBHS JaBJICHUs Mapa. Pe3ynbTarhl MpoBEeIEHHBIX UCCIEIOBAHUN PEKOMEHIYETCs
BHEJIPUTH B YUEOHBIN MPOIIECC B paMKaxX M3YYCHHS TaKUX JUCITUIUINH, Kak: «J[MHEHHBIE CHCTEMBI
ABTOMAaTUYECKOTO PpEryJTUpOBaHUs», «ABTOMATH3AIMsl U yIpaBICHHE OOBEKTOB TEIJIOBBIX
JNEKTPUYECKUX CTaHuui», «lIpoekTupoBaHne aBTOMAaTU3UPOBAHHBIX CHUCTEM YIIPaBICHUS,
«ABTOMaTHU3UPOBAHHBIE HHPOPMAIIOHHO-YIPABIISIONINE CUCTEMBI.
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INEQUALITY OF THE BEST ANGULAR APPROXIMATION

Abstract

The aim of the study is to analyze the best angular approximations of functions of many variables and to
estimate these approximations from above. This allows one to better understand the applicability limits of these
methods and optimize their use in problems of mathematical modeling and data analysis. In this paper, the
properties of functions of several variables were studied and approaches to their approximation using angular
approximations were proposed. Generalized Liouville—Weyl derivatives, which are used instead of classical
mixed Weyl derivatives, are considered. The concept of general monotone sequences plays an important role
in the study. The methodology includes the use of functional analysis, approximation theory, and analysis of
parameters affecting the accuracy of approximation. The main results of the work are to obtain upper bounds
for angular approximations for generalized Liouville-Weyl derivatives depending on the characteristics of the
approximated functions. The results obtained are of interest to theorists working in the field of multivariate
data analysis and mathematical modeling. The topic discussed in the article is closely related to the articles by
A.A. Konyushkov, S.B. Stechkin, M.F. Timan, M.K. Potapova, B. Simonov, S. Tikhonov.

Keywords: Lebesgue space, best approximation with multidimensional angle, trigonometric polynomial,
generalized Liouville-Weil derivative, general monotone sequences.

A.A. xymabaesal, A.E. XKernucbaesa
ULH. T'ymunes ateingarsl Eypasus ¥arTeik YHuBepcuTeTi, AcTana, Kasakcran
EH KAKBIH BYPBIIITBIK KYBIKTAYAbIH TEHCI3AIT'T

Anoamna

3epTTeyaiH MakcaThl — KONT alHBIMAITbl (DYHKIMSIIAPIBIH €H XKaKChl OYPBIMITHIK KYBIKTAYIaphIH Talaay
JKOHE OCHI JKYBIKTayJIap/IbIH )KOFapbIIaH Oaranay. bys ochl aicTep/IiH KOMTaHBLTY IIETiH KaKChIpaK TYCIHyTe
JKOHE OJIapJibl MATEMAaTHUKAJBIK MOJCBACY JKOHE JCPEKTepi Taljiay Macelelepine aiaaiany/ bl
OHTaWIaHJBIpyFa MYMKIiHIIK Oepemi. JKyMbICTBIH Oip OeJiri peTiHme Kell alHBIMAaibl (YHKIUSIAPBIHBIH
KacHeTTepl 3epTTeNAl >KoHE OYPBIIITHIK KYBIKTayJIapAbl KOJNJaHY apKbUIbl OJIAPHABI JKYBIKTAy ToCiIaepi
yeoiabuIbL. Kitaccukansik qepoec Weyl TybIHABUIapBIHBIH OPHBIHA KOJIAHBLIATHIH JKajIbuIanrad JInyBuib-
Beiinb TysIHIBIIAPEI KAPACTHIPBUIALI. 3€PTTEY IS KAJIIBl MOHOTOH/IBI Ti30CKTEP TYPaJIbl TYCIHIK MaHbI3bI
pen arkapanbl. OjnicteMe (YHKIHOHAIIBIK TalAayAbl KOJIAHY[bI, KYBIKTAy TEOPUSACHIH JKOHE XKYBIKTAY
JIQJIIITIHE 9Cep €TETiH MmapaMeTpliiepil Taiaayasl KaMTuabl. JKYMBICTBIH HETI3r1 HOTHIKEJIEPl KYbIKTAIAThIH
(GYHKIMSUIAPIBIH - CUITaTTaMajlapbiHa OalIaHbICThl JKaimnblIanFraH JInyBuiib-Belab TybIHIBLIAPHI YIIIH
OYPBIIITHIK JKYBIKTAYJIAP/IBIH JKOFAPFHI MIeKapajlapblH allyaH Typajbl. AJBIHFAH HOTIDKENED KOIeIIeMIi
NEPeKTep/l Taljlay MKoHE MAaTEMaTHKAIBIK MOJIENbIEY CallaChlHAA JKYMBIC ICTEUTIH TEOPEeTUKTEP.i
KBI3BIKTHIpaAbl. Makanaga KapacTeipeutrad TakbIpbil A.A. Kontomkos, C.b. Cteuknn, M.® Tuman, M.K.
[Noranos, b.CumonoB, C.TuxoHOB MaKallatapbIMEH THIFbI3 OAIaHBICTHI.

Tyiiin ce3nep: JleOer keHicTiri, kem emmeMai OYpBILIEH €H aKblH XKYBIKTAy, TPUTOHOMETPHUSUIBIK
KOIMYILIEIIK, )albUiaHFaH JInyBuiib-Beinb TybIHABICH, KAl MOHOTOH/IBI Ti30€K.

A.A. Ixyma6aesal, A.E. XKernucbaesa®
'Eppasniicknii Hanmonansneiii Yausepcuter umenn JI.H. l'ymunesa, r. Acrana, Kazaxcran
HEPABEHCTBO HAUJIYULIET'O YI'JIOBOI'O IIPUBJINKEHUSA

AnHomayus
Lenpro wuccnenoBaHus SBISIETCA aHATW3 HAWIYYIIMX VYIJIOBBIX NPUOMMKEHHH (QYHKIHA MHOTHX
MEPEMEHHBIX U OLICHUTb 3TH MPUOIMKEHUS CBEPXY. DTO MO3BOJISET JyUIlE MOHITH TPAaHULIBI TPUMEHUMOCTH
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JAHHBIX METOJIOB U ONTHMHU3HPOBATH UX HCIIONB30BAHUE B 3aJa4aX MaTEMaTHYECKOTO MOJEIUPOBAHUSA U
aHalM3a NaHHBIX. B paMkax paboTsl OBUTH M3Y4EHbI CBOMCTBA PYHKINH MHOTHX NIEPEMEHHBIX U IIPEII0KESHBI
MOJXO/IbI K X alIPOKCUMAIINH C HCIIOJIb30BaHUEM YTIIOBBIX NMpHONMkeHnil. PaccmarpuBarotcest 006001eHHbIE
npousBoAHbIe JInyBHILIsI—Belns, KoTopble HCIIOMB3YIOTCS BMECTO KJIACCUYECKUX CMEIIaHHBIX IPOU3BOIHBIX
Beiinsa. Baxuyro poip B HCCIEAOBAaHWM HWIPaeT IMOHITHE OOIMWX MOHOTOHHBIX ITOCIIEOBATEIHHOCTEMH.
MeTtomonorusi BKITIOYAaeT MpUMEHEHHEe (YHKIIMOHANBHOTO aHaln3a, TEOpHH TNPUOIIKEHWH W aHaln3a
MapaMeTpoB, BIMSIOMIMX HAa TOYHOCTH anmmnpokcuManuud. OCHOBHBIE pe3ybTaThl PaOOTHl 3aKIIOYAIOTCS B
MOJTy4Ye€HUH BEPXHUX OLIEHOK TSI YTIIOBBIX MPUOIMKEHUH U1 0000IIEHHBIX MPOU3BOAHBIX JInyBHss—Beiins
B 3aBUCHMOCTH OT XapaKTEPUCTHK alpPOKCUMUPYeMbIX pyHKIni. [lomydeHnble pe3ynbTaThl IPeaCcTaBIsSIOT
WHTEpEC Ul TEOPETHKOB, Pa0dOTaromMX B 00NAacTH aHalM3a MHOTOMEPHBIX AaHHBIX U MaTeMaTHYECKOTO
MoOJeNupoBaHus. Tema, oOcyxkgaemass B CTaTbe, TECHO CBsizaHa co cTarhsimMu A.A. KoHIomkoBa,
C.b. Creuknna, M.®. Tumana, M.K. ITotanosoii, b. Cumonosa, C. Tuxonosa.

KuroueBbie ciioBa: mpoctpaHcTBo JleGera, Hawmydiee NpUOIMKEHHE C MHOTOMEPHBIM  YTJIOM,
TPUTOHOMETPUYECKUI TMOMMHOM, 00o0OImeHHas mpousBoAHas JlnyBuinsa-Beitns, oOmme MOHOTOHHBIE
MOCIIEJ0BATENBHOCTH.

Basic provisions

Theories of approximation by "angle” of functions of many variables. This approximation method
gave an answer to the topical question about the constructive characteristics of classes of functions
that have a given mixed smoothness. The method was greatly developed and applied in the works of
other mathematicians. Estimating the best approximation by an angle in a multidimensional case is
related to the theory of approximation of functions and the geometry of vector spaces. The problem
of best approximation by angle is related to principal component analysis, machine learning methods
and optimization problems in convex sets.

Introduction

Modern approximation theory of functions of many variables plays an important role in
mathematics and its applications, including data processing, modeling of physical processes and
machine learning. The study of optimal approximations of functions is an important task, since it
allows not only to reduce computing resources, but also to increase the accuracy of solving problems
in various fields of science and technology.

In the context of a growing number of multidimensional problems requiring computational
approaches, the study of angular approximations of functions is especially relevant. Such
approximations provide an effective representation of complex objects with minimal deviations,
which is important for analysis, forecasting and optimization. However, many issues related to the
accuracy and limits of angular approximations remain insufficiently studied.

In this paper, an analysis of the best angular approximations of functions of many variables is
carried out using modern methods of functional analysis. Upper estimates of the best angular
approximations for the generalized Liouville-Weyl derivatives are obtained. The main goal of the
study is to develop a theoretical basis for estimating angular approximations of functions of many
variables and to identify factors affecting the effectiveness of these methods. The following
hypotheses were tested in the study: The best angular approximations for a class of functions of many
variables can be presented with upper bounds that depend on the parameters of the function. This
study lays a theoretical basis for further study of angular approximations and also offers practical
recommendations for their application in real problems.

Let f € L, ([0,2m]™) be the set of measurable functions of n variables f (xy, ..., x,), 27- periodic
in each variable, for which

1
21 21

fll, = j...flf(xl,...,xn)lpdxl wdx, | < oo, 1< p<oo.
0

0
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Let LY, be the space of functions f € L,([0,27]™) such that fOZﬂf(xl, ..., Xp)dx; = 0 for almost
al xq,...,%_1,Xj41,--, X and forall i = 1,2,...,n.

Let Ylil---lim(f)p be the best approximation of the m-dimensional angle of the function f in
variables x; ,...,x; [1],

m
it D = JFIF = D To s 1= 012,
j j=1

where Ty, is a trigonometric polynomial of order at most li]. (li]_ € N U {0}) with respect to Xi
]
andsuch that 7;, € L,([0,2n]"),1<ij<n,1<j<m<n.
J

The work is devoted to obtaining new upper bounds on the norm and best angular approximations
of functions of several variables with a generalized Liouville—Weil derivative through the best
angular approximations of the original functions.

In the one-dimensional case, inequalities for norms and best approximations were studied by many
authors, such as Konyushkov [2], Stechkin [3], Timan [4]. In [5], [6], and [7], the authors obtained
inequalities for the norms and best approximations for the generalized Liouville-Weil derivatives. In
[8], the authors proved the inequality for the best approximation by a twodimensional angle. Our
main goal is to obtain an inequality for the best approximation by an n dimensional angle.

Let o(f) be the Fourier series of the functions f € L, ([0,2r])™ i.e.

o(f):= i i L (1)

Vq1=—00 VYp=—00

where

1
Cvl...vn = (ZT[)n

27T 27T —
j | f t)e = YYide, L dty,
0 0

The transformed Fourier series of a(f) is given by

TPy, _
o(f,A P Pn) = Z Z AV1---VnCv1...vnel(2j=1 vixj+Big) | vy 1B vy, 1B )

V1=—0 Vp=—00
where By,...,8; € R, A = {A,,, v, }v,.v,en IS @ sequence of positive numbers,

Let £ (x,...x,) be the Weyl derivative of the function f(x) of order a = (ay,..., ay), (@ =
0,...,ay, = 0).
Let f(x) € L, and

e ~ ) alibel,

where (ik)* = (iky)%... (ik,)%. If a; = 0 for some j, then this means that x; differentiation is
not performed and the corresponding factor in this product is equal to (ikj)0 = 1.When k; # 0 this
automatically takes place. If k; = 0, then in this case it is assumed to be equal to 0° = 1. With non-
integer numbers « the expression (it)® , where t is a real value, is understood as follows:
(it)* = |t|“exp{? sign t}. Thus the transformed Fourier series (2) is a generalization of the Weyl
fractional derivative.
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Let's determine the difference

Ai/lkl,...ki,...,kn = Akl,...kiﬂ,...,kn - /1k1,...kl- ..... kn*

Let us define a generalized monotonic sequence in the n-dimensional case.
Definition 1. [9,10] A sequence A: = {A,};=; IS said to be general monotone, written A € GM", if
the relations

2k 2k
Yo k1|A1 myky kg knl S C 1 Amy iy ky,. knl Xim nknlA Amy kg kg mnl < C 1 mg ks ks, knl

2kpn_1  2kn

Z z |An 1(A A‘kl My — 1mn| < C |Ak1 kz kn|

Mmp_1=k1 my=

2kq 2kn

=kq mnp= =kn

hold for all integer kq,k,, ..., k,, where the constant C is independent of k, k,, ..., k.

For non-negative functionals F(f,d) and G(f,d) we write that F(f,8) s G(f, §), if there exists
a positive constant C, independent of f and § such that F(f,8) < CG(f,6). If S F(f,6) S G(f,9)
and G(f,6) < F(f, ), then we will write that F(f,§) = G(f, 6).

Research methodology

The research was conducted at the Faculty of Mechanics and Mathematics of the Eurasian National
University, specializing in mathematical research and approximation theory. The results of previous
studies were used in the course of the work, including the works of Potopov, as well as modern
approaches to estimating the best approximations of multidimensional functions. Particular attention
was paid to generalized derivatives in the sense of Liouville-Weyl and generalized monotone
sequences. The research methods included the use of various inequalities from the theory of
functional analysis, which are written as a lemma from below. These methods made it possible to
establish upper bounds for the angular best approximations of functions of several variables.

In this section, we give some notations and lemmas which will be used in the proof of our main

results. Let I = (4, ..., 1,) be an element of n-dimensional space with positive coordinates and a non-
empty set e € e,,. Let

Gi(e) = {k = (ky,..., k) €Z™|k;| < U j Ee,lk;| > 1) & e}

Let us consider the partial sums of the Fourier series of the function f € Lp('ﬂ‘d) in various
variables S;(f,%) = Sy, 1. (f, %) = Xyt - - Djvylst, c5(F)e=V*> is the partial sum over all

variables, Sy, o0 (f, %) = Y, |cty Tbeoeo- - - Do C5(f)€"<V*> is the partial sum over the variable
x;. In a more general case

Ste 00 (f) xX)= Z Cv(f)ei<7,f>

VEIl o pn—le|
jeelLLIxR

is the partial sum over variables x; for j € e. For a given subset e € e, we set
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GED= ) ) G (DT

e€ ep,e+0 EEGi(e)

In particular, for n = 2 [1] we have Ug, 1,)(f, %) = S, 0 (f, %) + Seo 1, (f, X) — Sy,1, (f, %) For
UEZ™ weset p(u) ={v ez [2h71] < |v;| < 2%/}, where [a] denotes an integer a and

Du(f)i= ) calf)ei V.
vep(u)
Lemma 1. [11-13] A sequences {1,,} € GM if and only if there exists C > 0, such that

DI ApISC A I fork < m < 2k,

. Al
(DT m=r | M 1< CU A | +Emeksa

m

) forany k < N.

.....

Zki,i = 1,...n.
Lemma 2. [14] Leta, = 0,0 < a < 8 < oo. Then

QO P <) apy)
v=1 v=1
Lemma 3. (Minkowski inequality,[14]) Let 1 < p < oo and a,, = 0. Then
1 1
(@) (i Bh=1 )PP < Bots Ry ayi)?s

() (T2 (B an)?)? < T (Eher aby ).

Lemma 4. [14] For a function f (u, y) defined on a measurable set E = E; X E, € R,,, where x =
(w,y),u= (x4, Xm), Y = (Xms1,---» Xn), the following inequality holds

1 1
( f [ Fawydy P duyp < f (| 17y P dwpay.
E;, VYE, E; YE;
Lemma 5. [15] Let f € L,(T"), 1 <p <o, m; ENUO(i = 1,2). Then

va+1 2V1+1

Yo _q,, 2’<m—1(f)105||]c_Uz"l—l,...,zkm—1”zoS i i [ Z Z Ds(H)lp-

Vm=km vi=kqy Ssp=2Vm+1 s1=2V1+1

Lemma 6. [14]
Let 1 <p < oo and (1) the Fourier series for f € L,o(T™), then

1
Cullfll, = I Z IDs ()21l < Callf Il

m
SEZ]

generalizing the Littlewood-Paley inequalities to the multidimensional case, where C;, C, > 0 are
independent of f.
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Results of the study

Let us formulate the main results.

Theorem 1. Let 1 <p < oo, 0 <6 <min(p,2), A: = {Ak, k,..kn ki ks kpen DE S€Quence of
positive numbers satisfying A € GM", a; e R,, r; E R, U{0} and S; € R(i = 1,2). If for f €
LY (T™) and

D G110 0Pyt D Bkl Weo i Py

k1=1 kn=1
F D0 Gaaad e o)W s D )
k1=1 kn=1

k1=1 kn=1
then there exists a function ¢ € L} (T™) with the Fourier series o(f, A, 81, B2, ..., Bn) and

[00]
0 0
lolly S 80 AlFIG+ D 1A% ms, 4 1 _yg o(F)p +

V1=2

..........

..........

Vnzl v1=1

And

.....

.....

kq
6 6
+ Z |A£1/12"1‘1.2’”2‘1,...,2"1”‘1IY2V1‘1—1,2m2—1 zmn—1(f)p+---+
Vi=m,q

ki ks
0 0
+ Z Z IA‘glAEZ/12”1‘1,2”2‘1,...,2mn‘1| Yz”l‘l—1,2"2—1—1,...,zmn—1(f)p

v1=1 vy=1
kn
1

kq
+...+Z Z (A1 (A%n. .. (A% 2% o)) Yoy g2y gomeiy (F)p)P,

.....

V1=1 Vn=1
where
E; J—
A L)lzkl,...,zki,...,zkn = Azkl,...,zki+1,...,2kn - Azkl,...,zki,...,zkn

Proof. Let series (3) be convergent, and f € L (T™).We use the following inequality
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k4

/12"1 ~12k2-1  okn-1 = )1(19,1,...,1+ Z | Agl/lgml—z‘l‘_ml | +...+ @)

m1=2

+...+ z | Asnlf’l'm’zmn—z | +

mn=2
S Z Z | A%L(A% . (A Ayt pm=s))) |
mqi=2 mp=2

Using inequality (4), we get
27T 2T g %
11 = {f f [Zkl 1- an=112k1 19kz2-1 zkn—lDlgl,...,kn] dxll sy dxn} =

1
Il ) 5 E”
_ 1o o0
- ” [Zk1=1 an=1Azkl—l'_"'zkn—lDkl,...,kn]

P

—n |22 2

=l [/11, aDf1 1+ Xk 2/12k1 1 Dk1 1.1 1T Xky= 2/112kz 11,401k, 1
oo

'l_z:kn=2’11,1,...,2"71—1D1,1,...,2"n—1 + Zk1=22k2=2Azkl—szz-lwle%kkl,kz.-...l Tt

+XYk= Zan=2/12k1 1 okn- DR 1 T 2 D2 D= 2/12k1 19ka=1 pk3=11 1Dk1,k2,k3, a1t
1

o 2 2
+ .. +2k1=2 . an—Z/lzh —12kz-1 zkn—lel,kz,...,kn] "p

2
& [
<||< 111081 . 1+Zk1—2Dk1,11, A [111 1+Zv —zlA 2"1 2q . 1” +
2
00 n 7]
2 0 £, 10
+eeet Z Dii,. g | M1 T Z |A ”/11,1,,,_,2vn—2| +
kn=2 vn=2
[ee]
+ D Mia+ |A‘g |+ |A£ +
k1 kz L1 11 A 2V1— 2 W1 2171 2,1,..,1
ki=2 ky=2
E
k1 kn 7]
53 st ]
V1=2 'Vn=2

[ee] [ee]
+Z Z Z Dkl.kz,,kn/’{l 11+Z | A% 2V1 2, 41+

ki=2 kz=2  kp=2

Ky k1
V2=2

Vp=2 V1=2 vy=2
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kn—l kn
0
+ -t Z Z | APt ABAY avmea-2gvn-z |

vn 1=2 vn—Z

1
2

V1i=2 V=2 Vp=2

Then we open the bracket and collect the expression of similar indices

I <(A31,.1D71 1+ AT 1 Z Di 1.1+ A 1 Z )

ki=2 kp=2
[ee]
+43,,. 12 Dfy g, +M4,. 12 Z Di kpra Tt A 12 Z Di, 1. Jn T
kn=2 ki=2 k=2 ki=2 kp=2
(o] (o] [oe] [oe]
2
+231,1 Z Z Z Dkl,kz,kg, it AT z z z D¢ ieyten T
k1_2 k2 2 k3 2 k1=2 k2=2 kn=2
kq IS k>
2 ) 0 2
2 . 2
Z Dk1,1, ,1 Z | A® ’12”1 “21,.,1 9 + Z Dl,kz,...,l[z | A 2’11,2”2‘2,...,1 |]9+"'+
k]_ 2 V1= 2 k2=2 V2=2
k‘n [0/0) (o]
2
2 &£q 10 a 2 &1
2 D2y sl ) VAR, s 1P+ D Y DRy a[ Ty | A2 | +
kn=2 Vn=2 k1=2 k2=2

2

V1= 2V22

k1=2 k2=2 kn=2 V1=2 vn—Z
kl ken
&1 &
+onnn + Z | A™L. "Aovy 2 22 un=2 192]|
V1= Vn=2

Next, we collect using similar indexes for all 1
(00}

oo oo

1
hSaall) D ) Dhe il +

k1=1 k2=1 kn=1

(o] (o] [ee} (o] kl
&1 6 Z %

HOD D Z ..... Wl 1A%, 11)2,+

k1=2 k2=1 k3=1 = Vl:

oo oo 00 00 kq ko 2 1
+||(Z Z Z Z sk Z Z | A%1A%220 22 o 02|+ +

: : : = vl—Z VZ_Z

kq ko

ACS 5 S Dhadd Do D 1 e D,

k1 2 k2—2 n— V1—2 V2—2 vn—2
= Jo o tod e, Ho et

€1,€0,mmEn"
Let us estimate J,. Applying Lemma 6, we have J, < CAq 1, 4lIf |l < oo.

57




BECTHHUK KaszHITY um. A6as, cepus « Quzuko-mamemamuueckue Haykuy, N1(89), 2025 2
Now let’s estimate J, :

21T 2t 2 ® ® k1 2 p
= {f f [z Z z g | Z | AS 250, 2, o 18]2dxy,..., dx, }P.
0 0 k1=2 k2=1 =

v1=2

Sk

== > 1 several times, we obtain
[ee] (o]

co

k1 5
DD Dl ) 185, 117 =

kn=1 kz 1 k1 2

Using the Minkowski inequality for 2 >

v1=2

£ .29 2

<30 3 3 [ [Pn 2 [
kl 2 kz 1 n=1
(00}

2062

<z ) (2 | Z2s T8t | Dis iy ] 853 2paz 191209 <
k1—2 v1=2

9 2
=< (Z | AT, Y1721, l ( Z | Z | Dicy ey |2)2)9'

kl_vl kz—l kn—l

Now we substitute the obtained inequalities into our main integral, yielding the following
expression

st [ {i 84012, 1|(Z S S e, 5

—V1 k2—1 kn—1

~qf" j(Z | 8920y 1'(2 S S i P

ki1=v1 ky=1 kn_l

Next we use the Minkowski inequality for >

1, Lemmas 5 and 6, we have

Jer = (z | A2 2"121 1|{J2n jzn((z Z Z | Die, e, 'knl))edxl )

dx,}P)7
ki1=v1 ky=1 kn—

—(Z 18582, IO DT ) 1 Dy 128
V1_2

ki1=vq1 ky=1 k3=1

<(z | A%t ﬂzvl 17117, V1 1,0,. o(f)P)e

v1=2

Thus we get

1
~ (Zu1—2|A Azh “1q,.. | V1 1o,. o(f)p)e-
From (3) it follows that J, < co. Then J,

J¢,, can be estimated similarly to /., and we have

1
0 =
~ (ZVZ 1 | Ag 2V2 1 1 | YO,sz_l,...,O(f)p)e" .y
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1
6 6 el
Je, S (Xv,=1 | A871/11,1,...,21'2—1 | Yoo0,..2vm-1(f)p)E.

To estimate J,, .,, we first obtain an upper bound for the following sum. Applying Lemma 3 for
% > 1, we obtain

ky kg

0
2 2 Dbl )y D 1800 K
k: 2=2 n=2

V1=2 vy=2

00
| |
§ § § 0] AE2 €130
( I:ZVZ—Z | likZ: kTL | i A ZA 1).21/1—2 21/2—2’ ..,1 i

V1= =2 kl_vl

"o 0 2
(z Z A82A81,12V1 -2 pv2-2 | ( Z 2 Z |Dk1,k2, wkn l )7)5

V=2 V=2 ki=v1 ky=v, kn=1

(4
2

SN

2
< 193

)

||I_\48

Hence, employing the inequalities derived above, let us now estimate J, ., .
Applying Lemma 4, % > 1 it follows that

2T 21 d d d
o[ 5 -5,
= = n:l

ky
2Dp 1
Z Z A£1A€2/’{2vl 2 21/2 2 w1 |]§]dell deF dx3}p

V12V22

27 21 ®
= {.f f Z Z | A%2A% 250, - 2=z g |X

Vo= 2V12

1
X(Z Z Z | Dy V27 Bl i P

ki1=v1 ky=V, kn=1
[o9] oo

'V2_2 1/1—2
(X) (00}

2T 21 °° P Q 1
X {f f Z | Dk1,k2 ,,,,, kn |2]9dx1, dxz,...,dxn}P)Q

ki=vq kz—vz kn=1
By Lemmas 5 and 6, we get

]£1,£2 (Zv2—12v1—1 | AsZASlszl 12v2-1 | | Yzq’l—1,2v2—1,...,o(f)p)é'
From (3) it follows that J,, ., < . J¢, c.,...,]¢, ¢, CaN be estimated similarly to J, .,

and we have

1
]£1,£3 ~ (Zv3—12v1—1 | A2 A% Azw 11,2va—1 | | Vl 1,0,2V3—1,. o(f)p)e :

6
]sn_l,sn S (231_1:1230,14 |A€nA€n—1j_ 1,1,.,2Vn-1~ 12Vn 1 | Yo 2Vn-1-12Vn— 1(f)p)9

.....
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To estimate J, ., .., We first obtain an upper bound for the following sum.
Applying Lemmas 3 and 4 for% > 1, we derive

oo o8] [o2] 1
2
Z Z Z klrkz' 'kn z z Z I 1_[ Ag ).21/1 221/2 2 Zvn—z |]9 S

k1=2 k,=2 kn=§o V1= 2 Vo= 2 vn—Z i= 1
2ONDIED WO WD I TN
vn—z Vp—1=2 vi=2 kq1=v; k=1 n—l
26 2 -
1_[ A® szl ~25v2-2  oVn-2 |]§]E}§ = (Z Z Z
vn—z Vn-1=2 v1=2
6 2
| 1_[ Asl/lzvl —2pV2=2  oVn-2 | Z z |Dk1,k2, WK | ]7)5
k1=vq kn=vn

Therefore, from Lemma 4 (g > 1) it follows that

e =03, 3 o),

n—2 v1=2

2.p
&40 715 =
. Z | H 82 e 11F)dy.. )P <
vp=2 =1

vn—z V=2 i= K=,
0 1
. Z | Dy, ke | ]§dx1...dxn}p)§
kn=vn

Taking into account Lemmas 5 and 6, we obtain

]8182 Z Z |1_[A /12‘/1 —29V2-2 oVn-— 2| 2V1—17V2-1  oVn- 1(f)p)

vp=2 v1=2 i=1

Cbl»—k

From (3), we get J;, ¢, .., < . By collecting estimates Jo, /e, Je,, -1 )¢, 65,6, WE ODtAIN [} <
co. Hence, by Lemma 6 there exists a function g (x4, x,...,x,) € L}, with the Fourier series

(o] [ee] [ee]
2 § § Azkl—l,zkz—l,...,zkn‘lDkl.kz,---,kn' (5)
kn=1

k1=1 k2=1
and

lgll, = €)1 (6)

We rewrite series (5) in the form of
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o] [o0]

[oe]
Z z z YiewkarinAky kgt (X1 X 500 X)),

k1=1 k2=1 kn=1

Where

.....

Vivg1 = Apgna-1_q for2F271 <v, <22 — 1, (k, = 2,3...),..,,

= Ayla-1,k,-1 4 for 2071 < vy < 2Fa — 1,207 <y, <202 — 1, (ky, ky = 2,3..0),

yreny

VV1,V2,...,1

Vorvgm = Agki=1 ka1 pkn-1 fOr 2471 <y <200 — 1,207 <y, <22 — 1,

2kn=l <y < 2kn — 1(ky, k... iy = 2,3...).

Let us consider the following series

Where
%) %) %)
DN IR T A I
k1=1 k2=1 kn=1
()
oo co 9]
= Z Z b Z )/kl,kz,...,kgA kl'kz'___'knAkl,kz,...,kn(xl’xz’ ""xn)
k1=1 k2=1 kn=1
Al,l,...,l =1
/11/1,1,...,,1 /11/1,1 ..... 1 ki—1 k
AV1.1, 1= :/1 fOI‘ 2 1 SV1S2 1_1, (k1:2,3),
Yvi1,.1 2k1-14, 1
A,y A, kan—1 k
Mgy, = L - n for 21t <y, < 2Fn — 1, (k, = 2,3...),
Yi1,..vn 1,1,.2kn-1
Avivo, 1 Avivo,, 1 —
AV1.V2 ..... 1 —12 - 2 for 2kl <y <200 -1

.....

.....

Since the sequence {Ay, k,..k,} =A € GM", the sequence {Akl,kz,---,kn}k ,,,,, k,=1 Satisfies the
conditions of Marcinkiewicz multiplier theorem, then series (7) is the Fourier series of a function
P (x1,%2,%2) € Ly and [l@ll, < C(p, Dllgll-

Applying (6) and estimates Jo, Je,, Je,s -1 S Jer 600+ 1 Jer,65,06, WE DaVE
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lell, s (A4, 1”f”p+z | A% 25011y 3 | Yy o(F)p +

v1=2

(o]
(7]
+Z 852 s Ve o (Dbt D VAR s 1Yy (P +

1/2 1 vp=1

+ Z Z Anggllzvl -1v2-1 4 1 | Y V1 1,2V2-1,. O(f)p

Vo= 11/11

9
LD S S VS Ny ISR £ AN () )

vp=1 v1=1

Further, we estimate Yk, _;,...,,kn_q (¢), . Using Lemma 5, we derive

Y2k1_1' vreapkn_q ((p)p < ”(P - Uzkl_lr---rzkn—1 ((p)”p

2Vn+1 2V1+1
DI Z 2, 2, Dol
Vn=kn sp=2Vn+1 s1=2V1+1

We consider the series (7)
21?1=121?2=1 . 2?,1:1 Akl,kz,...,knA;‘cl,kz,...,kn (1, X0, X)) =

= Zz‘:lza:l an=1 ykl,kz, ,knA kq,k2 knAkl kz kn (xl’ 22 " xn)’

..........

Where Ak]_ k2 kn(xl, 2" ..,xn) = 0 y if k1 S 2m1 - 1 and kz 2m2 - 1 k < zmn - 1 a|SO

.....

in (_)th_er cases Ak1_,k_2,---,kn (xl,xz,_. .._,xn_) = Akl,_kz,-_--,kn (X1, ,,...,xpn). Since the sequence {Ay, k,,..k.}
satisfies the conditions of Marcinkiewicz multiplier theorem, then

”Z’iolzlzz()z:l' : 'Zlocon=1Akl,kz,...,knA*kl_kz,"_,kn e x 0 x)llp <
[ee] [o'e) [o'e)
S C” Z z e z /12711—1,2712—1'".'2](71—1 D;élkar---rkn ||p
k1=1 ko=1 kn=1

where Dy . . =0, if ky <my, k; <m,,... , ky <m, and in other cases Dy x, , =

.....

By Lemma 6, we get

21 21 2T

Y2m1 1,omz— 1 Zmn 1((p)p ~ {J J J
0

r 1
[Zlo(ol=m1+1 Zlo(oz=m2+1 an—mn+112k1 19kz2=1  okn-1 Dkl,kz,...,k ]deldXZ dxn}p' (8)
It's easy to see

A‘Zkl 12k2 1 an 1 = /121’711 12m2 1 ,2mn= 1+
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k1
E 0 (2]
+ |2‘2V1—1,2m2—1’m,2mn—1 - 2*21/1—2’27’1’12—1‘."‘277117_—1| +
V1= m1+1
kp—1 kn
+ 28 28 — 28 +
| 2mn=1  ovn-1-1vn-1 ~ Aymp-1 ovn_1-2 jyp-1 2Mn=1  ovn—1-1,vn-2

Vn—1=Mp+1 vp=myu+1

+/12mn 1 .2Vn-1-2 3vn- 2| + Z Z |A€1(A€2 (Aen/lzvl 1, zvn—l)))l'

=mq+1 Vp=mp+1

Substituting this estimate into (2), we obtain

Yomi_q,0m2_q1, o pomn_q (@)p <

21 21 21 ® o ®
<{j f ] z z Z (/12m1 1omp-1 2mn1+

k1 mq+1 k2 my+1 kn=mn+1

E (2]
+ |sz1—1,2m2—1,_",2mn—1 - szl—z,zmz—l__,,,zmn—ll +

m1+1

+ g E |/12V1 121/2 1 Zmn 1=

m1+1 Vo= m2+1

0
szl 221/2 1 zmn 1 _Az"l 12v2 2 Zmn 1 +12v1 22v2 2 Zmn 1| +

2 P 1
ot z z 851 (A% (50 s o)) IDR, sy |71ty AP

=mq+1 Vp=mp+1

2T 2T 21 ®
~ (lzml 12m2 1 Zmn l{f f f Z z

kl m1+1 kz myp+1
oo

P 1
. p
Dy, k. ken)2dx1d ;. .. dxp JP

knp=mp+1

21 21 27 °° ® ®
+{f f f Z e z Dlzl,kz,...,kn

kl m1+1 kz m2+1 kn=mn+1

2 1
( Aot st grmes = Ao ymatymnea)812d%, 2. dx, )P +
=my+1
2 21 °° © ©
+{f f Z Z k1.k2, ,kn( Z Z |/12v1 —1,v2-1  pmp-1
kl m1+1 ko=m,+1 knp=my+1 m1+12vlz) =m,+1 .

9 Z_BE -—
21/1 25va=1  omp-1 ﬂ.zvl —1,v2-2  omp-1 +ﬂ.2v1 -2 yva-2. zmn_1|)9]2dx1dx2...dxn}1’ +

2T 2T 2T °°
+{j J j Z Z Di ey

m1+1 ky=m,+1 k3 ms+1

2 1
( z Z 85 (A%, (A% A 0ims pnt)))DT]Zdy doxy. . ity }P

=mq+1 Vpn=mp+1

= L0 +Le+...4+Le, + Lo e+ +L +.oo.+Le,
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We estimate L, as J,, to get

1
0 2m 2m o 2 p =
Lo < Ams-s ymaes_ymn-ilfy oo Lo [Simmtr- - Sionmrmn 1 Dty 2871, Az, ., AP
0
= AZml 1oma—1,., 2mn—1Y2m1—1'2m2—1""'Zmn—l (f)P
Using an estimation method similar to the /., method, we obtain the estimate L.,
2T (2T 21 d d d
2
VTR A D MDD Y T
k]_ m1+1 kz m2+1 kn=mn+1
2P 1
( z |/12V1 1oma=1 omp-1 " /121/1 —2mp-1 zmn—ll)e]zdxldxz dxn}p
m1+1
( z |A«2V1 12m2 1 Zmn—l szl 22m2 1 Zmn—ll
vi=mq+1
2w 2T 2T d 1
(J f oy S Y Dl Bdrdn
kl_vl kz m2+1 n—mn+1
0 1
( |2-2V1 12m2 1 Zmn 1 _szl 22m2 1 Zmn 1| V1 -1 12m2 1,. Zmn 1(f)p)9
Vl—m1+1
In the case where L, , L., and so on L. we estimate as L, .
We estimate L, . as follows
n—-1u<n
2w 2T 2T Oo d d
2
Sn 1,€n {f f f z " Z Dkl,kz,...,kn X
kl m1+1 kz m2+1 kn=mn+1
kn—1 kn
X( Z |/12m1 1 oVn-1-1vn-1 — /12m1 1 oVn-1-2vn-1 — Azml 1 oVn-1-17vn-2
Vp—1=Mp+1 vp=mpu+1
2p 1
+Azm1 1 zvn_l—z'zvn—zl)e]zdxldxz ...dxn}p S
kn—1 kn
S( Z |Azm1 1 Zvn_]_—l'zv-n—l Azml 1 Zvn_1—2’21/n—1 Azml 1 2vn_1—1’2vn—2

Vp—1=Mmp+1l vp=mpu+1
+Azm1 1.2Vn-1722Vn— 2| 2mi_q,. 2Vn-1— 1_1‘2Vn—1_1,(f)p)§'

Similarly, we obtain estimates for L, .

2w 2T 2 °° had
2
81, En {j f f Z Z Dkl,kz,...,kn S

m1+1 ky=m,+1 kn=mn+1
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1
SCY Y A 0 e DI Ay P S

V1= m1+1 vn—mn+1

1
< ( Z Z 855 (A% . A Aurs_ IV or vz, ()P,

=mq+1 Vp=mp+1
Now we coIIect estimates Lo, L, ..., Lg,, Le, 6,0+ -5 Lg, ., » WE derive

Yomi_q,0ma_q,..pmn_ 1(‘P)p ~( 2mi-1 pmz—1,.2Mn" 1Yomi_q,0m2_1,..00mn_q (f)p

.....

0 9
+ZV |/12V1 2m2— 1 Zmn—l _/121/1 12m2 -1 omp-— 1| 2V1-1 12m2 1,. Zmn 1(f)p+ .+

.....

+Z 1=1 Z ,=1 |2‘2V1 21/2 Zmn 1 2‘21/1 121/2 Zmn—l

0 9
/121/1 2V2-— -1 2Mmn— 1 +/12V1 121/2 -1 2mn— 1| 2V1— 1 121/2 -1 -1,. zmn 1(f)p

kn—1 (2] 0
+ +Zvn 1=1 Zvn—l |Azm1 1 2Vn—1’2Vn _Azml 1 2vp—1— 12vn —/12m1 1 2Vp— 12vn 1

..........

..........

.....

The proof of Theorem is complete.

Discussion

In this paper, estimates of the best angular approximations of functions are obtained, generalizing
the previously known results of Potapov [1], and extending them to the case of multidimensional
generalized monotone sequences and generalized derivatives in the Liouville-Weyl sense. In [5], the
one-dimensional case is considered and upper approximation estimates are established based on the
characteristics of functions, such as their smoothness and singularities. In [8], in turn, these results
are extended to the two-dimensional case, which significantly expands the scope of their application.
Based on these theorems, a methodology for multidimensional analysis of angular approximations is
developed, taking into account not only the main parameters of functions, but also their complex
structure in multidimensional spaces. The results obtained show that approximation of functions in
the multidimensional case requires more complex estimates associated with additional parameters,
such as the relationships between variables and the features of their interaction. Thus, the proposed
methods and estimates not only generalize the known results, but also provide a new approach to the
study of angular approximations in the multidimensional case, which is an important contribution to
the development of approximation theory.

Conclusion

In this paper, optimal angular approximations of multivariable functions were investigated, which
allowed for the derivation of upper bounds for these approximations. The main results showed that
the quality of function approximation significantly depended on the characteristics of the functions,
including their smoothness, dimensionality, and presence of singularities. The developed methods
and obtained estimates provided a powerful tool for analyzing multivariate functions, offering both
theoretical significance. Thus, this work made a significant contribution to the theory of multivariate
approximations, opening new opportunities for solving problems in mathematics and related fields.
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HEKOTOPBIE YCJIOBU:A YIIPAB/ISIEMOCTH KBA3SWJIMHEMHBIX HHTET'PO-
JUNODOEPEHIIUAJIBHBIX YPABHEHUU C UMITYJIbCHBIM BO3JAEUCTBUEM

Annomayus

HccnenoBanre KpaeBbIX 33/1a4 YIPaBICHUS TSI KBa3MIIMHEWHBIX HHTETPO-TU(GepeHINAIBHBIX CUCTEM C
AMITYJIbCHBIM BO3JCHCTBHEM SBIIICTCS AaKTyadbHOH OO0JacCThI0 COBPEMEHHOM MaTeMaTHKH, HaXOIAIICH
NPUMEHEHHE B MOAEIMPOBAHUM CIIOXKHBIX JAWHAMUYECKUX mpoueccoB. (OCHOBHAas LeEJNb HM3Y4YEHUS
YIPaBIsIEMOCTH KBAa3WJIMHEHHBIX WHTETpo-AuddepeHInanbHbIX YpaBHEHHH C UMITYJIBCHBIM BO3ICHCTBHEM
COCTOMT B pa3paboOTKe METO0B, KOTOPBIE MO3BOJISIOT ONPEACISTh YCIOBUS, TPU KOTOPBIX CUCTEMA SIBIISIETCS
yhOpaBiisieMod, pa3pabaThiBaTh AJITOPUTMBI, IMTO3BOJIIOLINE HOCTPOUTH YNPABISIOLUIME BO3ACHCTBUS IS
peanu3anuu xeaaeMoi TPaeKTOPUH CUCTEMBI, a TAK)KEe HCCIIeI0BaTh YCTOMYUBOCTD PEIIEHUH B YCIOBHSIX KaK
PEryIApHBIX, TaK U PE3KUX BHEIIHUX U3MEHeHHUI. B HacTosel craThe paccMaTprBaeTCsl HEKOTOPHIE YCIOBUS
YIpaBIsIEMOCTH KpaeBor 3aqadeil 11 KBa3WIMHEHHON CUCTEMBI MHTETpO-TuG hepeHInaTbHBIX YPaBHEHUH C
HMITYJIbCHBIM BO3elcTBHEM. VccnenoBaHbl IPOLECCHl, B KOTOPBIX UMITYJIbCHOE BO3ACHCTBHE MPOUCXOANT HE
B 3apaHeC NpCANMCaHHbBIC MOMCHTEI BPEMCHU, 4 B MOMCHTBI BPEMCHHU, KOTOPBIC OIIPEACTIAOTCA COCTOAHUEM
cucreMbl. B crarbe [OKa3aHbl HEKOTOPHIE YCJOBUS YHPABIIEMOCTH KBa3WIMHEHHBIX HHTETPO-
muddepeHInaNbHBIX YPaBHEHHH C HMIIYJIbCHBIM BO3ACHCTBHEM B BHIAE JIEMM, AAaHO OIpEACICHHE
pa3pemnMocTy 3a7jau yIpaBIeHusI.

KioueBbie ciaoBa: QyHKIUs, KBa3WIMHEHHBIE CHUCTEMBI, MHTErpo-AudQepeHInansHble ypaBHEHHS,
UMITYJIbCHOE BO3JE€ICTBUE, KpaeBble 3aauH.

P.JI. Ceiinoal, M.JK. Tanunosa, A. Typran6aes®
'K JKybanoe ameimoazel Axmebe enipnix ynusepcumemi KeAK, Axkmebe ., Kazaxcman
UMITYJICBTI OCEPI BAP KBASUCBI3bIKTbhI UHTEI'PO-/IU®PEPEHITUAJIJIBIK
TEHJEYJIEPJI BACKAPYJIbIH KEUBIP IIAPTTAPBI

Anoamna

NmrmynbeTi ocepi 6ap KBa3HUCHI3BIKTH HHTETpo-TudGepeHIInanapIK JKyHenep YIIiH IeKapaiblK 0ackapy
€CenTepiH 3epTTey Kyplaeil JMHAMUKAJIBIK MPOIECTEePIl MOJCIIbACY/IC KOaHAThIH Ka3ipri MaTeMaTHKaHbIH
©3eKTi cayacel 0OJbIT TaObuwiambel. MMIynmbCTiK ocepi 0ap KBa3WUCHI3BIKTHI HHTErpo-anddepeHanabK
TeHJAeYyJIepAiH 0acKapbUIBIMABUIBIFBIH 3€PTTEYIiH HEri3ri MakcaThl JKyHe OacKapblIaThIH JKarnailnapibly
HMIAPTTApbIH aHBIKTAY, KaJlaFaH TPACKTOPsUIAPbI )KY3eTe achlpy YIIiH OacKapbUIaTBIH OpEKETTEepiH Kypyra
MYMKIHJIIK O€peTiH aNropuTMIepAi 93ipiiey ®oHe HICHIIMACPAiH OPHBIKTHUIBIFBIH 3€pTTeY OOIBI TaObLIa bl
Byn makama ummynbeti acepi 6ap HWHTETpo-AuQEpEeHITHAIIBIK TeHIEYIep KBAa3HUCHI3BIKTHI XKYHeci YIIiH
HIeKapalblK €CenTiH 0acKapbUTybIHBIH KeiOip mapTTapbid 3epTTeiiai. IMmysbeTi acep anpiH ana OenriieHreH
yaKbITTa €MeC, JKYHeHIH KYWIMEH aHBIKTaJFaH yaKbpITTa OOJIaThIH MpolecTep 3epTreigi. Makanaaa
UMITYJIBCTIK 9cepi Oap KBa3UCHI3BIKTHI MHTErpo-AuddepeHnnanaplk TeHaeyaepain 0acKapbUTybIHbIH KeHoip
LIapTTaphl JIeMMaIap TYPiHIE JaJIeNeHil, OacKapy eceOiHiH MIeHIiTyiHiH aHbIKTaMachl OepiIreH.

Tyiiin ce3mep: (QyHKIMSA, KBa3UCBI3BIKTBI JKyHeJep, HHTErpasibiabl-au(epeHIManablK TEeHACYIEP,
HUMITYJIBCTIK 9cep, METTIK ecernTep.
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R.D. Seiloval, M.zZh. Talipova, A. Turganbaev*
LAktobe Regional University named after K. Zhubanov, Aktobe, Kazakhstan
SOME CONTROL CONDITIONS FOR QUASI-LINEAR INTEGRO-DIFFERENTIAL
EQUATIONS WITH IMPULSE INFLUENCE

Abstract

The study of edge control problems for quasilinear integro-differential systems with pulsed action is an
urgent area of modern mathematics, which is used in modeling complex dynamic processes. The main goal of
studying the controllability of quasilinear integro-differential equations with pulsed action is to develop
methods that allow determining the conditions under which the system is controllable, to develop algorithms
that allow you to build control actions to implement the desired trajectory of the system, and to investigate the
stability of solutions under conditions of both regular and abrupt external changes. This article discusses some
conditions of controllability of the boundary value problem for a qua zilinear system of integro-differential
equations with pulsed action. Processes in which pulsed action does not occur at pre-prescribed time points,
but in mo time points, which are determined by the state of the system, have been investigated. The article
proved some conditions of controllability of quasilinear integro-differential equations with pulsed action in the
form of lemmas, a definition of solvability of the control problem is given.

Keywords: function, quasilinear systems, integro-differential equations, impulse impact, boundary value
problems.

OcHOBHBIE 10JI0’KEHUSA

B naHHOH cTaTbe MPOBOIUTCS JUTEPATYpHBIH 0030p pabOT, MOCBSILEHHBIX OOILIEH Teopuu
HEJIMHEWHBIX, IEPUOAUYECKUX, TOUTH EPUOANUECKUX KOIECOAHUN.

B nmannoit paGoTe uccieayroTcsi BOPOCH! CBSI3aHHbBIE C PEHICHUSIMUA B 000OIIIEHHOM CMBICIIE JIJIst
CUCTeMBbl  HMHTErpo-Au(epeHInanbHbIX  YpaBHEHUH € HUMIIYJIbCHBIM  BO3JCHCTBUEM.
PaccmarpuBaroTcs kKak JIMHEHHBIE, TAK M HEJTMHEWHBIE CUCTEMBI YpaBHEHU. BBoASTCA onpeneneHus
MEePUOJNYECKUX IO YacTH NEPEeMEHHBIX pelIeHU B OOOOIIEHHOM CMBICHIE. Y CTaHOBJICHBI
JIOCTAaTOYHBIC YCJIOBHSI JJIsi CYIIECTBOBAHHMS M E€IWHCTBEHHOCTH TAaKUX PEIICHUH, IMOIyYEHBI
HE0OXOIUMBIE U JOCTATOYHBIEC YCIOBUS UCKOEMOT'O PEIIEHHUs B ITMPOKOM CMBICIIE JIJIsl HETHHEHHBIX
CUCTEM ypaBHEHMM.

Beenenue

JuddepernunanbHble ypaBHEHUS UTPAOT BAXKHYIO POJIb B MaTeMaTHKE U ee NpuiIokeHusx. OHu
CBA3BIBAIOT (1)YHKIII/II-O C €€ MPOU3BOAHBIMU MU IMO3BOJAIOT MOACIUPOBATL PA3JIMYHBIC SABJICHUSA B
¢bu3uke, XuMHUH, OUOJIOTUH, SKOHOMHKE U APYTHX o0sacTsIX Hayku [1].

YHpaBHﬂCMOCTB ABJIICTCA OJHUM M3 KIIFOYECBBIX BOIIPOCOB B TCOPUHU JHUHAMUYCCKHUX CUCTCM. I[J'IH
KBAa3WJIMHEHHBIX HHTErpo-IudepeHManbHbIX YpPaBHEHUH C HMMITyJbCHBIM BO3JeHCTBHEM 3Ta
3aJ1a4a 0COOEHHO Ba)KHA, MOCKOJIbKY OHHM YacCTO OMHUCHIBAIOT CJIOKHBIE MPOIECCH! C HEMPEPBIBHBIMU
U PE3KUMHU BO3MYILICHUSAMHU. M3yueHue ynpamiseMOCTH B TaKUX CHCTeMaX TpeOyeT COBMEILEHUS
AHAIIMTUYCCKUX U YUCJICHHBIX METOJA0B, YTO IO3BOJIACT MOHATH OCHOBHBIC MCXAaHU3MBI pCain3allin
HE00X0AMMON TPAeKTOPHH WIIA COCTOSHUS.

AKTYaJlbHOCTh HCCJEeyeMON TeMbl 00YCIOBJIEHA PACTYILIEH CIOXKHOCTBIO 3aJ]lad, CBS3aHHBIX C
aHAJIMN30M M YIPABJICHUEM JAMHAMHUYECKUX CHCTEM. IMITyJlbCHBIE BO3IEHCTBUS UTIPAIOT KIIIOUEBYIO
POJIb B MOJICTUPOBAHHUH MPOIIECCOB, KOTOPBIE COMTPOBOXKAAIOTCS PE3KUMU U3MEHEHUSIMHU, TAKUMHU KaK
CKauKOOOpa3Hble BO3MYIIECHHUS, BHE3alHbIE IEPEXOAbl MM BO3ACUCTBHS, BO3HUKAIOLIUE B
OrpaHNM4YC€HHBIC MOMCHTBI BPEMCHH. HaanMep, B OMOJIOTHH DTO MOTr'yT OLITH PE3KKUEC U3MCHCHUA B
YHUCICHHOCTH TOMYJISILMNA O] BO3/IEHICTBUEM 2KOJIOTMYECKUX (PaKTOPOB, B SKOHOMUKE — BHE3AITHBIE
CbI/IHaHCOBI)Ie KPHU3HUCHI, @ B TCXHUKE — MMEPEXOAHBIC MTPOLECCHI B CUCTEMAX aBTOMAaTHU3allUuH.

HccnenoBanue yciaoBUH YIpPaBIsSEMOCTH TaKUX CHUCTEM HEOOXOIUMO MJIsi pelleHus 3ajad,
CBSI3aHHBIX C 00ECIIEUEHUEM CTa6I/IJ'II)HOCTI/I, OIITUMAJIBHOCTH N HAJIC)KHOCTHU UX q)yHKHI/IOHI/IpOBaHI/IH.
OnHo TpebyeT pa3pabOTKH KaK TEOPETUUYECKUX MOAXOJOB, TaK U YHCICHHBIX METOOB, KOTOpbIE
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MO3BOJISIOT YYUTHIBATh CJIOXKHbIE OCOOGHHOCTH IaHHBIX CHCTEM: HEJIMHEHMHOCTb, MHTETpalibHbIC
YJICHBI U UMITYJIbCHBIE BO3JEHCTBUS.

B cBere coBpeMEHHBIX 3a7a4 YIPaBICHUs, aHAIU3 YCIOBUHN YIPABISIEMOCTH KBAa3UJIMHEHHBIX
UHTErpo-1updepeHNaIbHbIX YPABHEHUH € MMITYJIbCHBIM BO3ACHCTBUEM HE TOJBKO paCIIUpPSIET
MaTeMaTHYeCKU WHCTPYMEHTApUil, HO W CHOCOOCTBYET pAa3BUTHUIO TNPUKIATHBIX METOI0B
MOJIETIMPOBAHUS.

Lenp oToii pabOTBHl HCCIEAOBAaTh YCIOBHUSA YHPABISEMOCTH KBAa3WJIMHEWHBIX HWHTETPO-
Qg QepeHInaTbHbIX YPaBHEHUH C UMITYIbCHBIM BO3/ICHCTBUEM.

Metoaosnorus uccjie0OBAHUSA.

HccnenoBanmne KpaeBbIX 3a/1ay YIpaBJICHUS Ui KBa3WIMHEHHBIX MHTETpo-nuddepeHanibHbIX
CHCTEM C UMITYJIbCHBIM BO3/ICHCTBHEM SIBIISICTCS aKTyaJbHON 00JaCThIO COBPEMEHHOM MaTEeMaTHUKH,
HaxoJsIlel TPUMEHEHNE B MOJECIIMPOBAHNUHN CIIOKHBIX IUHAMHYECKUX MPOIIECCOB.

VYnpasiasieMocTb HMHTErpo-Au(QepeHInaIbHbIX YpaBHEHUH C HWMIYJIbCHBIM BO3ICHCTBHEM,
3a/laud YIpaBJICHUS A7 JUHEHHBIX M CIa0ONMHEHHBIX 33aJa4 PacCMOTPEHBI B paboTax MHOTHX
aBtropos [2-10].

BaxxHo oTMETUTH, UTO MOMHMO TEOPETUUYECKUX PE3YJIbTATOB, TAKMX KaK ONpENEICHUE YCIOBUN
pa3peirMocT, pa3paboTKa KOHCTPYKTHBHBIX METOJOB pEIICHUs 3aJaud YIPaBIsSEeMOCTH H
peuieHue 3a1auyd ONTUMAJIBHOCTH, 3[€Ch TAK)KE HAlUIM MPUMEHEHUE MPAaKTUYECKHE IMOJIXOIbl B
00JIaCTSIX AIIEKTPOTEXHUKHU, POOOTOTEXHUKH, aBTOMATHUYECKOTO YIIPABICHHS U YKOHOMHKH.

OdeBHIHO, YTO 3a/la4y YCTOWYMBOCTU YIPABISIEMOIO JBHXKEHUS, OCOOCHHO aCHMIITOTUYECKOM
YCTOMYMBOCTH, TOKE MOXHO pacCMaTpUBaTh, KaK ylpaBlieHUE KpaeBoi 3ajgaueil. Takxke OIM3KUMU
SBIIAIOTCS 3a/1a4a CTaOMIIM3AlNK U IepUoAnYecKas 3aaaya [8].

Kpaesble 3amaun a5 cucteM HeNMHEHHBIX AU epeHInaIbHBIX YpaBHEHHH, 331a4H YIIPABICHUS
nuddepeHIMaTbHBIMU YPAaBHEHUSIMU B YaCTHBIX MPOM3BOAHBIX, a TaKKe 3aJauyd YIpPaBICHUS
ypaBHEHHsIMH B bBaHaXOBBIX NPOCTPAHCTBAX W HUHTErpO-TU(PepeHINATBLHBIMI  YPaBHEHUSIMH
paccMaTpHBAIMCh BO MHOTHX HaydHbIX paborax [11-15].

C nosiBiieHNEM HOBBIX THIOB AP depeHLnaTbHbIX YPAaBHEHUN 1 Pa3BUTHEM UHCIIEHHBIX METOJIOB
peleHust 3ajad ynpaBlIeHUs 0co0O€ BHHMaHHE CTajdd INpPUBJIEKaTb CHCTEMbI, OINHCHIBAEMBbIE
YpaBHEHUSIMU c 3aras/iblBaHuEM, JTUCKPETHBIMU MOJIEISIMH, CTOXaCTHYECKUMU
muddepeHInaTbHBIME YPAaBHEHUSMHU U YPaBHEHUSIMHU € BKJIIOUEHUsIMH [16].

Jlist petiieHus 3a7a4 yrpaBieHUs MPUMEHSETCS BTOpoi MeTo JIsimyHOBa. DTOT METOI, KOTOPBIA
elle Ha3bplBalOT MeToJoM (yHKIM JlsnyHoBa, ycHemIHO MpHUMEHsETCs MpH HCCIeOBaHUU
YCTOMYHMBOCTH yIpaBisieMbIx cucteM. Hanbomnee pacnpocTpaHeHHBIM B pEIIEHUHN 3a]1a4 yIIpaBJICHUS
JUI HEIMHEWHBIX CHCTEM SIBISIOTCS METOJ HEMOABM)KHBIX TOueK, Teopembl banaxa, llaynepa,
TuxoHOBa 0 HEMOJBUKHBIX TOUKAX, BO MHOTHUX PabOTax HUCIOJIb3YIOTCSI KOHCTPYKTUBHBIE METO/IBI,
OCHOBAHHBIE Ha IOCIEN0BaTeIbHBIX MpUOIMKeHusx Mmerone Heprorona. CnenuanbHbI KpuTepuil
YIpaBIsieMOCTH ObLI MOIy4eH Juisl ypaBHeHUs Ban nep Iloms [17].

Onpenenenne KpUTEPUEB YIPABISIEMOCTH ISl JINHEHHBIX CHCTEM OCHOBAaHO HA MCIOJIb30BAaHUU
uHTerpanbHoi ¢opmynsl Komm ¢ mocineayromuM HOCTPOCHHEM JIMHEWHOHM anreOpanyeckoi
cucteMbl. Kak cieacTBre 3TOro MeTo/1a BO3HUKAIOT PAHTOBBIe TIPU3HAKH yIpaBisieMocTH [2-9].

Teopus nuddepeHanbHbIX ypaBHEHUI ¢ UMITYJILCHBIMU BO3JICHCTBUSAME OEpET CBOE HAYaJIo U3
paboter H.M. Kpsutoa u H.H. boromto6osa [ 18], B koTopoii moka3aHo, 4TO JIsl HCCIIEAOBAHUS TAKUX
cucteM 3(PQPEKTUBHO MPUMEHSTh aCUMITOTHYECKHE METObl HEIMHEHHONW MexaHuku. Bompocam
yIIpaBJIEHUs] CHCTEMaMM, OMHMCHIBAEMbIMU UG GEpEeHIINaTbHBIMU YPABHEHUSAMHU C MMITYJIbCHBIMU
BO3JICHCTBUSIMH, MTOCBSIICHBI cieaytonue nccienoanus [18-20].

B paGorax [21-22] wuccnemoBaHa OJHO3HAYHAs pa3pEMIMMOCTh HAYadbHOW 3aJayul AJis
KBa3WJIMHEWHOTO HMHTETpO-AU(PPEepeHIINaIbHOrO0 yPAaBHEHUS B YAaCTHBIX IMPOU3BOJHBIX BBHICIIETO
MOPSAJIKA C BBIPOKAEHHBIM SIIPOM.
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3amada ynpaBieHUs A KBa3WJIMHEWHOM CHCTEMBbl MHTErpO-audepeHIMaIbHbIX YPaBHEHHN
UMITYJIbCHBIM BO3JCHCTBHEM M METOJl CBEACHUS K YPaBHEHHSAM C (PUKCHPOBAHHBIMH MOMEHTaMH
UMITYJIbCHOTO BO3/IeiiCTBUS pa3paboTanbl B paborax [23-25].

Pe3yabTaThl HCC1e10BaAHNS
Paccmotpum cucremy uHTerpo-auddepeHaabHbIX YPaBHEHUNH ¢ UMITYJIBCHBIM BO3ACHCTBUEM,
HMMEIOIIYIO BUJ

dx/dt = A(t)x + f: K(t,s)x(s)ds + C(HHu(t) + f(t) + ug(t,x,u, 1), t # 6; + ut;(x, 1),
Ax(Gi) = Bix($i) + Xa<gj<g; Dijx($) + Qv + I + uWi(x($), vi, ), i = 1,2, p, 1)

", KpacBOC yCJIOBUC

x(a) =a, x(B) =b )

rae u >0 — manbni mapamerp, x € R™, Ax(6;) = x(6; +) — x(6;),t € [a, B],A(t),K(t,s),i =
1,p,- (n X n) Marpuipl, cTOIOLB MATPULEL A(t) — snementsl mpoctpanctea LY [a,B], {f,I} €
"[a, B], Dyj, By, i,j = 1,p — mocrosiHEBIE (N X 1) MaTpuisl, Matpuia K (t,s) nHTErpupyemas ¢
KBazipaToM Ha MHOXKecTBe [, B]X [a,B], marpuusr C(t) u Q;i = 1,p, pasMepa n X m,m —
(bUKCHPOBaHHOE HATYpAIBHOE YUCIIO, CTONOIB MaTpullsl C (t) sBiustores pyukimsamu u3 L[, ],
Q;,i = 1,p, rue L [a, B] — npocTpaHCTBO (YHKIMIA, HHTErPHPYEMBIX C KBaApaToM Ha otpeske [a, B];

D"[1,p] — MHOXeCTBO KOHEWHBIX mociegoBarensHocteil {(&;},i=1,p; (, ) — ckamspHOe
MIPOU3BEIICHNUE.

JIOTIONHATEBHO TIpeATonaraeM, 4to GpyHKun g, Wi, i = 1, p HelpepbIBHBI 110 BCEM apryMEHTaM
U HEIpepbhlBHO IU(QepeHIrpyemMble M0 BCEM KOOpIMHATaM BEKTOPOB X, U, V. JIBUXKeHue,
ompezeneHHoe ypaBHenueM (1), mpu ¢ukcupoBanubix p, {u,v}€ [I™[a,f] npoucxomur
cienyromuM odpasom. M3obpaxkaromias Touka P, (t, x(t)) pemenns x(t) = x(t, @, a) ypaBHSHHS

dx/ = AOx(®) + [L K(t,9)x(s)ds + C(Ou®) + f(©) + pg(t, x,u, 1), 3)

HAa4YMHAET CBOE JBM)KEHHE B TOUKe (@, a) M MPOJOIDKAET BJIOJIb WHTETPAIBHON KPHUBOW ATOTO
pelieHus 10 MoMeHTa t = {;, Korja P, BcTpedaeT MepByIO MOBEPXHOCTh pa3phbiBa t=
6, + utq(x, ). Takum oOpazoM, 3HaUCHHE t = {; ONPEACTACTCS KaK YAOBICTBOPSIONIEE PABCHCTBY
¢1 =01 + pr (x($1), ).

B sToT MOMEHT Pt HCIIBITBIBACT CKAYO0K Ha BEJINYHUHY

Ax|e=g, = B1x(§y) + Z Dy1x (§1) + Qvy + Iy + puWi (x(1), v, 1)

U TIPOJIOJIKAET JIBUTAThCS BIOJIb MHTETpaibHOM kpuBoii pemenus x(t, {4, x({;+)) ypaBHenus (3)
noka P; He BCTPETHUT CJIEIYIONIYO TOBEPXHOCTh Pa3phbiBa U T.1I.

3ameTuM, 4TO Kaxkaoe peuieHue ypaBHeHus (1) sBisercs ¢ynkumeit uz PAC|a, ], ecnmu oHO
onpeneneno Ha [a,f], tne PAC[a,B] — wmHOxectBo ¢(yHKumi x(t) KycO4yHO aOCONIOTHO
HETPEPBIBHBIX, HEMPEPHIBHBIX CJIeBa BO BCEX TOUYKaxX [, ]| W MCTBITHIBAIONIMX Pa3pBIBBI TIEPBOTO
poma B Toukax {6;},i = 1,p;

Onpeoenenue. ByneM roBOpHUTh, YTO PaspelMMa 3aj1a4a yIpaBIeHUsS KPAaeBol 3a1auel ¥, eClu
U1 KaXJI0r0 OrPaHMYEHHOr0 MHOXKecTBAa G C R™ cymiecTByeT Lo, o € RY, 1y > 0, Takoe, uto s
KaxIeIX {a,b }cG u u < py cymecrByer ynpaenenue {u, v} € [1™[a, f], npu KoTOpoM ypaBHEHHE
(1) nomyckaer perieHue, yI0BICTBOPSIOIIEE KPaeBOMY YCIOBHIO (2).
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ITyctb s € R,s > 0 u nycTh Gg €CTh MHOKECTBO 3JEMEHTOB (X, U, V) Takux, 4ro ||x|| + ||u|| +
lv|| < s, rae ||| ectb eBkmnoBas Hopma B R¥, k eN.
Jli1st GUKCUPOBAHHOTO TIOJOXKUTEIBHOIO YKCIa [ € R, OnpeaeauM MHOXKECTBO

Gs = {(cuvt,LwW|(xuv)Ellga<t<pB,i=123..,p,u<ul
@uxcupyem H € R, H > 0 u nyctb

my = max{sup||AOl, supl[CO)l, sup IK (L, s)Il, max||Byll rr%c];x”Dij”},
t t t,s )

mz = maX{S?fP”f(t)H, max||l},

maz = max{max||gll, max||W ||, max|||| }.
Gu Gy Gu

Jlemma 1. Ecnu
pymz <min(6, —a,p —6,) 4)
U U1 BeeX X, U, i 1 GH crpaBeyIMBO, YTO

Oi1 + uTipa (X, 1) < 0; + pti(x, w, ®)

TOT/a KaXK10¢e pemieHue ypaBHenus (1), onpenenennoe Ha [, f] u, npuHUMaroniee 3HaueHus B Gy
nepeceKaeT Kaxayro u3 nmosepxuocred t = 0; + ut;(x, 1), i = 1,..., p, 10 MEHbIIIEH MEpe OAMH Pa3.

Lokazamenvcmeo. @ukcupyem [ = 1,...,p u 0603HauuM R; MHOKeCTBO 3HaUeHUH pyHKIIMU O; +
uti(x,u), rne |x| <H u pu < p; dukcuposano. T.k. mHOkecTBO ||x|| < H xommakTHO, TO R;
ABIISIETCS OTpe3KoM [a;, B;] € R. B cuny ycnoswuii (4), (5), Haiinem, 4To

(X<a1Sﬁl<a2Sﬁ2<...<apSﬁp<ﬁ. (6)

[Tycts x(t): [@, ] = Gy, pemenne ypaBueHwus (3). [lokaxem, uto x(t) mepeceyer 00sA3aTENBHO
NepByI0 MOBEpPXHOCTh t = 01 + ut{(x,u). Hocrpoum ¢ynkuuo ¢4(t) =t — 01 — ut(x(t), 1.
[Mpennonoxum npoTtuBHOE, uTOo X(t) HE TMepecekaeT MOBEpXHOCTh t = 61 + ut,(x,u). Torma
bynkuus ¢, (t) HepepbIBHA HA IPOMEXKYTKE [a, ay]| 1

(@) =a—0; —ut;(x(a),p) Sa—a,; <0,
P(az) = a; — 0, — ut(x(az), 1) = a, — B > 0.

3Hauurt, o Teopeme Ko cymectByer Touka &, Takas, uto ¢ (&) = 0, T.e.

$1 =01+ ut(x($1), 1), (7

&1 € [y, f1]- Touka t =&, sBIseTCs MO ONPENENCHHIO TOYKOW paspbiBa pemeHus X(t) u
MOMEHTOM TlepeceueHust pereHreM X (t) moBepxHocTH t = 61 + utq(x, u).

IycTh Teneps t = &X, mocnennss Touka BeTpeun penreHus x(t) U TOBEPXHOCTH

t =0; +ut(x, 1.

IToctpoum dyakmio ¢, (t) =t — 60, — ut,(x(t), u). PaccmarpuBast ¢,(t) Ha HpoMEKyTKe
[£2, a3], rne Touka &, € (By, ay), Takxke, Kak ¥ GyHKIUIO ¢ (t) Ha [@, @, ], ToKaxkeM CylIecTBOBaHUE
Touku t = &, Berpeun Xx(t) ¢ moBepXHOCTBIO t = 6, + ut,(x, ). Ilpomomkas 3TOT mporecc,
MOJTYYHMM TOJTHOE JI0KA3aTEIECTBO JIEMMBI.
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Jyis Toro, 94TOOBI OMYYUTH YCIOBUE, MPEANOI0KUM TEIeph, TOTOTHUTEILHO, YTO CYIIECTBYET
noctostHHas L € R, L > 0, Takas, 4To paBHOMepHO B ob6mactu GH

lg(t, x1,ug, v, 1) — g(t, x2, up, v2, W < L{llxy = 2201 + llug — |l + llv* = v213,
IW; (xp, v1 1) — Wi(xa, v2, W1 < L{llxy = x50l + [Iv! = v2]13, (8)
|T;(x1, 1) — 73 (%2, 1) < Lllxy — x,]l].

O6o3naunm y(u) = mH(2 + (f — @)) + my + ums;.
Jlemma 2. Ilyctb cuctema (1) onpenenena B oonact GH u u < Uy, rae

P2 < pg mppLly(up) <1 )
Tornma, ecin
Ti(x,u) =2 7;((E + B; + Dy)x + 23';11 DijxD + Q;v; + I; + uWi(x, v, ), ), (10)

Ut Beex || x||<H, ||x(j)||<H,j =1,2,...,i —1,u||v||[<H, Toraa kaxmoe pemenue x(t) ypaBHEHHUS

(1) BcTpeuaer o0yr0 U3 oBepxHOCTEH paspbiBa t = 6; + ut;(x, 1), i =1, p, He GoublIe, YeM OLHUH
pas.

Hokazamenvcmeo. ®duxcupyeM [ =1,p U TUPEANONIOKHUM TNPOTUBHOE, 4YTO pemieHue Xx(t)
ypaBHeHus (1) nepecekaeT moBepxHocTh t = 6; + ut;(x, i), ABaXKIbl B MOMEHTHI BPEMEHU t=
1 2 z1 2 1 22
&t =¢&7,¢& < &f.Hampomexytke (&, ¢/ ] BepHo, uTO

x(t) = x(&) + Bix (&) + Ya<gj<g Dijx(§) + Qv + I + uW;(x(ED), vi, 1) +
+ f;il[A(s)x(s) + f;K(s, o0)x(o)do + C(s)u(s) + f(s) + ug(s,x(s), u(s), u)]ds. (11)

Teneps, npumenus (8), (9), (10) u (11), Haiinem, 4to

§ =& =0+ un(x@) ) — 6 — uni(x @, 1) < pLy (W& — &)

HIJIN

(67 —&HA —pLy(u) <0,

Tak Kak coriacHo ycnosuio (9) 1—puLy(u) >0, 1o é# —&' <0, a 310 NpOTHBOpEYHT
npeanonoxenuio £ > &1, Jlemma jlokasana.

Juckyccust

HccnenoBanmne KpaeBbIX 3a/1a4 YIpaBlIeHUs Ui KBa3WIMHEWHBIX MHTETpo-IuddepeHantbHbIX
CHCTEM C UMITYJIbCHBIM BO3/ICHCTBHEM aKTUBHO Pa3BUBAETCs, OTpaXkasi CIIOKHOCTh M1 MHOroo0Opasue
JUHAMHYECKUX MPOIIECCOB B PA3IMYHBIX 001aCTAX HAYKU U TEXHUKH.

CoBpeMeHHbIE CHCTEMBI, OyAb TO OMOJOTMYECKHE, SKOHOMUYECKHE WM TEXHMYECKHE, 4acTo
XapaKkTePU3YIOTCS CIOKHOM CTPYKTYpOM, BKJIIOYAIOUIEH KaK HENPEPBIBHBIE, TaK U JUCKPETHBIE
MPOIIECChl, YTO TpeOyeT MPUMEHEHHs] 