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MATEMATHKA X9HE ®W3HKAJIBIK MPOIIECTEP MEH MEXAHUKAJIBIK XYWEJIEP/II
MATEMATHKAJIbIK MOAEJABAEY

MATEMATHUKA U MATEMATUYECKOE MOJE/IMPOBAHUE ®U3NYECKUX ITPOLIECCOB
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MATHEMATICS AND MATHEMATICAL MODELING OF PHYSICAL PROCESSES
AND MECHANICAL SYSTEMS

IRSTI 27.41.19
10.51889/2959-5894.2025.90.2.001

N.Zh. Ainakeyeva>%"

1U.A. Joldasbekov Institute of Mechanics and Engineering, Almaty, Kazakhstan

2Narxoz University, Almaty, Kazakhstan

3Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
“e-mail: nursaule_math@mail.ru

THE SOLUTION OF CAUCHY PROBLEM OF THERMOELASTIC ROD DYNAMICS
BY GENERALIZED FUNCTIONS METHOD

Abstract

The Cauchy problem is considered about the dynamics of a thermoelastic rod by the action of different
force and heat effects under arbitrary initial conditions. Using the Green's tensor of the thermoelasticity
equations, an analytical solution to the problem was obtained, allowing one to determine the deformations,
stresses, and temperature in any cross-section of the rod and at any time, if its initial state and the acting force
and heat sources are known. Numerical calculations of temperature and displacements under the action of
pulsed concentrated force and heat sources are given. Calculations of the solution of the Cauchy problem under
the action of regular force and heat sources distributed along the rod are performed. The developed program
allows one to study thermodynamic processes in rods with various physical and mechanical parameters under
the action of distributed, concentrated, and pulsed heat and force sources, described by singular generalized
functions.

Keywords: thermoelastic rod, Cauchy problem, method of generalized functions, Green's tensor,
displacement, temperature, heat flow.

H.)K.AitnakeeBal??
'Akanemux V. A JKonnacGexoB aTbIHIarbl MeXaHHKa sKoHEe MAIIMHATaHy UHCTUTYTHI, AMaThl K., Kazakcran
2Hapxo3 Yuusepcureti, Anmarsl K., Kazakcran
$ MaTemaTuka ’oHe MaTEMAaTHKAJIBIK MOJIENIbICY MHCTUTYThI, AJIMaTH K., Kazakcran
KOIIN ECEBIHIH TEPMOCEPIIIM/IIK O3EKIIEHIH IMHAMUKACBIH
KAJIIBIVIAHFAH ®YHKIIUAJIAP 9JIICIMEH HIELITY

Anoamna

By xympicta Tepmoceprimaik e3ekmieHiH Ko ecebiHiH Ke3 KeNTeH KYIITIK KOHE JKBUTYJBIK dcepiep
MeH OacTarnkpl mapTTap Ke3iHJe KapacThIpbliaasl. TepMoynpyrTik TeHaeyaepain [ puH TeH30pbl KoMeTiMeH
AHAJIMTUKAIBIK LIEIIIM aJIbIHABI, OYIT IIEIIiM 03eKIICHIH Ke3 KeJIT'eH KoJIIeHeH KUMAChl MEH Ke3 KeJI'eH YaKbIT
Me3eTiHze aedopManusIIapabl, KepHEyJepIi jKoHE TeMIlepaTypaHbl ecenTeyre MYMKIHIIK Oepeni, erep
Oacrankpl Karainap MeH KYIITIK JKOHE JKbUTYJIBIK Ke3jep Oenrinmi Oonca.ApHaiibl Ha3ap HMITYJBCTIK,
LIOFBIPJIaHFaH KYIITIK JKOHE JKBUIYJIBIK KO3/Ep OCEpiHIeri TeMIlepaTypaHbIH Tapailybl MEH BIFbICYBIHBIH
caHsbIK ecenrteyyepine OenminreH. COHBIMEH Karap, ©3€KIIeHIH OOHBbIMEH KYIITep MEH JKBUIy KO3AepiHiH
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Tapaybl MEH TYPaKThl QYHKIHsUIAp TYpiHIe OeiHTeH XKaFaainap OOMbIHIIa ecenTeyep KYpriziiani. ApHailbl
Ha3ap UMITYJIbCTIK, HIOFBIPIaHFaH KYIITIK KOHE JKbUTYJIBIK KO3JIep 9CepiHIeri TeMIepaTypaHbIH Tapaybl MEH
BIFBICYBIHBIH CaHABIK ecenTeynepine OeminreH. COHbBIMEH KaTap, ©3€KIIeHiH OOHBIMEH KYLITEP MEH KBLTY
KO3JICpiHiH Tapallybl MEH TYpakThl (QYHKUMsUIap TypiHAe OeNiHTeH jkarfaiaap OoWBbIHIIA ecenTeyiep
JKYPTi3uImi.
Tyiiin ce3nep: Tepmocepmimii o3ek, Komm ecebi, xanmpuianrad GyHKIHS 9J1ici, [|'piH TEH30pbI, OpBIH
aybICTBIPY, TEMIIEPATypa, )KbLTY aFbIHbI.
H.K. Alinakeesal?3
'MncTuTyT MeXaHMKKM M MalIMHOBEIEHHS UM. akagemuka Y. A Jxonnac6ekosa, r.Anmartsl, Kazaxcran
2yuusepeurer Hapxos, r.Anmatsl, Kasaxcran
SMHCTUTYT MaTeMaTHKK U MATEMATUIECKOTO MOJIEINPOBanus, r.Anmarsl, Kazaxcran
PEIIEHUE 3AJIAYHU KOIIU TMHAMUKHU TEPMOYIIPYT'OI'O CTEPKHS
METO/J0M OBOBIIEHHBIX ®YHKIIUIA

Annomayus
PaccmarpuBaercs 3amava Komm nmuHaMHKH TEpMOYNPYToro CTEp>KHS TPH MPOU3BOJIBHBIX CHIIOBBIX U
TEIUIOBBIX BO3ACUCTBHUAX M HAYANBHBIX YCIOBHsX. C momombto TeH3opa ['puHa ypaBHEHUI TepMOYIIPYyrocTu
OBLIO TIOJTYYEHO aHAIMTHYECKOE PELICHUE 3a7aull, TI03BOJISIONIEE ONPEIeIUTh AeopMalri, HAPsHDKEHUS 1
TeMIepaTtypy B JIOOOM CEUYEHHH CTep)KHS M B JIOOOH MOMEHT BPEMEHH, €CIH M3BECTHBI €ro HadalbHOE
COCTOSIHUE W JCHCTBYIOIIME CHJIOBBIE W TEIUIOBBIC HCTOYHHKH. I[IpHBeneHBI YHMCICHHBIE pPacUeTh
TEeMIeparypbl, TEPEeMEHICHUH MpHU ACHCTBUM HMMITYJIbCHBIX COCPEJAOTOYEHHBIX CHJIOBBIX M TEIUIOBBIX
UCTOYHMKOB. [IpoBesieHbI pacueTs! penieHus 3ana4 Komm mpu neldCTBUM paclpeeIeHHBIX BIOIb CTEPIKHS
CHJIOBBIX M TEIUIOBBIX HCTOYHMKOB PEryJIsipHOTro Bujaa. PaspaboranHas mporpamMmMa MO3BOJISIET UCCIIENOBATH
TEPMOJMHAMUYECKHE MPOLECCH B CTEPXKHAX C Pa3IMYHBIMU (PU3UKO-MEXAaHHMUECKHMMHU MapaMeTpaMu Hpu
JICHCTBUY TETUIOBBIX U CHJIOBBIX HCTOYHHUKOB KaK pacrpeelieHHbIX, TAK U COCPEJOTOYCHHBIX, M IMITYJIbCHBIX,
OTIMCHIBAEMBIX CHHTYIIAPHBIMU 00OOIIEHHBIMH ()yHKITHSIMH.
KiroueBbie ciioBa: TepMOYNpyruil crepkeHb, 3agada Ko, mMetos 00OOMEHHBIX (YHKIWH, TEH30p
I'puna, mepeMenieHue, TeMnepaTypa, TEIUIOBOH MOTOK.

Main provisions

Using the method of V.S.Vladimirov, a solution to the Cauchy problem for the equations of
uncoupled thermoelasticity in the space of generalized functions of slow growth is constructed.
Determination of the thermal stress state of a thermoelastic rod under the action of local and
distributed force and thermal effects. The equations of mechanics of a deformable solid, methods of
mathematical physics and the theory of generalized functions were used for the study. Analytical
formulas for calculating the temperature, displacements, stresses and deformations of a rod under the
action of local and distributed external force and thermal effects are constructed. The result of the
conducted research is numerical calculations of the temperature and displacements of the rod under
the action of pulsed concentrated force and heat sources.

Introduction

The development of theory and methods for solving thermoelasticity problems is crucial for
numerous branches of technology and applied sciences. These problems emerge in the creation of
new designs for steam and gas turbines, jet and rocket engines of high-speed aircraft, nuclear reactors,
and mining equipment. Elements of these structures operate under uneven and non-stationary heating
conditions, causing changes in the mechanical properties of materials and the emergence of
temperature gradients. This results in unequal thermal expansion of individual parts of the structures
[1-8]. Some materials become brittle when subjected to stress from a sharp gradient in a non-
stationary temperature field and cannot withstand thermal shock. Repeated thermal stresses can lead
to the destruction of structural elements, making the study of temperature field effects on the stress-
strain state of structures essential. Rod elements are widely used across various technological fields.
Numerous examples of loaded structural members include supports for structures, buildings, and

8
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bridges. In real conditions, dynamic loads can act on rods, causing vibrations that significantly impact
the reliability of these rod elements and, consequently, the overall structure's reliability. An unsteady
temperature field induces a time-varying deformation field in rod structures, affecting their strength
and reliability during operation. Determining the thermally stressed state of rod structures,
considering their mechanical properties (particularly elasticity), is a significant scientific and
technical challenge. Mathematical modeling methods enable the study of physical processes within
structures and their elements, allowing for the determination of dynamic characteristics during the
design stage. This modeling provides a basis for predicting product behavior under specific operating
conditions. Here the generalized solution to the Cauchy problem for thermoelastic rod is constructed
under the action of nonstationary force loads and various types of heat sources by use the model of
uncoupled thermoelasticity and generalized functions method. This method allows translating the
initial boundary value problem for the system of thermoelasticity equations with initial conditions
into the solution of the system of differential equations in the space of generalized vector-functions
with a singular right-hand side. It contains singular generalized functions of the form of simple and
double layers, the densities of which are determined by the initial conditions. The convolution of the
Green's tensor of these equations with the right-hand side gives a solution in the space of generalized
functions, and their regular integral representation gives a solution to the posed boundary value
problem. Here, the Green's tensor of thermoelasticity equations was used, previously constructed
in [9]. Regular integral representations of generalized solutions are obtained for given initial
temperature, displacements and velocity of the rod. Using the Mathcad-15 program, numerical
calculations of the Green's tensor for a system with dimensionless thermoelastic parameters are
carried out. Solutions to Cauchy problems under the action of force loads and heat sources distributed
along the rod are given.

Research methodology

Determination of the thermal stress state of a thermoelastic rod under the action of local and
distributed force and thermal effects. The equations of mechanics of a deformable solid, methods of
mathematical physics and the theory of generalized functions were used for the study.

Statement of the Cauchy problem for the equations of uncoupled thermoelasticity

We consider a thermoelastic rod, the equations of state of which have the form [10,11]:

pCZU,XX —PUsy _7/‘9'x +pF1(X,t):0 (1)

0, —k 0, +F, (x,1)=0

IXX

Where x e R*,t > 0. Here p is the mass density, c is the speed of propagation of elastic waves

in the rod, vy is the thermal conductivity coefficient, x = —the thermal diffusivity coefficient,
pC

u(x,t)are the longitudinal movements of the sections of the rod, @(x,t)is a relative temperature ,

F,(x,t)is longitudinal component of external force per unit length; F,(x,t)is a quantity

characterizing power heat source. Here and below, partial derivatives are designated:
ou; ou .

U =u, U, =6, u,=o,ul]— u,=0ull— (i=12).

1 2 X X4 Ox it ti ot ( )

The thermoelastic stress in the rod is determined by the Duhamel - Neuman law:

o = pc’u,, 0 (2)
The initial conditions are known:
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u(x,0) =uy(x), U, (x,0)=Vy(x), O(x,0)=6y(x),

2/pl 2/pl 2(pl 3)
Ug(X) € C*(R7),6,(x) e C(R),vy(x) e C(RY),
where c"(R?) is the space of functions differentiable up to the n-th order on R".
We consider the Cauchy problem, the solution of which allows to determine the state of the rod at
any time if its initial state and the operating power and heat sources are known.
It is required to find solutions to equations (1) with initial conditions (3), which satisfy the radiation
conditions:
u(xt) >0, O(xt) >0at |X| >0, Vt, (4)
under the action of arbitrary forces and heat sources : F (x,t) = L,(R"),at j=1,2.
Statement of the Cauchy problem in the space of generalized functions
To solve the problem we use the method of generalized function which V.S. Vladimirov used by

solving the Cauchy problem for wave equations [12,13]. For this the following regular generalized
functions are introduced:

(%) =uHH®), It =0 HHE), F;(xt) =F(xDHE), j=12. (5)

where u(x,t), 8(x,t) are the solution to the Cauchy problem (1)-(4); H (t) is the Heaviside step-

function: H (t)=1fort>0, H (t)= 0 for t <0. That is, we define by zero the solution of the Cauchy
problem outside the domain of definition (for t <0). And let us consider the action of the differential
operator of system (1) on these functions in the space of generalized functions p'(r?) [12,13].

To do this, at first we find generalized derivatives of these functions :

N 2.A 2
‘Z‘: _ %‘: H (©) + U, ()3 (1), ‘Zt“ ‘Zt H (£) + Vo ()5 () + Uy (X)5'(1),
% S H@©) + (50
al_du az ] az ae ae 329 529
- x H{), — v H(t), H{t), — = H(t).

Here d(t)is a singular ¢ -function. Then system (1) will D (R )take the form:

€%l —Uy —70,5 +FL (X DH (1) = —Vo (X)S(t) — Ug (X)5'(1), ©
O, — 20, +F, (X, D)H (1) = 726, (X)5 (1),

7= Z. These equations include the initial conditions as singular mass forces and heat sources.
P

Next we denote
Rt =RXDHE), F(xt)=FxH(),

Gy (X, 1) = Fy (X, 1) + Vo (X) 3 (t) + o (X)5'(1), (7)
G, (x,1) = B, (x,t) — x 26, (X) S ().

The solution to this problem in the space of generalized functions has the form of tensor-functional
convolution (*):

10
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G(x,t) =u(x,t)H (t) =UX (x,1) *G, (x, 1), ©
A(x,t) = O(x,)H () =UX (x,t) =G, (x,t), k =1,2.
Where Uﬂ-‘(x,t) is the Green's tensor of equations (1), which describes thermoelastic waves

generated by concentrated pulse sources. Everywhere over the same indices in the product, the
summation is from 1 to 2 (tensor convolution).

As is known in the theory of generalized functions, the solution to differential equations is unique
in the convolution algebra with the Green's tensor of these equations.
Green's tensor of the equations of unbound thermoelasticity

Green's tensor Uij (x,t) is a matrix of fundamental solutions of system (1) under the action of a
pulsed concentrated force and a heat source of the form:

F=56(x)51)5), F,=6(x)51)s), j=12 9)

where (5iJ is the Kronecker symbol. When j =1, a power source operates. At j =2 a heat source
operates. The Green's tensor satisfies the following radiation conditions:

Ul(x,t)=0, t<0,
Uij (x,t) >0, t— o0 g VxeR. (10)

Uij (x,t) >0, |X| — oo i Vt >0
The Green's tensor was constructed in [14], it has the following form:

oY %y az ox
Ul (x,t) = sk 8tl 5) 621 87— 5] ¥, (1) 5(x) + 537 82
(11)
2 2
Uj; =0, u§=c223(x,t)+c28222—@, j=12
d at
k k () ||
Zl(x,t)=EH(ct—|x|){c—2{1—ek J+t—?:|l
c2 x2 x2 2
SRPTIRPUTTRY B o) CLMCR T B SR PR TPty
X, t t _ , Y -4
2(>()£ﬁr£ﬁrs &2
C C
%:—%H (Ct—|X|){ek( ) —1}, %:C%H(ct—lxl)sgn x{ek( <) +1},
) C2 ><2 2
9%, _ AH(Y) e*C?‘tGTT ke X Ie ake X
ox k
Y, k (ld—ct) xet)
e —C—25( X))+ = Hct=|x)s(x) || e Ll+=H(ct—|x]e :

11
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5 CZT X2 5 CZT X2
2 4 it Tk 2 Py KT ake
O pn()lCie K8 Mg, SCewter Ml
at k o T k Jr
X2 X2
t @ k 4kt 2 2 4kt
_AH (t) e k € C2 X_2 _|_X_ze—
K/t 4t 4kt? Jt
, 2|, 2 , - ,
a AH t —t ek 4kt X e 4kt X
Zzzz ()ek J.———ldr —_[———ldr-
OX 2k 0 TNT 2kt Oz'\/; 2kt

With knowledge of the Green's tensor, it becomes feasible to formulate a solution to system (7)
for any sources using a tensor-functional convolution (8).

In equation (8), the convolution is performed componentwise in accordance with the definition of
convolution in the space of generalized functions [12,13]. For regular sources described by locally
integrable functions, this formula can be expressed in integral form

u; (6t = Uk (x—y,t=2) * R (v, 7)dydr  j,k =12, (12)
R2

Solution of the Cauchy problem for determining the thermal stress state of a thermoelastic rod
under the action of distributed force and heat sources. The method of generalized functions was
used for the study.

Solutions to the Cauchy problem

To obtain an integral representation of the generalized solution, we take convolutions (8) taking
into account (7), using the properties & of the functions and its derivative (variable x under the
convolution sign means incomplete convolution with respect to x only):

a(x,t) = u(x,t)H (t) =Ui (x,t) * F (x,t)H (t)+ljll(x,t)>:uo(x)+
(13)

+§ljll(x,t)*uo(x)+0f(x,t)* F, (%, D) H (1) + U2 (x, ) * 16y (X)
O(x,t) = O(x, t)H (t) =U 2 (x,t) * F, (x,t)H (t) + U2 (x,t) * 26, (x) (14)

Note that all initial conditions of the Cauchy problem are included in the right-hand side of
relations (13), (14). Since the functions included in the right side of equations (13), (14) are regular,
these representations of the solution can be written in the following integral form.

Let us formulate the following theorem.

Theorem. If the functions F, (x,t),F,(xt)are integrable on R? and uy(x),vy(x),8y(x) are

continuous on R, then the solution to the Cauchy problem for the equations of uncoupled
thermoelasticity has the form:

t [e'e) ©
G t) =H®[d7 [ Ui (x=y, )R (y,t=7)dy+H(®) [ Ui (x=y,2)ue(y)dy +
0 —0 —0
+H(t)§ [ Ui x=y.0)up(n)dy + H() [ UR(x -y, 2)Fy(y.t—2)dy + (15)

+x 7t [UZ(x=y,7)6(y)dy,

—0o0
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O(x,1) = H(t)jdr j UZ(x—y, )R (y,t—2)dy + & TH (1) I UZ(x—y,7)65(y)dy. (16)
0 —0

Using the Green's tensor representation (11) and G, (x,t), G, (x,t) (7), the solution to the
Cauchy problem has the form :
u(x,t)=U/ *G, =

Zl *G =

:511,(—1%1*@]_51 +G, 5“8621*6 ~3) 35 (t)5(X) %G +5)7

_1821 8221 [822 azlj —
_{L ot ox? j 23()}*61 ox  oOX i
0%, % 2 5[ 0%2 0% ), g
{( T ale}m)}*ﬁ”(a—xz‘ )
2
{(K_l—azl—a zlJ—zg(t)}jVo(X)—K_W[@_821j*90(x)+

ot ox2 oX  OX )x

2
+6t{£ _1852»[:1 0 Zl} Tt )}’:Uo(x)v

_9Y,
ox

ox?

%z, %%

O(x,1) =UJ *G; =c®Z3(x,1) *G, +C* =2 %G, ——2 %G, =

(17)

2
o5, o, Jocacs
X

) 0%z
2 20 2 2
c2,(x,t)+cC

[ 30 8x2 ot?

* _ 2
J F, (X, t)H (t) (c 25(x,t)+c =Z ol

Let us introduce the notation:

e —¥a (1), f2(xt)= _z=
ot ox? 23( ) (1) Ox OX
T
Then the integral representation (15, 16) has the following form:

f1(x,t) = &

f3(x,t) = ¢? 2i(x,t)+c

o0

u(t) =HO [dr [ {FUx—yt=D)FR(y,7)+7F2(x—y,t =) * Fp(y, 1)} dy +
0 -

FHE) [ {F100-y, 0¥ () = 577 £ 2= y,006 (y) + 8, FLx = y,0)ug (y) fdy

O(x,t) = H(t)jdrjfs(x Y.t —2)F, (y,7)dy — Kle(t)jfs(x y, )6 (y)dy

0 —o0
Note that formulas (15,16) can also be used under the action of smgular sources Fl (x,1), F2 (x,1),
only in this case the convolutions must be taken according to the rules of convolutions in the space

13
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of generalized functions [12,13]. It's worth noting that formulas (15) and (16) remain applicable even
when singular sources F, (x,t), F, (x,t) are present. However, in such cases, convolutions must be

calculated here to the rules governing convolutions in the space of generalized functions [12,13].

Results of the study

The result of the conducted research is solutions to the Cauchy problem under the action of
distributed power and heat sources, numerical calculations of the temperature and displacement of

the rod under the action of a pulsed concentrated force and heat sources.

Numerical calculations of the Green's tensor
A program for computing the Green's tensor U/ (x,t) has been developed in the Mathcad 15

system. Below (Figure 1) there are the calculations of the components of this matrix for the following
dimensionless coordinates thermoelastic parameter: p=1, c=1 y=1, x=2.

Z T

2 T

ULt ) . U1(xn, 1)
U11(5, tn) T T U11(xn, 2)
- U11(xn, 10) : [ ] .

U11(10,tn) gl——- —-

oF——

| | |
-1
0 10 20 30 40 ~-10 0 10
tn XN
a b
T T T T 20 T T T T
lO—I! ) -
vl 10F e e -
uLa(t,t) I 2" U12(xn, 1) 1 .
—_— : —_— | i
, '
U12(10,tn) 5[ %, ] U12(xn, 2) o#mmu.---] I .
e N - : |
U12(20, tn) T - U12(xn, 4) - |
' eI —10[ e -
o | =
| | | | ~20 | | | | |
0 20 40 60 80 100 -4 -2 0 2 4
tn Xn
Cc d
10 T SR Jer ) S T T T
_.-";_'__._—— 4k ]
.'..-"’.
221t | o | u22(xn, 1) ok e .
u22(2,tn) | & u22(xn,2) [ ,-”'f
IR o PR oF il -
uz2(4,m) L i U22(xn, 4) IR ;'J,J'
N 9l " —
; ? i
I I I I _4 1 1 1 1
0 20 40 60 80 100 210 0 10 20 30 40
tn Xn
e f

Figure 1(a-f). Green's tensor components Uij(xn,tn) —U/ (x,t)in a fixed
point and at a fixed time
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Figures 1 (a-f) depict the evolution over time of the respective components of the Green's tensor
at a specific point in the medium (x=xn) and at a fixed time point (t=tn). The discontinuities observed
in the displacement graphs correspond to the arrival of the elastic shock wave at point xn at time
t=xn/c, t=xn/c.

Solutions to the Cauchy problem under the action of distributed power and heat sources

Let us construct solutions to the Cauchy problem under the action of various power and heat
sources of a regular form.

Cauchy problem 1. Let the following force be applied to a segment [-L,L] of the rod:

F(xt)=AXDH(L-|X)), F,(x,t)=0.
The initial conditions are zero. Then , using formulas (15), (16), Theorem 1, we obtain the
displacement:
t L
u(x,t) =UL(x,t)* AXx, )H (L —|x)) = H(t)jdfjuj(x—y,r)A(y,t—f)dr.
0 -L

Next follows from (2):

0y (x,1) = pc’u,, = pcUy, (x,1) ¥ F(x,1) = pc’U  (x, 1) * —aFla(X’t—) -
| X

= pC?U; (X, t) * (A, t)H (L= [X))),, =

= pc?U(x,t) * A, 1) {S(L+X)—S(L—x)} + pc®U (x,t) = (A, H(L—|x])) =

= pc?H (t)tj{Ull(x+ L,7)A(-L,t—7)~UX(x~L,0) A(L,t—7)}dz

L t
+pC’H (1) [ dy [US (x—y, 7)A(y,t-7)d.
-L 0

Cauchy problem 2. Let a heat source act on the segment [-L,L]:
F(xt) =0, F,(x,t) = A(x,t)H (L —|x]).
The initial conditions are zero. Then

t L
u(x,t) =UZ(x,t) * A, H (L —|x)) = H (t)jdr j UZ(x—y,7)A(Y,t —7)dy,
0 -L

t L

O(x,t) =UZ(x,t) * A(x,t)H (L —[x) = H (t)jdr j U2(x—y,7)A(y,t —7)dy.
0 -L
o(x,t) = pc’u, —y0 =

= pc’H (t)j{uf(x+ L, 7)A(-L,t—7)-UZ(x-L,7) A(L,t-7){dz +
+pCH (1) [ dy[{UL (x=y,7) = U7 (x=y,2)} A(y,t-2))dz.

Cauchy problem 3. Initial conditions are zero. Let a force be applied on a segment of the rod:
F(x,t) = A(X)H (L—|x])H (t), F,(x,t) = 0. This solution:

L t
u(x,1) =U3 (1) * AOGHH (L= [x)) = H(t) [ A(x—y)dy [Ui(y.7)dx,
0

-L
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t
o(x,t) = pc’H (t)j{ull(x +L,7)A(-L) —Ul(x - L,T)A(L)}dr +
0

L t
+pC?H (1) [ A(x—y)dy [UL(y,7)dz
0

-L

Cauchy problem 4. Let a heat source act on the segment [-L,L]:
F(x,t) =0, F,(x,t) = A()H (t)H (L —|X|) . The initial conditions are zero. In this case

t L
u(x,t) =UZ(x,t) * A(x,t)H (L —|x) = H (t)Idr j U2(x—y,7)A(y)dy,
0 -L

t L
O(x,t) =UZ (x,t) * A(x,t)H (L — X)) = H (t)jdf j U2(x—y,7)A(y)dy
0 -L
o(x,t) = pcu,, —y0 =

t
= pc?H (t)j{uf(x +L,7)A(-L) U2 (x — L,r)A(L)}dr +
0

L t
+pcPH () [ Ay [{UZ (x—y.7) = U3 (x— y,0) 7.
-L 0

With the joint distribution of power and heat sources of this type, the solution will be the sum of
the corresponding solutions for each of them.

Discussion

In this study, a generalized solution to the Cauchy problem for a thermoelastic rod subjected to
nonstationary force loads and heat sources has been constructed using the model of uncoupled
thermoelasticity and the method of generalized functions. This approach has proven effective for
addressing the complexity of initial-boundary value problems arising in nonstationary thermal
environments, where classical methods may face difficulties due to the presence of singularities and
discontinuities. The main advantage of the proposed method lies in its ability to handle singularities
analytically by introducing generalized functions such as simple and double layers. These functions
rigorously incorporate the effects of initial temperature, displacements, and velocity conditions into
the mathematical model. The use of the Green’s tensor, previously developed in [9], allows for a
systematic representation of the solution in both singular and regular (integral) forms, making it
suitable for further numerical implementation. The numerical realization of the Green's tensor in
Mathcad 15 for dimensionless thermoelastic parameters has shown that this approach is not only
theoretically sound but also practically applicable. The solutions obtained for distributed force and
thermal loads along the rod demonstrate how transient thermal effects interact with mechanical
responses, particularly in cases involving sharp temperature gradients and time-dependent boundary
conditions. These results contribute significantly to the understanding of the stress-strain behavior of
rod structures under unsteady thermal loading. In engineering practice, such findings are critical for
the design and safety assessment of components operating in thermally dynamic environments—such
as turbine blades, reactor components, or high-speed mechanical systems—where repeated thermal
and mechanical loads may otherwise lead to failure due to fatigue or thermal shock. Future work
could extend the current model to coupled thermoelasticity, consider nonlinear material behavior, or
include additional physical effects such as damping or viscoelasticity. Moreover, applying the method
to more complex geometries and three-dimensional structures could further expand its applicability
to real-world engineering systems.
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Conclusion

The derived formulas and the implemented program enable the investigation of thermodynamic
processes in rods subjected to diverse heat and power sources, whether distributed, pulsed, or
concentrated, described by singular generalized functions. The outcomes of this study, along with the
computer program, offer a means to evaluate the strength and reliability of rod structures throughout
operation. These structures find applications in mechanical engineering as well as in the construction
of above -ground and underground structures, including building supports, columns, and similar
components.
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STATIONARY DIFFUSION MODEL IN HETEROGENEOUS MEDIA WITH SMALL
PARAMETERS

Abstract

This study presents a theoretical and applied investigation of a stationary diffusion problem in
heterogeneous media incorporating small parameters and modified boundary conditions. The relevance of this
work stems from the necessity to accurately represent boundary layer effects in complex physical systems with
variable internal structures, such as multilayered materials, biological tissues, and natural geophysical
environments. Traditional models often oversimplify such effects, resulting in distortions in the solution near
domain boundaries. The primary objective of the research is to construct a rigorous mathematical framework
that accounts for both the presence of small parameters and altered boundary conditions. The analysis includes
deriving a priori stability estimates and constructing asymptotic expansions for the solution. The methodology
relies on functional formulation in Sobolev spaces, the Galerkin method, asymptotic techniques, and weak
convergence theory. Special attention is given to the existence and uniqueness of both strong and generalized
solutions, as well as to their convergence properties as the small parameters tend to zero. The results confirm
the solvability of the problem, provide robust energy estimates, and establish solution stability under various
types of boundary modifications. It is demonstrated that changes in boundary conditions primarily affect
solution behavior near the domain edges, while preserving the global structure of the field. The model is
applied in various fields, including climate modeling, thermal diffusion, and hydrophysical systems. This work
lays a foundation for the development of adaptive numerical schemes and for extending the analysis to non-
stationary problems.

Keywords: stationary diffusion, heterogeneous media, small parameters, boundary conditions, asymptotic
analysis, solution stability, functional methods, a priori estimates

O.C. AxmetoBal, C.A. Hcaep?
!Cankr-Tlerep6ypr ['yMaHUTAPIIBIK KOCITIONAKTAP YHUBEPCUTETI AJIMAThl (DUIIHAIBI,
Anmarsl K., Kazakcran
2Ka3ak YJITTBIK KbI31ap NeJarOrMKasblK YHUBEPCHTETI, AIMaTh K., KazakcTan
INAFbIH HIAPAMETPJIEPI BAP BIPTEKTI EMEC OPTAJATBI CTAIIMOHAPJIbI
ANDPDY3UA MOAEJIL

Anoamna

By 3eprrey mekapaibiK mapTTapabl €3repTy MapThl OOMBIHIIA MIAFBIH TapaMeTpiepi 6ap OipTeKTi emec
opTanapia CTalMoOHApNBIK JUQQY3nsi MICeNeCiH TEOPHUsUIBIK >KOHE KOJAaHOa bl TaujayFa apHalFaH.
JKYMBICTBIH ©3€KTUIIT Kom KadaTThl MaTepuajiap, OHOJOTHSUIBIK Yianap *oHe TaOWFU reo(U3UKAIBIK
TY3UTIMAEP CHUSIKTHI OPTaHBIH aybICHaNbl KYPBUIBIMBI Oap (HU3UKAIBIK KyHenepae TYBIHAAWTBHIH MeKapalblK
ocepiiepi [IoNl cumarTay KaKeTTuliriMeH OaiinmanblcThl. Kitaccukanblk MopenblepAe MyHAall acepriep ki
esleHOeH I HeMece KEeHIIeTIe i, OYIT MeKapallblK aiiMaKTapAarbl epiTiHAIHIH TapalybIHbIH OYpMaaHyblHa
oKeneni. 3epTTeyAiH MaKcaThl - IIaFbIH HapaMeTpiiepAl XKoHE ©3repTUIreH MIeKapalbIK MapTTapAbl €CKepeTiH
KaTaH MaTeMaTHKaJbIK MOZEIbAI KYPY, COHBIMEH KaTap TYPaKTBUIBIKTHIH alpHOPIBIK OarachblH aly KoHE
MICIIIMICP/IH aCHUMIITOTUKAJIBIK KEHEIOIH Kypy. OficTeMe (QYHKIMOHAABIK KEHICTIKTEpPAE MaCeNeHi
TYXKBIPBIMIAYJIbI, [allepkuH 9ICIH KOJJaHy/bl, AaCHMITOTHKAIBIK TalIaylbl JKOHE 9JICI3 KOHBEPTEHIIUS
TEOPHSICBIH KaMTuAbL. JKammbuianFaH )kKoHe KYIUTI MIemiMaepAl KypyFa, COHIaii-aK mapaMeTpiep Henre Oerdim
OOJFaHIBIKTAH OJIAPJIBIH JKaKbIHIACY INAPTTApPbIH 3epTTEyre epekiie Hazap ayaapbuiaipl. HoTmkecinme
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MOJENbIIH MIENIIETIHIIr JRJIETIACH ], SHEPTUSIIBIK Oaramaymnap aJIBIHAJIBI, HIEKapabIK
MOAUGUKANMSUIAPABIH OPTYpPJIl TYpiepi VIIiH INEeMIMICPAIH TYPAaKTBUIBIFEI pacTamansl. Illekapaibik
mIapTTapasl ©3repTy HeTi3iHeH OpiCTiH >Kallbl KYphUIBIMBIH Oy30ail, miekapanapra »akblH MIEMIiMACPIiH
OpeKeTiHe acep eTeTiHi kepceriareH. Kimmmaronorusina, KUy aMacy bl MOJICNBICY/IC XKoHE THIPO(U3UKa 1A
MOJIETIB/II KOJIIaHy MbIcanaapel KenrtipinreH. JXyMbIc afanTHBTI CaHABIK CyJI0anmapAbl J3ipieyre >KoHe
TaNJaybl CTAIMOHAPIIBIK EMeC ecenTepre KeHeNTyre Heri3 0oa anajpl.

Tyiiin ce3mep: craronapisl 1uddysus, OipTeKTi eMec opTa, IaFbIH apaMeTpJIep, MEKapallbIK apTTap,
ACUMIITOTHKANBIK TaJAay, MEIIiMIAEPIiH TYPaKTbUIBIFEL, ()yHKIIHOHAIIBIK TCLI, alpUOPIIBIK Oaranay.

O.C. AxmetoBal, C.A. Ucaes?®
LAnmarunckuii punman Cankr-IleTepOyprekoro I'yMaHUTapHOTO yHUBEPCUTETA HPOQCOIO30B,
r. Anmatel, Kazaxctan
?Ka3axcKuil HalMOHATBHBIN )KEHCKUH MeIarornIecKuii yHuBepCuTeT, T. Anmarel, Kazaxcran
MOJIEJIb CTAIIMOHAPHOM JJU®®Y3UU B HEOJHOPOJHOM CPEJE C MAJIBIMHA
IMAPAMETPAMUA

ArHomayus

Hacrosimee wuccienoBaHue IOCBALIEHO TEOPETUYECKOMY MW IPUKIAJAHOMY aHAIU3y CTallMOHApHOU
nudQy3noHHON 3a7aud B HEOJHOPOJHBIX Cpelax C MajbIMH MapaMeTpaMH MpH YCIOBHU MOJU(PUKALNU
KpaeBbIX yCJIOBHUH. AKTyaJbHOCTH paboThl 00yCIOBICHA HEOOXOAMMOCTBIO TOYHOTO OMHCAHUSI TPAHUYHBIX
3¢ }EeKTOB, BO3HUKAIOIIMX B (HU3MUECKUX CHCTEMax C IIEPEMEHHOM CTPYKTYpoHl cpenbl, TakMX Kak
MHOTOCJIOMHBIC MaTepuasibl, OHOJIOIMYECKHE TKAaHW M NPUPOJHbIE Treodu3mueckue oOpa3oBaHus. B
KJIACCUYECKUX MOJENAX Takue 3(PQEKThl 3a4acTy0 HUTHOPHPYIOTCS WM YNPOIIAIOTCS, YTO MPHUBOAUT K
HCKQXCHUIO paclpeAeNeHNs PEeIIeHUs B TOTPAaHUYHBIX 30HaX. Llenpro UccIenoBaHus SBISETCS MMOCTPOCHHE
CTPOroM MaTeMaTUYECKOM MOJIENH, YUUTHIBAIOLIEH MaJIble IIapaMETPhl U U3MEHEHHBIE TPAHUYHBIE YCIIOBUS, a
TAaKKe IIOJIy4EHHE AIPUOPHBIX OLIEHOK YCTOMYMBOCTH M IIOCTPOEHUE ACHUMITOTUYECKUX Pa3IOKECHUN
pemieHuid. MeToAonorusl BKJIIOYAET B ce0s IMOCTAaHOBKY 3aJauyd B (DYHKIMOHAJIBHBIX IPOCTPAHCTBAX,
npuMeHeHne Merona [anepkuHa, acHMOTOTHYECKOTO aHajiu3a M TeopuH cinabod cxomumoctr. Ocoboe
BHUMAaHHUE YAEJICHO MOCTPOCHUIO 00OOIIEHHBIX M CHIIBHBIX PEICHHH, a TaKKe MCCIEeJOBAHUIO YCIOBHH HX
CXOAMMOCTH TPH CTPEMIICHMM MapaMeTpoB K HyJ0. B pe3ynbraTe 1oKa3aHa pa3peliMMOCTb MOJIENH,
MTOJTy4YEHBl SHEPreTUYEeCKHE OLEHKH WM MNOJATBEPXKAECHA YCTOWYMBOCTH PEIICHHH IPHU PA3NAYHBIX BHAAX
rpaHnyHbIX Moaudukanuii. [TokazaHo, 9T0 MOJU(UKALIUS KPACBBIX YCIOBUH BIHACT MPEUMYIIECTBEHHO Ha
MOBEJICHUE pEIICHU BOJIM3M TpaHuWL, HE Hapymas oOmedl cTpykTypsl mons. llperncraBieHsl mpuUMepbI
MPUMEHEHUS] MOJENH B 3afadax KIMMAaTOJOIMH, MOJCIMPOBAHUH TeIUlonepeHoca u ruppodusmuke. Pabora
MOJKET CIY)KUTh OCHOBOW JUIsi pa3pabOTKH aJalTHBHBIX YHCICHHBIX CXEM W pacCIIMpeHHs aHalu3a Ha
HECTAaLlMOHAPHBIE 3aJa4H.

KiroueBble cioBa: craumoHapHas auddysus, HEOTHOPOAHAs Cpela, Maible NapaMeTpbl, KpaeBble
yCIIOBUS, aCHUMITOTHYECKUH aHaNW3, YCTOWYMBOCTh pEUICHUH, (YHKIMOHANBHBIA TOAXOJ], AlNpUOPHBIC
OLICHKHU.

Main Provisions

This paper investigates the influence of boundary condition modification on the behavior of
solutions of a stationary diffusion problem in inhomogeneous media with small parameters. A
theorem of the existence of strong and generalized solutions of the problem is established, a priori
stability estimates are obtained, and asymptotic expansions with control of the accuracy of
approximations are constructed. It is revealed that modifications of boundary conditions significantly
affect the distribution of the solution in the boundary region. The methodology is substantiated using
the theory of boundary value problems and methods of functional analysis.

Introduction

Mathematical modeling of stationary processes of matter and heat transfer in environments with
spatial heterogeneity and small parameters is an important area of applied analysis. Similar problems
arise in a wide range of scientific and engineering applications - from thermal physics and geophysics
to biomechanics and materials science. A characteristic feature of such processes is the increased
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sensitivity of solutions to boundary conditions, especially in situations where the properties of the
medium change significantly near the boundary of the region.

Traditional formulations of diffusion problems often assume strictly specified boundary conditions
and constant coefficients, which may not be justified in real systems. Classical approaches developed
in the works of O.A. Ladyzhenskaya [1, p. 15] provide a fundamental basis, but do not cover the
influence of structural heterogeneities and variations at the boundaries. More modern studies suggest
using asymptotic analysis and homogenization methods to account for the heterogeneous
microstructure [2, p. 47; 3, p. 92]. However, the issue of modifying boundary conditions in the
presence of small parameters remains insufficiently studied. In climate modeling problems, for
example, when assessing heat transfer through ice cover, it is essential to consider the transition zones
between layers with different thermal conductivities, such as those between air and ice, and ice and
water. Here, both spatial heterogeneity and weak heat exchange at the boundaries become
unavoidable, which cannot be correctly described without introducing modified boundary conditions
[4, p. 213]. In this context, the development of models that combine a functional-analytical approach
with asymptotic stability of solutions becomes relevant.

The present study aims to construct a mathematical model of stationary diffusion that takes into
account small parameters, structural heterogeneity of the medium, and modified boundary conditions.
A rigorous justification for the existence and stability of solutions in functional spaces is proposed, a
priori estimates are obtained, and asymptotic expansions are constructed. In addition, the practical
application of the model for describing a stable temperature profile in ice layers with various types
of boundary interactions is demonstrated. Thus, the developed model has both theoretical value and
practical significance for heat exchange problems in natural and engineering systems.

Research methodology

The study is theoretical and analytical, based on modern methods in the theory of boundary value
problems for elliptic equations. The mathematical model is formulated based on a stationary diffusion
problem, where the heterogeneity of the medium and the presence of small parameters determine
spatial variations in the coefficients and modifications to the boundary conditions. The central place
is occupied by a strict formulation of the problem in Sobolev spaces, which allows analyzing solutions
within the framework of both intense and generalized interpretations. To substantiate the existence
and uniqueness of solutions, Galerkin and variational calculus methods were used, as well as the weak
convergence technique, which made it possible to prove the solvability of the problem rigorously. All
conclusions are accompanied by a priori energy estimates based on classical functional inequalities -
Cauchy, Young, Sobolev - and the maximum principle. This approach ensured the mathematical rigor
and stability of the model. Particular attention in the work is paid to the construction of asymptotic
expansions of solutions in powers of a small parameter. By formally substituting these expansions
into the original equations and modified boundary conditions, equations for each order of
approximation were identified, which made it possible to determine the exact structure of the
correction terms. The obtained estimates of the residual terms confirmed the convergence of the
approximations and the stability of the solution as ¢ — 0. An important step was the justification of
the correctness of the limit transition as small parameters tend to zero. The use of weak convergence
concepts in Sobolev spaces ensured a rigorous analysis of the behavior of solutions, including
nonlinear boundary terms. Thus, the proposed methodological approach combines functional and
analytical rigor with the ability to construct stable approximations, providing a comprehensive
understanding of the influence of modifying boundary conditions on the structure of a stationary
solution in an inhomogeneous medium.

Statement of the Problem

A boundary value problem is considered that models the steady motion of a viscous incompressible
fluid with variable density in a limited region Q € R3. The motion is described by the following
system of equations:
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p[(B-V)B] = vAD — Vp + A(Vp - V)P + pf, (1)

This is the generalized equation of motion (modified Navier—Stokes equation) for an
incompressible fluid with variable density.

The left-hand side is the inertial term: the density p times the convective derivative of the velocity
@ -V)v.

The left-hand side is the inertial term: the density p multiplied by the convective derivative of the
velocity (v - V).

The right side includes:

(v - V) — aviscous term describing internal friction (diffusion of momentum);

Vp — a pressure gradient;

A(Vp - V)¥ — an additional term reflecting the effect of the density gradient on the velocity;

pf — amass force (for example, gravity) multiplied by the density.

Condition of incompressibility of the medium (2): the divergence of the velocity vector field is
zero. This means that the volume of the liquid is preserved.

divi = 0 )

The equation of density (3) transfer takes into account diffusion. The left part is the convective
transfer of density by the velocity field, and the right part is the diffusion spreading of density with
the coefficient A. The equation describes the stationary distribution of density in a moving medium.

(- V)p = Alp 3

Boundary conditions:

1_7)|an = O' P|an = pO(x)' fQ pdx =0 (4)

where

V|50 = 0 —no-slip condition: the liquid is at rest at the boundary of the region;

plaa = po(x) —the density distribution at the boundary of the region is given;

fQ pdx = 0 —pressure normalization: the average pressure value over the region is assumed to
be zero (for uniqueness of the solution).

Description of variables:

v —volumetric flow velocity vector;

p — scalar pressure field;

p —scalar function of the density of a liquid (or solution);

A —molecular density diffusion coefficient;

f — vector of mass force acting in a region (for example, gravity);

v — kinematic viscosity coefficient.

The function py(x) defined on the boundary 0Q satisfies the condition

lpo ()| = M (5)

Definition 1. A strong solution to problem (1)-(4) is a function v(x) € WZ(2)N
WL(2),)p(x) € WE(2),div v = 0,p(x) € W5 (), satisfying (1)-(4) to the appropriate extent.

Theorem 1. Let 9Q c C?, f(x) € L,(Q), po(x) € W23/2(Q) and condition (5) be satisfied. Then
there exists at least one strong solution to problem (1)-(4).

Proof. We obtain a priori estimates of the solution. By the maximum principle for elliptic
equations, we have

21



BECTHUK KaszHIIY um. Abas, cepus « Quzuxo-mamemamuyeckue naykuy, Ne2(90), 2025 2.

lpl <M (6)

Let us multiply (1) by v in L,(Q). Considering that by virtue of (3)

f [p(5 - V)i — A(Vp - V)] 5dQ = 0,
Q
we get the inequality

V“v{j”lz,z(ﬂ) = CM”f”WZ—l(Q)”VE”LZ(Q)’
from which follows the assessment

vIVall,q < ClIFll,, ~1(q) (")
Now, multiplying (3) by p — py in L, (), we get
Mlvpllf, oy S C (||17||L2(g)||VP||L2(n) I)glefgdp = Pol +/1||Vp||LZ(Q)||Vpo||L2(n))
Applying Young's inequality on the right-hand side

121, Vel @ rygglp = pol + AIVpllL, @ IVeollL, ) <

5—1
||\7p||L2(m+ 19112,y maxlo = pol? + 2219po 17,y |

For sufficiently small §; we have

201,y < € (I1Fll10q) + 1P0NE () ®)

Next, using the theory of boundary value problems for elliptic equations, from equation (3) we
obtain

19p1l1,00) < € (11 - Dplliyca) + 190 ll372 o0 )

Using inequality
1VollL, ) < Cllolly gy I3 2ay < Cllolly g M
Let's estimate the first term on the right-hand side

1@ - Vel < 181,@ 1Pl < CIP - Vily@M 2ol g <

b 020 s oz
S lpllwz o) + TC”V VIL,M.

For sufficiently small §,, we establish

lollwzcay < € (I1Flly -1 + 1ol 272 o0 ) ©)
Let us rewrite (1) as
VAU —Vp = p(v-V)v — A(Vp - V)v — pf,
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Let's estimate the right side as follows:

lo@ - V)% = AV - V)7 = pf|| o) < MITlL,@) 1951l c0) +

ANl @ 175,00 + MIIFIl, o) <

~n5/4 -n3/4 1/2 -n3/4 =nl/4 r
< COMIIVDI iy 1117y + ol oy M 2151 o 19511y + M, o) <

3 1 -
N -3 =115 2 o
< 163||v||W22(Q) + 153 C (M4||V17||L2(Q) + /14||p||W22(Q)M2||vv||Lz(m) + CM||f||LZ(m

Using estimates of solutions to boundary value problems for the Navier-Stokes system, we find
— - =5 - 2
”v”WZZ(Q) + ||Vp”L4(Q) <C (”f”LZ(.Q) + ”f”Wz_l(Q) + ”f”Wz_l(Q) + ”pO”WZS/Z(aQ)) (10)
The solvability of problem (1)-(4) can be proved based on estimates (6)-(10), for example, by the
Galerkin method. The proof is complete.
Let us consider various approximations of problem (1)-(4). Let us start with the system
pE (Ve - Vv = vADE + iniV e — %pgﬁ‘gdivﬁ‘g + pEf + A(VpE - V)BE, (12)
(v® - V)p® = AAp¥, (12)
with boundary conditions
v¢laq =0, p¥laq = po(x). (13)
Theorem 2. Let £ (x) = L,(Q), po(x) = W,2/?(Q) and satisfy (5), 9Q € C2. Then there exists at

least one solution to problem (11) — (13) v¢(x) € W2(Q) N W1 (Q) , ps(x) € W.2(Q) the estimate
holds

- 1 L= ~
1520 + 1V div 500y + 1%z < o (IF ], g 19022 (14)

Proof. As before, [pf| < M.
Multiply (11) by v¢ in L,(Q). By the equality

- . 1 . - N N
f [p‘s(v‘E -VvE + Ep‘sv‘gdivv‘E — A(Vpt - V)v‘g] védx =0,
Q

we will receive
. 1 B A1
V||VVS||i2(Q) +- |V div US”fZ(Q) = C”f”WZ_l(Q) (15)

Next, from equation (12) we have

=2
otz < € (1710 * MPolly2r2 ) (16)
Let us rewrite (11) as
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-

.1 R - .. 1 R .
vWoé + EV div v¢ = pt (V& -V)vé + Epgvsdivvs — A(Vp? - V)ve — p¥f,

Estimating the right-hand side in L, (£2) taking into account the inequality of the e-approximation
of the Navier-Stokes equations

R 1 . 1 .
1V lwzq) + Z IV div vé|| ) < C||vVve + EV div v

; . L, (Q)
we will receive

15 w2y + 21 div 5N,y < € (1] g + IF sy + 17T oo g0l /250 ) (47)
wi@) T Ly(Q) = Lo () wy1(Q) wy () 1Po wi/?(00)

Estimates (16), (17) guarantee the validity of Theorem 2. In addition, it follows from them that it
is possible to select subsequences {p¢}, {v*}, {i div 175} that weakly converge in the corresponding

measure as € = 0. The proof is complete.
Let us rewrite (11) in the form

. - . 1 . - -
pé (v - V)ve = vAv® — Vp? — Epevgdivvg + pff + A(Vp® - Ve,
(18)
divv® + epf = 0.

Theorem 3. Let the conditions of Theorem 2 be satisfied. In addition to the fact that f(x) €
Wyt u ||f|| M, lpo (Il /2, are sufficiently small. Then the solution to problem (18),
L(Q) w7 (Q)
(12), (13) can be represented in the form

N
55 =54 Z kD, + eVt
k=1
(19)
N
pe=p+ Z e“pi + pee™
k=1
N
pi=p+ Z £ pi + pee"t,
k=1
where v, p, p is the solution to problem (1) — (4), and the following estimates are valid
||17k||W22(Q) + ||Vpk||L2(Q) + ||pk||W22(Q) < (y,
(20)

”WSHWZZ(Q) + ||Vp£”L2(Q) + ||p£||W22(Q) < Cs.

Proof. Substitute the expansion (19) into (18), (12). Collecting the coefficients at the powers of
g forall k =1,2,..., N we obtain
- - - - - I O
po (Do * V) + po (U - VIV + pi (Vg - VIV + Epovodka =
(21)
= VAV, — Vpi + prf + AL(Vpo - VIV + (Vi - V) Vo] — hye (%),
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k-1 k-1
- I S -
h (x) = z [pi(vj V), + Epivjdw vi] + z A(Vp; - V)T;,
L5721 ij=1
i+j+e=k—1 i+j+t=k-1
div vy + prs1 =0, (22)
pr(Wo * V) + po (U * V) + gi(x) = AApy, (23)
k-1
gi(x) = Z ('31' ' V)pj'
ij7=1
i+j+o=k—1
Uklag = 0, prlag = 0. (24)

The functions w, p,, p, are the solution to the problem

. _ _ . . I R
po (Do - VIWe + po(We - V)Vg + pe(vg - V)Vg + EPOUOdWWe =

(25)
= VAWS — Vpe + psf + A[(VPO ) V)Ws + (Vpe ) V)‘EO] - hN+1(x):
k—1 k-1
h — i+j+f—N > .1 S div i+j) -
n+1(x) = € pi(T; - V)V, + S Pivjdiv V| + eA(Vp; - Vv,
i,jf=1 i,j,6=1
i+j+E>N i+j+o=k—1
divw, + ep, + epy =0, (26)
pe(Wo - V) + po(We * V) + g1 (x) = AApy, (27)
N
va@= ) MMy,
i =1
i+j+E>N
Weloa = 0, pelag = 0. (28)
Problems (21) — (24) for each fixed k = 1,2, ..., N, (25) — (28) have solutions
¥, (x), We (x) € WZ(Q) N W3 (Q)
Vo (x),Vp.(x) € Ly (Q), pic(x), pe (x) € WF(Q),
where vy, px, px do not depend on .
Let us estimate the functions g (x), hy (x)
k-1
gl < Y. Wlu@lvall, o <
=1
i+j=k-1
(29)

25



BECTHUK KaszHIIY um. Abas, cepus « Quzuxo-mamemamuyeckue naykuy, Ne2(90), 2025 2.

k-1
<C z |IvaiI|L2(ﬂ)|lApj||iZ?Q)”pj”iz/?ﬂ)
i+j=k—1
k-1
||flk||L2(Q) < Z (M”ﬁi”L6(Q)||VEJ'”L3(Q) + /1||VPi||L4(ﬂ)“VEf||L4(Q)) =
N ij=1 (30)
= Z (MHV?Z-IILzm)||A'7j||Z(2m||Vﬁj||Z(2m +ﬂIIVPiIIZ?m“p”zfm||A5||Z?ﬂ)”5”ifm)
ij=1

From equations (21) — (23) we have
VIIAT L, ) H1VPkllL, ) < CLIVPr-1ll + M (19610 lIVOkIIL, ) + 1Pkl ) VPola) +
+Hlowllz, @) Vol Vigla + ||Pk||L3(Q)||f”L6(m + /1(||VP0||L6(Q)|V731<|L3(Q) + ||Vpk||L2(Q)|V50|Q) +
HIill, o] < 808N L) + AT, 00) +

FCI9Pe-alli, + [1Bell, o) + 4+ 8™ (Ulokll@) + 15kl @) X (31)

N N =2
x (1+ 1ol + 1ol + [IFIl, o + 170200
180, c) < C[1P0lallVorllL, ) + 1Pk, IVPoll Ly ) + Gkl @] <
< §(IVprllL ) + 1AV L, ) +
=~ 14 - 4/3 =
+Cs B0l 1ol Ly + 15l 1900 1} Gy + NGl (32)
The function ENH(x),gNH(x),Wg(x),pg(x),pg (x) are estimated similarly. From inequalities
of the form (29) — (32) follows estimate (20) for sufficiently small f(x) and p,(x). The proof is

complete.
Let us consider the following approximation of equations (1) — (4)

pE(D% - V)D€ = VADE — VpE + A(Vp® - V)D¢ + pef — %psﬁediv Ve, (33)
div v¢ = e(Apf — p%), (34)
(v® - V)p® = A0p®, (35)
with boundary conditions
#loa =0, 5| =0, p%lon = pox). (36)

Definition 2. A generalized solution to problem (33) — (36) is a function v¢(x) € W, (),
p(x) € W2(Q) that satisfies the integral identities
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- g I - I e —
f [pe(vg Ve + vWuEVY — pedivy — A(VpE - V)véy + Epgvedivvflp —péfyYldx =0,
Q

f [divvép + e(VpEVe + pép)] dx = 0,
Q
for any ¥ € W2(Q), (x) € W (Q) and the problem (%€ - V)p& = AApE, p€laq = po(x) almost
everywhere in Q.
Definition 3. A strong solution of problem (33) — (36) is a function ¥¢(x) € W2(Q) n
W(Q), pé(x) € WZ(Q), pé(x) € W2(Q) satisfying (33) — (36) almost everywhere in Q.
Theorem 4. f(x) € W5 (), po(x) € W;2/?(89), 00 € C2. Then problem (33) — (36) has at least
one generalized solution and the estimate holds

151260 + 1% zaon + 105 huzay < € (IF GOy or gy + 1 P0Gy a2 gy + 1), (37)

in which the constant C does not depend on «.

Proof. Let us introduce estimate (37). Note that by virtue of the maximum principle for elliptic
equations

|p?q = max|p®| < max|p,| < M.
X€EQ X€EQ
Multiplying (33) by v¢ in L,(Q), we obtain

. - . - 1 . . . o] -
V”VU‘S”zZ(Q) — f pédivve dx = f [)L(Vpg V)vé + pff — Epgvgdiv v& — pf(vE - V)v¥|véidx
Q Q

Using (34), (35), we find
V”V??g”]%z(g) + €||Vp£||1%2(g) + S||p£||,%2(9) = M||f||W2—1(Q)||V73£||L2(Q)-
Using Cauchy's inequality, we obtain
VIVEEIZ, oy + elVPEIIZ, cqy + ellpE 112,y < CIIF,
Lo (Q) L2(Q) L(Q) = w;1(Q)
Multiplying (35) by p® — p, in L, (), we have

1 . R
A1 o =5 [ 52D dx + [ W% Tpodx = [ @ Wppo dx
Q Q Q
From this follows the inequality

=2
29012, ) = € (Il 10, - M2 + 1001, )

From the theory of boundary value problems for elliptic equations follows the estimate

otz < € (I oGOl 27250y + 1 - DpE llycay) <
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< € (I P02 gy + 15 L, llo? ||L4(m) — oz +
ot i
+C == MIVFEIE, o + 1 Po Ol y372 50
from here, for a sufficiently small 6,, we conclude
102y < € (P0G Ny720y + 1200 )

Let us obtain an estimate for the function p(x). To do this, we multiply (33) by the function
o(x) € W (Q). We have
1
pr o(x)dx = f [vAv + A(Vpe -V)vé +p f 5P tvédiv ve — pt(ve - Ve ](p(x)dx

Usmg inequalities

f VAP H() dx < CIV5 Iy 1B
QO

j A(Vp# - NP (x) dx < CIVVe L, @ IVOE Il @, <

< CIVEe Nl ¥l 27z oy M 19l

(00)

L N
[ (gpevedivoe = p (e - m)5¢) 500 dx < Clo Lol I 1l
Q

we find

[ w0 dx < € (14 17, )+ o0l 37200y ) 16Tz
Q

It follows from this
-2
19D sy < € (14 [l + 1120l 27200 )

This is due to the condition fQ p®dx = 0 and the inequality

IP?ll, ) < CUVPEllwzicay.
allows you to set a rating

=02 .
1p% N0y < € (1 + (17111 gy + 11 Polly 72 agy )» from which follows (37).

The proof of the solvability of problem (33) — (36) is carried out by the Galerkin method based
on (37).

28



Abaii amvinoazer Kaz¥I1Y-nuiy XABAPIIBICHI, « Qusuka-mamemamura sviavimoapsly cepuscol, Ne2(90), 2025

Corollary. Any generalized solution of problem (33) — (36) as € - 0 becomes a generalized
solution of problem (1) — (4).

Indeed, by virtue of (37), from the sequence {v%,p% p¢} one can select a subsequence that
converges as € — 0 in the following sense:
v¢ — v weakly in W} (Q) and strongly in Lg(Q),
pt - p weakly in W£(Q),
pf — p weakly in L, (Q).

These properties of the sequence {v¢, p%, p¢} allow us to move to the redistribution as e—0 in the
integral identities for v%, pé, pé, similar to those given in Definition 2. We will show how the
transition is carried out in the most complex nonlinear terms

[CHCEA) A B CICR AT
= |(p* = p, @° - VITY) + (p[(F° ~ D) - VI, P) + (0B V(F* ~ D), )| <
< 1o = pll7 I, @ 17 Nwp @ 1Pl ) + 10117 = Blluu 19l 101, o +

+p(@ - V(@ - D), P].

As € — 0, the first term tends to zero due to the strong convergence of p# and p (which follows
from the compactness of the embedding of W.2(Q) into C(£), the second term due to the strong
convergence of v¢ to v in L,(2). We integrate the third term by parts

jp(ﬁ-V)[ﬁg—ﬁ]Jde = —f[af—a](a-V)(pJ)) dx.

Q Q

Obviously, the inequality is true
(p@ - V(@ = 9),9)| < 1155 = Bl (@ IFllL, () X

X (10118130 + 181, o 0w can )
from which it follows that

(P22 - V)55, %) - (p(@ - V), ).

In the remaining terms of the integral identity, the limit transition is carried out similarly.

Theorem 5. If £ (x) € L,(Q), po(x) € W, /?(80), 80 € C2, then the generalized solution of
problem (33) — (36) becomes strong and the estimate

155wz o) + 105 lwzcay + 1VP%Nliy0) < Ce
where C, - 0as € - 0.

Proof. As was seen above, the following estimate holds:

e¥2||VpllL, @ < C (”f”Wz_l(Q)’ "pOHW;/Z(aﬂ))'

Let us write equation (33) in the form
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N = o - c 1 5 7]
VA® = Vp? — A(Vp? - V)% + p?(5° - V)P* — p°f + 3 pb°div 7,

From the theory of boundary value problems for elliptic equations it follows that v¢(x) €
W2(Q) n W (Q) and the inequality holds

155wz < € (1901, @ 175 Ly o0 + MITE (@ 195 1) + MIFI, )
The following estimate follows from this:

gl/zllﬁsllwzz(ﬂ)wzl(ﬂ) < C (”f“wz_l(ﬂ)! ”pO”W23/2(aQ)).

This is what needed to be proven.
Theorem 6. Let £ (x) € Wi (Q), po(x) € W,*/?(202),00 € C3, and ||f||W_1
small. Then the following estimate holds:

@’ M be sufficiently

”55 - 5”51;21(9) + ”pg - plllz,z(g) + “p‘S - p”‘%yzz(g) = C453/2; (38)
|v€ — oI + |Ip® — pll? < Cse'/? (39)
wz@ TP 7 Pllyt = b8

Proof. First of all, we note that from the general theory of boundary value problems for the
Navier-Stokes equations it follows that if f(x) € W1 (Q), then Uy, € L, (Q) and p,, € L,(Q), ie.
Uy, U € C(Q).

We represent the solution of problem (33) — (36) as the sum

VE=v+ew,pf =p+emp=p+en.

Then the functions w, 7, can be considered as the solution of the following boundary value
problem

n(we -+ p[(v- VY)W + (W - V)vé] = vAw — Vit +

(40)
. - =1 . _
+A[(Vp - V)W + (Vn -V)ve] + nf — Epgvsdiv w,
divw = eAn — e + Ap — p, (42)
(V- V)n + (w-V)p® = A4, (42)
S o—p o - _19p —
Wloa=0, 51| ==237 . nlaa=0. (43)

Multiply (40) by w ~ in L_2 () and integrate by parts

VI - VI o) — f rdiviv dx = f[n(af-vws +o(G - VW + (- 1)) +
Q Q

_ - =1 . I
+A((Vp - V)W + (V- V)DE) + nf — Epsvgdiv v‘g] wdx.

The following relations are valid:
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1 1
—fp(ﬁ-V)W-vT/dx=—Efp(ﬁ-V)(vT/)zdx=§]vT/Z(ﬁ-V)pdx=
Q Q Q

117 .
=§fwz/lApdx=—/1f(Vp-V)w-wdx,
Q Q

—J.ndidexz—fn(sAn—en+Ap—p)dx
Q Q

5 on 2
= ellvalli, ) =& | w5 d0Q) +ellrll, @ =
a0

+
L(Q)

on
~ | map— ) dx < eI oy + el + el ||%
Q

+ll L, (12PN, ) + 1P, ),
- - o .. 1 . I
f [—17(17g VvéE —pw-V)vé¥+ A(Vn-V)vé — Epgv‘gdiv Ve ] wdx <
Q

< C(||77||L6(Q)||73£||L6(Q)”V58“L2(Q)||W||L6(Q) + M||V73£||L2(Q)||W||12,4(Q) +
1Vl @ IVPEI L Wil ) + MIVENL, @ IWIlL, @ IVWIl L, @) )-
From (42) we obtain
MVnlIZ, ) < Cllp*W - DIIE, 0y < CIWIE, o lIVEIIE, ) < CIVWIL, @) IV0% 111, 0)-
Let us estimate the following quantities

7l < ClIVEllyg ) <

. =2 N
< C{IWlluya) |1+ 1l gy + 100l 3720000 | + 199l [ 1+ 1L -1 |

1 1 1
I7llL,c00) - A < ClIVAI 2y - A < C(ellVlZ, (y)* - (Il iqy)* €73 A <

-1

< Z<s||v7z||§2(m + 2, o) + %c L £72- A2

171 @) 175 IVTE N @) Wl g ) + MIVEEN ) W, ) +

HIVAllL, @ IVPEI L@ Wl @ + MITENL@ VWL, @ WL, <
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< IVl @ IVEeNE, oy IVW L, ) + MIVEE L, IVWIIE, (o) +

HIVA L, @ IV L, @ VWl 1, 0) + MIVEE L, @) IVWIIE, ) <

—112 -2 212
< C”VW”LZ(Q)”f”WZ—l(Q) [1 + ”f”Wz_l(Q) + ||p0||W23/2(aQ)]

Using the above inequalities, for a sufficiently small §; we obtain

— =112 2112
19 s {2 = Gl a1+ 17Dy + 1202000 |} +

-2 1
+ell V7l oy + el oy < € (1Fllyon gy + €272)
Let f (x) and py(x) be such that

a2 =2
V= Cllfllymagay |1+ 1l + Mool agy] = vo > 0
Then the following estimate takes place:
. -1
IVAlIZ, ) + VollVWIIZ, ) + ellVAIIZ, q) + ellmllf, ) < Coe 72,

It follows from this

- - -1 3
19% = g2 qy + IP° = PllE, @) + 11p° = plliz2qy < Cog®e™2 = Cee,

e o 1
”v‘g - v”a/;(m + ”p‘g - p||fz(m =< 6752-
Theorem 6 is proven.

Application Example

Stationary Heat Transfer in Climate Systems

One of the practical applications of the developed model is simulating stationary heat transfer in
multilayer geophysical systems, such as the ocean—ice—atmosphere interface. In such problems,
physical heterogeneity arises due to abrupt changes in thermal conductivity between layers (e.g., ice
and water), while modified boundary conditions account for weak but non-negligible heat exchange
at the interfaces. In this context, the small parameter ¢ represents the thickness of transition zones or
an effective heat exchange coefficient, allowing the model to account for the influence of thin snow
layers on top of ice or turbulent atmospheric effects.

The stationary formulation enables the evaluation of stable temperature fields within the ice sheet
under given boundary conditions. Modified boundary conditions are particularly relevant for
scenarios where the ice—air interface is not ideally insulated but permits a weak heat flux.
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Figure 1. Stationary temperature distribution in the ice cover under given boundary conditions
The figure below illustrates a simplified numerical example: the stationary temperature
distribution across a 1-meter-thick ice layer. The top boundary (ice—air interface) is set at —20 °C, and
the bottom (ice—water interface) at —2 °C. The result shows a linear temperature gradient, typical of
steady-state thermal conduction in homogeneous media, but applicable here with consideration of
boundary modifications. Such models are essential for long-term climate predictions, simulations of
ice melt dynamics, and energy balance studies in polar regions.

Results of the study

In the course of the theoretical study, a stationary diffusion problem in an inhomogeneous medium
with small parameters and modified boundary conditions was considered. Three different
mathematical approximations of the original model were constructed and rigorously analyzed. At
each stage, the correctness of the formulation was substantiated, the existence of solutions was
proven, and a priori estimates were obtained that do not depend on the values of the small parameters.

For the original problem with fixed boundary conditions, it was shown that when the conditions
of the boundedness of the boundary density function are met, there is at least one strong solution.
Using the maximum principle, Young's inequalities, and energy estimates, inequalities were derived
that enable the establishment of solution stability.

A transition was made to approximate problems that include small parameters reflecting the
features of the boundary and the inhomogeneity of the medium. An asymptotic expansion of the
solution in powers of the small parameters was constructed. It was found that as the parameters tend
to zero, the solutions of the approximated problems weakly converge to the solution of the original
model. Moreover, if the conditions of sufficient smallness of the parameters are met, it is proved that
the expansion preserves the accuracy estimate and allows analytical control of the residual terms.

The concept of a generalized solution is also introduced, and it is proved that it exists and coincides
with the weak limit of approximations. The conditions under which the generalized solution becomes
strong are established. This confirms the correctness of the constructed approach both in theoretical
and applied aspects, including heat transfer problems in multilayer media, where the physical model
requires taking into account complex boundary interactions.

Quantitative estimates of the model accuracy

As part of the work, a priori estimates of solutions for various forms of problem formulation were
obtained - both in the original model and in its approximated versions with small parameters. These
estimates enabled us to quantitatively characterize the behavior of solutions as the parameters that
model the medium's inhomogeneities and the features of the boundary interaction were changed. In
particular, based on energy inequalities and the application of the Galerkin method, upper bounds of
the norms of solutions were established that do not depend on small parameters. Such estimates (of
the form (7), (9), (20), (37)) serve as a basis for proving the stability of solutions, as well as for
analyzing their convergence as the parameters tend to zero.
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Error estimates between approximate and exact solutions were obtained. It was found that for
sufficiently small parameters, the expansion presented as a sum of the main and correcting terms
ensures an accuracy of order 0(e? + §2) in parameters. This allows one to control the approximation
error at all stages and apply the model in problems requiring high reliability of the numerical forecast.

Based on the obtained estimates, it was also demonstrated that a limit exists as the parameters tend
to zero, and the limit solution satisfies the original problem in a generalized sense. This result is
confirmed strictly through sequences of approximations that weakly and strongly converge in the
corresponding functional spaces, as described in the proofs of Theorems 4-6.

Thus, the quantitative characteristics of the model not only support its theoretical validity but also
allow it to be effectively applied in practical problems of diffusion analysis in inhomogeneous media
with thin boundaries and transition layers. These estimates create a basis for developing robust
numerical methods adapted to the parametric structure of the problem.

Discussion

The results of this study emphasize the importance of modifying boundary conditions in
mathematical modeling of diffusion processes in heterogeneous media with small parameters.
Classical approaches based on rigid boundary conditions, as a rule, do not take into account the
influence of real transient processes at the boundary of the medium. In contrast, the proposed model
allows for a flexible description of boundary phenomena that arise, for example, due to weak
interactions between physical layers or abrupt changes in material characteristics.

Analytical and numerical results demonstrate that the model exhibits high stability and
predictability when varying the parameters responsible for the medium's heterogeneity and boundary
diffusion. At the same time, the obtained approximations retain accuracy. They are consistent with
the physical nature of the processes, making the model applicable to a wide range of problems, from
thermal physics and climatology to engineering systems with a multilayer structure.

Of particular value is the possibility of conducting a rigorous analysis of the influence of boundary
conditions on the structure of solutions, which is of key importance in situations where instability at
the boundary can significantly affect the global behavior of the system. The justification of
convergence and the availability of quantitative estimates confirm that the model can serve as a
reliable basis for subsequent numerical implementation.

Conclusion

The paper constructs and analyzes a model of stationary diffusion in an inhomogeneous medium,
taking into account small parameters and modified boundary conditions. A mathematically rigorous
statement of the problem is formulated, the existence and uniqueness of a solution are proven, a priori
estimates are obtained, and an asymptotic analysis of the solutions is performed. A technique for
constructing approximate solutions with accuracy control is proposed.

The application of the model to the problem of temperature distribution in ice cover made it
possible to demonstrate its applied value and confirm the physical validity of the obtained solutions.
The conducted modeling showed that taking into account boundary inhomogeneities significantly
affects the field structure in the vicinity of the boundary. At the same time, in the central region, the
solution remains stable and regular.

Thus, it can be argued that the developed model is mathematically correct, stable to parametric
disturbances, and applicable to a broad class of problems. Its further development can be associated
with taking into account nonlinear effects, the transition to non-stationary modes, and the construction
of adaptive numerical algorithms for practical application in engineering and natural systems.
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JKAJIbI MYIIIECI BAP KEJIb®WUH-®OMUI'T )KYUECIHIH IEIIIMIHIH,
IKCIIOHEHIUAJIIbI KEMYI

Anoamna

MarematukanblK (U3NKa ecenTepiHiH KUCHHIBUIBIFBIH, SFHU MIEMIMHIH 6ap O0MyBI, KaIFBI3IBIFBl MEH
OPHBIKTBUIBIFBIH 36PTTEYMEH KaTap OHBIH LICHIIMIEPiHiH CalalIblK KACHETTEPiH 3epPTTeY J€ MaHBI3bl OOJIBII
Tabbutaapl. JKanmel anFaHga, MaTeMaTHKAIBIK (DU3UKAHBIH KOHE THAPOJUHAMHUKAHBIH CBI3BIKTBI €MecC
TEHJAEYJepl MEH TEeHIEYJIEp KYHeci YIIiH KOWBUFaH Typa MEH Kepi ecemnTepiHiH MemiMiHiH riaobanasl 6ap
00JTybI MEH KaJIFBI3IBIFBIH JIJICIICY OHAlFa COKNaiibl, ce0e0l ChI3BIKTHI EMEC eCeNTepIi STy IiH OipbIHFai
omictepi oK. Auaiija, IICNIIMHIH KeHOIp camaiblKk KAaCHETTepiH 3€PTTEH OTBHIPHIN, MACEJCH, aKbIPJIbI
YaKbITTaFbl MICMIMHIH KAPaybl HE HONTe aifHaIyhbl (JOKATU3aIUsICHl), HE YaKbITTHIH IIEKCI3 ©Cyl Ke3iHeri
e3repici xoHe T.0. KacCHeTTepiH i37eHe OTHIPHII, ecelke Oaranayinap alyFa HEMece MISIIIMHIH KAkl 3repy
CUMATBIH Kepyre Oomnanbl. ¥CHIHBUIBI OTBIPFAH JKYMBICTa CHIFBUIMAHTHIH TYTKBIP CEpPIiMAI CYHBIKTHIH
aFpIHBIH CUTIATTANTHIH CHI3BIKTHI KenpBUH-DoirT (OCKONKOB) TeHIEY e )KYHEC] YIIH yaKpITTaH TOYeI il OH
YKaFbIHBIH K0A((QUIIMEHTIH aHBIKTAY Kepi ece0i KapacThIPBUTFaH. bys ecenTiy o *KoHe oJICi3 memiMIepiHiH
0ap 0OJYbI MEH JKAJFBI3BIFBl TypaJIbl HOTHXKEJIEP TOJBIKKAHIBI 3epPTTENiH . byl Makanaaa il skoHe 2JICi3
menrimepiniy 6ap 00Mybl MEH JKaIFBI3BIFBI TYPAJbl HOTHXKENEPre CYHEeHe OTHIPBII, aTAIMBIII Kepi €CEMTiH
JKaNIbLJIaMa oJICI3 IIENIMiHIH aCHMOTOTHUKAIBIK KAcHeTi, HAKTHIPAK aWTKaHAa, SKCIIOHEHIHANIBI KeMYi
KepceTieni.

Tyiiin ce3aep: xansl mymeci 6ap KenbBua-DoUrT XYifeci, 97Ci3 memiM, MemiMHIH YKCIIOHSHITUAIIBI
KeMyi.

V. A6buikanpos!, X. Kemkeo6ait!, A. [lakup®
'Kazaxckuil HalMOHATBLHBIN YHUBEPCUTET UMeHH anb-Dapabu, r.Anmarsl, Kazaxcran
IKCIIOHEHIUAJIBHOE 3ATYXAHUE
PEIIEHUS] YPABHEHU S KEJIbBUHA-®OUTA C TAMATBIO

AnHomayus

[lomuMo w3ydeHUsT KOPPEKTHOCTH 3ajad MaTeMaTW4ecKol (U3HKH, TO €CTh CYIECTBOBaHUS,
€MHCTBEHHOCTH M YCTOWYHMBOCTH PEIIEHUI, BA)KHO TaKXKE€ MCCIIEJIOBATh KaueCTBEHHBIE CBOMCTBA CialObIX
peurenuii. B miemom, 1okasars riio0ansHOE CYIIECTBOBAHKE M €JMHCTBEHHOCTD PEIICHNH MPSMBIX U 00paTHBIX
3a/a4 Uil HEeIMHEHHBIX ypaBHEHWH W CHCTEM YPaBHEHWH MaTeMaTHYeCKOW (DM3WKH W THUAPOIWHAMUKHU
HEIPOCTO, TMOCKOJIbKY HE CYIIECTBYET YHHBEPCAJIBHBIX METONIOB pEIIeHHs HeNWHEeHHbIX 3anad. OpHaxo
M3y4YeHHE HEKOTOPBIX KadeCTBEHHBIX CBOMCTB pEIICHWH, TaKMX KaK pa3pylIeHHEe pelIeHUs 32 KOHEYHOe
BpeMsi, JJOKATU3aIus PEIICHUH WM N3MEHEHHUE PEIICHUs MPU OECKOHEYHOM BPEMEHHU pOCTa M T. II., MOXKET
JaTh TPEJCTABICHUE O XapakTepe oOIIero M3MEHEHHs OIEHOK WM pemieHud. B mpemmaraemoii paborte
paccMaTpuBaeTcsi 00paTHas 3aJa4a onpeesieHuss KodQQHUIMeHTa MpaBoi YacTu B 3aBUCUMOCTH OT BPEMEHHU
JUIs1 CUCTEMBI JINHEWHBIX ypaBHeHuH KenbuHa-Poiirra (OcKonKkoBa), ONMCHBAIOLICH TEUEHNE HECKIMAEMON
BSI3KOYIIPYTOH JKUJIKOCTU. Pe3ynbTaThl O CyIIECTBOBAHWU M €MHCTBEHHOCTH CHIIBHBIX M CIAOBIX PElIeHUH
9TOM 3aja4y OBLIM IMONYYECHbI W TIHIATENILHO HCCIIENOBaHbl. B JaHHOI cTaThe HA OCHOBE CYIETCOBAHMS
€IMHCTBEHHOCTH CJAa00ro M CHJIBHOTO PEUICHUS IOKa3aHO aCUMITOTHYECKOE CBOWCTBO OOOOIIEHHOTO
CJ1aboro penieHus YKa3aHHOH 00paTHOM 3a7auu, a UMEHHO 3KCIIOHEHIMALHOE yObIBaHHE.

KmroueBbie ciaoBa: cucrema KenbBun-Doiirra ¢ mamsareio, ciaboe pelicHHe, SKCIIOHCHIIMAIbHOE
3aTyXaHue.
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EXPONENTIAL DECAY OF SOLUTION TO THE KELVIN-VOIGT
EQUATION WITH MEMORY

Abstract

In addition to studying the correctness of problems in mathematical physics, that is, the existence,
uniqueness, and stability of solutions, it is also important to study the qualitative properties of these solutions.
In general, proving the global existence and unigqueness of solutions to direct and inverse problems for
nonlinear equations and systems of equations in mathematical physics and hydrodynamics is not easy, since
there are no universal methods for solving nonlinear problems. However, studying some qualitative properties
of solutions, such as the blowup of a solution in finite time, localization of solutions, or a large time behaviour
of solutions, etc., can provide an idea of the nature of the general change in estimates or solutions. In this paper,
we consider the inverse problem of determining the coefficient of the right-hand side as a function of time for
a system of linear Kelvin-Voigt (Oskolkov) equations describing the flow of an incompressible viscoelastic
fluid. The results on the existence and uniqueness of strong and weak solutions to corresponding problem has
been studied. In this article, based on the results of the mentioned work, an asymptotic property of the
generalized weak solution of the indicated inverse problem is shown, namely, exponential decay.

Keywords: Kelvin-Voigt system with memory term, weak solution, exponential decay.

1 Heri3ri epe:kesep

By makanana ChIFBUIMAWTBIH TYTKBIP CEPIIMII CYWBIKTBIH KO3FAIBICHIH CUIMIATTANTHIH ChI3BIKTHI
unaterpo-guddepenumnanaplk  KenbBuH-DoUrT Jkyheci ymiiH — KodDPUIUMEHTTI Kepi  ecem
KapacThIPbUIABL. ATAIMBIII Kepi €CENTiH JKaIMbUIaMa dJICi3 MICHIMIHIH AKCIOHCHIHAIB KeMyil
KacHeT1 3epTTEIHII.

KapacTeIpbUIbIll OTBIpFaH Kepl €CENTiH KalmbllaMa dJICi3 IICHIIMIHIH 3KCIIOHESHITUAIIBI KeMYl
Typaibl UHTerpaaabik mymie coaranma (K(t) #0) 1l-teopema, 6onmmaranma (K(t)=0) 2-teopema
anbrHabl. TeopeManap MaTeMaTHKAIBIK KaTaH TUIIE TOICSIICHII.

2 Kipicne

Ajitansik, QcR’,d>2 meHenreH OOIBIC XOHE OHBIH OC) JKATBIK LIEKApachl OOJICHIH.
I, =0Qx[0,T] Oyiiip 6erimen anbikTanFan Q, =Qx[0,T], T >0 mumuaapinge (V(X,t), p(x,t), f (t))
(GyHKIUMsIap YIITITIH aHBIKTAayFa apHAJIFaH, ChIFbIIMANTBIH TYTKbBIP CEPIIMII CYHBIKTapbIH aFbIHBIH

CUIIATTaUTBhIH
t

V, — AV, —VAV —.[K (t—s)AV(X,s)ds—Vp = f(t)o(X) 1)

0

xanpl mymieci 0ap KenbBun-@oirT Tenieynep xymecis,

divi(x,t) =0, (xt)eQ, 2
CBHIFBIIIMANTBIH CYUBIK TEHJICYiH,
V(x,0) =V, (X), xeQ (3)
OacTamnkpl MapThIH,
V(x,t)=0, (xt)el; 4

ChIpraHay MICKapaJIbIK IIAPThIH JXKIHC
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j V(x,t)d (x)dx = h(t), t[0,T] (5)

KOChIMIIIA ~ IMApPTThl ~ KaHaraTTaHIBIPATBIH  Kepli  €CemTi  KapacThIpalblK,  MYHJIAFbl
V(x,t) =(u,U,,...,u;) — CYMBIKTBIH XbIJIJAMABIFBI MEH P(X,t) —CYHBIKTBIH KBICBIMBI, @l Vv OH CaHbl
CYHBIKTBIH KHHEMATUKAIBIK TYTKBIPIBIFBL F(x,t):= f(1)5(x) xkoHe &(X):=a(X)—A&(X) BEKTOp
(GYHKIUSACHL CHIPTKBI KYLITEPIIH THIFBI3ABIFBIH, al f(t) CBHIPTKBl KYIITEPAIH HMHTEHCUBTUIITIH
cunatraiinel. Connaii-ax, v,(x), o(x), h(t), K(t) 6enrini ¢pynkuusap. (1)-(2) Tenneynep xyiieci
KenpBun-®oiirr Hemece OCKONKOB Xy#eci gen ataiabsl. by TeHaeynep Kyieci ChIFBUIMANTBIH
TYTKBIP CEPHIMI CYWBIKTHIH aFbIHBIH CHUTIATTAWIbI. ATAIMBIII TEHICYJEP KYHECiHIH (DU3HKAITBIK
Herizaemenepi Typansl Mmamimertepai [laBmoBckuid, OckonkoB, 3BsruH, TypBuH [2-4] cekinai
FAITBIMJIAP/IBIH )KYMBICBIHAH KOpYTe 00JIaIbl.

Kanmbl xarnaiia, MareMaTUKaNbIK (DU3MKAHBIH JKOHE TUAPOJAMHAMUKAHBIH CHI3BIKTHI JKOHE
CBI3BIKTBI €MeC TEeHJEyJepi MEH TeHJEeYJep Kyleci YIIiH KOWBUIFaH Typa JKOHE Kepi ecenTepiHiH
HICTIIMiHIH T7100amab1 6ap 00JIybl MEH JKaJFbI3IBIFBIH JAJIEJICY OHAlFa COKMaiabl, ce0e01 ChI3bIKTHI
eMecC ecenTep/Ii menTy iy OiphIHFal oicTepi )KOK. AJlaiia, MemiMHIH KeHOip camablK KaCHeTTepiH
3epTTel OTBHIPHIN, MOCENEH, AaKbIPJbl YaKbITTaFbl MICHIIMHIH KUpaybl (LICMIIMHIH TI00aibl
IICTIIIMEY1) HeMece HeJIre aifHaTyhl (JOKAIM3aIHsIChl), HEMECe YaKBITTBIH MICKCI3 ocyl Ke3iHaeri
e3repici jkoHe T.0. KacHeTTepiH 3epTTeHl OTHIPHIN, ecenke Oaraiayiap HeMece MICHIIMHIH Kbl
e3repy CHUIAThIH Kepyre 0oJaapl. By sKYMBIC YIIiHIIT aBTOPABIH XOMIIBIII )oHe KaOuaonmanoBMeH
Oipre OyraH AEHiHI1 >KapblK KepreH [5] >KYMBICHIHBIH >Kairackl Oonbin TaObimaabl. Cebedi Oy
MakKajaja ChHIFBUIMAUTHIH TYTKBIP CEPIIMII CYUBIKTBIH aFbIHBIH CHITATTAHTBIH CHI3BIKTHI KelbBHH-
@oirt (OCKOJKOB) TEHAEYJEp >KyHeci YIIIH YakKbITTaH TOyeNi OH >KarblHbIH KO3()QHUIMEHTIH
aHBIKTAy Kepi eceOiHiH JKalmpulaMa oJIci3 MIeMIIMIHIH AaCHMOTOTHKAIBIK KAacHeTi, HAKThIPaK
aliTKaHJa, SKCIIOHEHIMAIABI KeMyi KepceTiieni. by ecenTiH onji xoHe 9Mci3 miemiMaepiHiy 0ap
00Ty ’KOHE KAFBI3/IBIFBI TYPaJIbl HOTHXKENEP [5] )KYMBICTA allbIHFaH.

CBhI3BIKTHI k9HE ChI3BIKTHI eMec KenbBUH-DONTrT TeHAeyIep *Kyiec YIiH KOMbUIFaH OH KaFbIHBIH
KOA(DPUIIMEHTIH aHBIKTAy KEepi €CENTEpiHIH oJICI3 KoHE Q1 MIemiMAEpiHiH O0ap Ooybl MEH
KAIFBI3ABIFEI [5-8] skymbIcTapia Kapactelpbuirad. CoHgaii-ak, JKanmnbuiaMa MoauuKalusiaHFaH
KenbBuH-QOUTT TeHAEyNep KyHecl JICi3 KOHE Il IIEHIIMAEPIHIH aKbIpJibl yaKbITTa KUPAYBI,
TOPEXKENIK KOHE SIKCIOHEHIHAABI KEMY1 CEKUIIl aCUMITOTUKAIBIK KACHETTepl Typa ecentep YILIiH
KETKUTIKTI gopexene Xommsi, FOmkoB, Meccayau cexuiai aBropiaapasiH [9,10] xymbicTapeiHga
3epTTENiH/I.

(1)-(5) xepi ecebiniH aCi3 MICHTIMIHIH KCITOHSHIMAABI KeMyl K (t) (YHKIHSICBIHBIH HOJIe TEH
KoHe HOJJIeH e3relie Oonranaa aonenaeHeni. Erep K(t) dbyHkuscel Heire TeH 0olica, OHa d7Ci3
HIEHIIMHIH SKCTIOHEeHIHaab! kKemyi [ 11,12] sxymbicTapaarbiiait oHait gonenaeyre 6omaasl. Am, K(t)

(GYHKITUSCHI HOJIJIEH ©3TelIe JKaFAaii/ia dlIci3 MIeNIIMHIH YKCIIOHEHIIMAIbI KEMYIH JIONeNAey OHaliFa
COKIIAW b Op1 KaHa TaIMBIHBICTAPIbI KaXKET €Te/l.

3 3epTTey amicHamMachl

byn Makanmanarbl ajblHFAH HOTIDKENEpP TEOPHMSUIBIK 3€pTTEyJiH JKemici Oousbin TaOblIabl.
ConbIMeH KaTap, apHaiibl 1JabopaTopHsuIap/a )Ky3€ere achblpbliIaThlH SKCIIEPUMEHTTIK 3€pTTeyiep MEH
TaJjaynap OKYPri3iIMETeHIH aBTOpiap Y)KbIMbI XxaOapiaiiael. 3epTrey OaphichiHIa jaepoec
TybIHABUIBL U depennmanaplk TeHaeynepi, HaBbe-CToke »xyileci koHE OHbIMEH OaiIaHBICTHI
THJIPOAMHAMUKAHBIH TEHJAEYJepl YIIIH KOMBUIFaH CBHI3BIKTBI JKOHE CBI3BIKTBI €MeC ecemnTepii
MaTeMaTHKAIbIK TYPFBIIAH 137CHy/Ie MMalaaHbUIaThIH 3aMaHayH JKOHE KIIACCHKAIBIK SIiCTEpIIiH
TUIMJII KOMOWHAIUSCHI KOJJIAHBUIABL. MpIcaniFa aiitap 0oJicak, YHEPreTUKAIBIK QYHKIUSIIAP 9JIICI,
€HT13y TeopeMaapsl koHe T.0.
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DYHKYUOHALOBIK, MeHCI30iKmep
Cy#ibIKk MeXaHUKaChIHAH OeNrisii Keneci (PyHKIMOHAIBIK KeHICTIKTePAIH aHbIKTaMachlH Oepeiik

J:={veC;(Q):diw =0},
V= {L2 (Q) Hopmachl GoibIHIIA J TYHBIKTATYBI |;
H:= {W2 (QQ) Hopmackl GolibiHIIA T TYHBIKTATYBI |

1-anvikmama. (1)-(5) kepi ecebiHiH oJICi3 MMM €T
1. vel”(0,T;H)nL*(0,T;H), V,e’(0,T;H), f(t)el’[0,T];
2. Q—na GapubIK aeputik xkepae V(0) =V, 6acTanksl MapTThI;
3. GapibIK t e (0,T) yurid (5) KOChIMIIIA MIAPTTHI;
4. Ke3 xenren ¢ € H xone GapibiK t e (0,T) YIIiH TOMEHIET1 HHTETPAJIBIK TENe-TeHIIKTI
t
HIO.Pn + (WO L)+ (9. VP = FO(G —IK (t=s)(VV(s) Vp)ads  (6)

0

KaHaraTTaHJelpatbiH (V(X,t), f (1)) dyHKOMsIap xKyObIH aTaiiibl.
Atttansik, (1)-(5) xepi ecebiniH OepinreHel Keaeci mapTTapabl KaHaFaTTaHAbIPCHIH

Vo(X) € H; (7)
&(x) € H, h(t) W, ([0,T]); (8)

(1)-(5) ecebinin anci3 meniMiniH 0ap 00JIybl MEH KaJFbI3IBIFBI [S] )KYMBICTA JOICIICH/II.
K(t) # 0 xe30e sxcnonenyuanov kemyi

Enx ammeiMven K(t) =0 sxarmaiina, (1)-(5) eceOiHiH oJCi3 IICHIIMIHIH 3KCIIOHCHIIUAIBI KEMYiH
kepcereiik. Omaii 6onca, (1) epHekTi V (yHKIUSAChIHA KOOEUTIMN, X aWHBIMAIBICHI OOMBIHIIA O
00JIbICTa MHTETPAIAAI XKOHE OOJIIKTEN MHTErpaiay OpHEriHiH KoMeTriMeH

E%Qw(t)"j RO )+ vF o, = IK (t—)(VI(S), VI (), ds+ S, (7,)h(t) = Z:Ji 9)

OHEPICTUKAJIBIK TeHI[iFiH ajlyra 60.]18.,[[]51, MYHIarbl

t

S,(V(t),t) = [h ) +v(VV(t), Vd),q + jK(t—s)(W(s),w“))z,gds} k, = @] +[al;,-

0

Enni (10) epHEeKTiH OH *aFblH OaraiaibIK

2= 2 ol +—( | Ka—s>||v<s>||Hds] , (10)

h h 2
0 < PO o, 5 2, + 1, [jm—s)uv(s)n ds}- ay

0

Conrsl (10), (11) 6aranaynapzst (9) epHEKKe OH JKaFblHA amapbill KOWCAK, OHJIA
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(o I T ST T 2 - t _ 2
Sl + ol -l < (%_lenwnHj( I K-, dsJ 0 (12)

Garaaybl TYXKbIPBIMAAIAIBI, MYHAAFBI C,(t) = [%”5)”1 + %HE)HH J|h(t)|2 + Wt)';ﬂ . COHFbI OPHEKTI
0 gl 0

0

S OoiipiHma 0— el t—fa JIeifiH HHTerpanaaran/ia, KeJeci OpHeK KOPhIThLIAIbI

WO + N, +v2-e) I @, ds < (80% +&al,, J I L j K(s-7)|¥(7)],d TJ ds+C,,  (13)

t
MyHzarsl C, = jCl(s)ds . ConpiMeH Katap, (13) epHeKTeri HHTErpaIbIK MYIIE YIIiH
0

[ | |K<tr>|||v<r>||Hdr} < [Ik@=or [T, 87 = Kl KD 07 14)

OaranaybIH KOpbITyFa Oonansl. CoHaii-ak, m,,« OH caHIapbl TaOBLIbIII,

K(t)<me™, teR" Goca,

OHJIa TOMEHJIeT1 Oaraay Il ainyra 0onabl

t t
m, m
Y () =[K] s0r, = _O[ K@ldr< wome ;0 =|K|zpr, = ['!:|K(T)|2 dr} < (15)

XKorapbigars! (15) epHEKTIH KOMETIMEH KeJleci TeHCI3TIK TYKbIPbIMIaIa bl
t s t ot t t t
j j K(s— V(@) drds < j j IK(s— |V ()|, drds = j V@) j K (s—)dsdr <[K],., j @) de (16)
00 00 0 0 0

Oceunaiimia (14)-(16) epaexrepi (13) epHekke eckepcek, OHIa Oaranay ajabIHaIbI

t
WO, +OF, . [wol; ds<m, (17)
0
_ e Lo MY . . . .
myHzarel C,=v(2—¢g,) - ?”a)”H +m||a)||H - >0 xoHe M, ecenTi GepinreHaepines Toyeni
0 10

2
‘9_3 L &= (ﬂj La’ > (2m0)2 MoH1 ymIiH C, >0 O6onazbl.
2v|@|, a

Enni 0<y <a caubl yurin V=_0e™" mgem ajncak xoHe V, =06 —jlie” TeH ekeHiH Kopy oHail. By

OH caH. MrbIcasl, €, =

yirapeiMaapsl (1) epHekKe eckepcek, OHla TOMEHIETT OPHEK LIbIFaIbl

t
Ge™ —yie” —A(de™ —yie ™ )-vAle " — I K(t—s)Ale™ds =

0
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a(x)

” h(t)+vIVue “Va;dx+IK(t s)IVue *V adxds
0

0 Q

COHFBI ODHEKTIH €Ki JKarblHa € -Ti KeOEHTCEK, OHIA KEJIECi OPHEK TYKBIPBIMIAIAIbI

G, — 0 — (A, — yAG) - vAl —J‘ K (t—s)Ale’“9ds =
0
a(x)
kO

Q

t
h'(t)e™ + vJVUVa)dx + j K(t- s)J.Vue“t S’Va)dxds}
0

MyHaH COH JXOFapbimarbl epHEKTi U (yHKIMACHIHA KeOeHTin, X ailHbIMambIChl OOifbIHINA ()
00JIpICTa MHTETPAIIAI, OOTIKTEN HHTETPANAAcaK, OHAA KeJeci TCHIIIK IIbIFaIbl

t

5 (FOL +130f, A8, ~80F, +a0), = [K, €57, V() 005+

h'(t) +v(VE,Vd),, + J K (t-s)(Vi,V&),,ds |, (18)

0

h(t)e™
Ky

mynzarsl K (t):=K(t)e". Erep y <a xarmaina TOMEH/IET1 Oaraaynapabl ayra 00Ja bl

t t t 2
K. Ol = [ K< [me a5 < i (uﬂmf{jw@mﬂhﬂ <po—- (19
0 0 0
ConbimMeH Katap, Opuapuxc TeHCI3IIrHeH
~[sf; =-Cluol,
TEHCI3/IT1H KOpbITyFa 0onasel. COHFBI OaranayiaH
1d (1 a2 s a2 2 t _ _
—amu @, +a®|,, )+ (v—y = O)a)|, < IKy(t —s)(Vii(s), Vii(t)),, ds +
0
,}{ t
DT ey (ver, V), + j K, (t-s)(V3,V®),qds (20)

0 0

epHeri anbiHa sl Ocwinaiima (10) xone (18), (19), (20) epHekTepaeH Kelleci HOTHKEHI amyFa 001a 16!
[acl, <M.,

MyHZIaFel M, ecenTiH OepinreHmepiHeH Toyeln i OH caH skoHe V=06 epHeriH eckepin TOMEHIerTi
HOTHKEHI TY)KbIpbIMAayFa 00Nabl

Y(t)=|Vt), <M,e” -0, t>w.
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Ounaii Oosica, anbIHFAH HOTHXKEH] TeOpeMa PEeTiHJIE TYKbIPhIMIANbIK.
1-meopema. Anitansik, (7), (8) maprrapsl opsiHaanceiH. CoHbIMEH Oipre my, @ OH CaHAaphbl

TaOBLIBIII |K(t)|£m0e"”‘,teR+ xoHe (15) maprt opsiHAbl GoncbiH. OHIa M, >0 caHbl TaOBUIBII

O<y<a yuin W(t) ¢yHKIUACH Keneci KacueTke ue 00Jaabl
Pt)<M e

arHA P(t) QyHKUMACH t mekci3aikke yMThuFanaa (t — 00) SKCIOHEHIUAIIBI KEMUII.

K (t) =0 ke30e axcnoHenyuanovl kemyi

Enmi  (1)-(5) xepi eceOinin onci3 memiMiHig K(t)=0 xoHe &(X):=a(X) Ooaranaa
SKCIIOHEHIMAI B KeMyYiH 3epTreiik. (1) Tenueysep xyiecin V xkone V. QyHKIMsAIapbiHA KOOSHTIII,

X aiHpIManbIChl OoifbiHIIA Q OONBICTAa MHTErpaigaiiblk. MyHaH KeifiH, OeJKTeNn HHTerpaiaay
OPHETIH KOJIIaHBIII, KEJIECI SHEPTEeTHUKAIBIK TEHIIKTED IIBIFa bl

5 5t 7OL +F 0L, J e, =5.6.0n0) 1)
2 it ||v(t)|| + ¥, (t)|| +|¥, (t)|| =S, (V,t)h'(t) (22)

M¥HI[afBI
S, (V(t),t) = Il(h'(t) + (VY (), V@), , +V(VI(t), Vd),a); 1o =]} (23)

Ocpinaitma (21) xoHe (22) epHEKTEpIeH Keleci TeHIIKTI TYKbIpbIMIayFa 00Iaabl

2dt Q|v(t)|| +(v+1)||v(t)|| )+v||v(t)|| +|V, (t)|| +|V, (t)|| =S, (V(t),t)h(t) + S, (V(t),t)h'(t) (24)

COHFBI OPHEKTIH OH >KaFbIHAAFbl KOCBUIFBIIIITAPAbI OaFaaibIK

h(t) +h
s.c0.0n0) s FOAOL g o g v, 25)

I()I

1+v

S, (V(t), ' (1)) < —|| (O, +

vl (26)

Mymnas keifiH (25) xoHe (26) 6aranaynap/s! (24) TEHIIKTIH OH YKarblHA KOWFaHAa
o )+ IO, 5, O + WO, < Al @) ) 27)

TEHCI3/IIT TYXKbIPbIMJIAJIaJIbl, MYHIAFbl

o(t):= %Qw(t)"j LADOf) wome A= {2(1+ V)l +1+ 21, j |

2
1y
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[Tyankape TeHCI3AIriH MaiaanaHbIl Keneci Oaranayabl 1a aimyra 0oa bl

Ol > gy FOK + 02O )= 00 (28)
MYHarbl
. v
"= C(Q)+1+v (29)

Enni (28) Garanaypsl (27) TeHCI3MIKKe €CKEPCEK i allbIHFAH HOTHXKEHI e — Fa KeOelTceK, oHIa
e (1) + e 0(t) < Al + I O b+ (30)

Courbl 6pHEKTI S aitHBIMaBICHI OoibiHma O—nen t—Fa [meiiin MHTerpanIaraHia, Kejaeci OpHeK
KOPBIThIIAAbI

ot)<e”| A j (R +[h'(s) ds + @(0) |. (31)

Onpa (31) teHcizmikTe t mekci3gikke yMThUIFaHAa (t —o0) d(t) dyaxuuscer 0 —re yMThUIAIBI
(d(t) — 0) .Omnaii Gosica, anbIHFAH HOTHKEHI TEOPEMaA PETIHAE TYXKbIPIMAANBIK.

2-meopema. Autaneik, (7), (8) maprrap opsIHZAICHH XkoHE K(t)=0, h(t) ™Men h'(t)
(byHKIMsIIaphl MOHOTOH/IBI KeMimedi 6osickiH. COHBIMEH KaTap, KeJeci mapT OpbIHAAICHIH

t

Al h@s)] +n'(s)] kds + @(0) < +o0
[l « ey b

0

MyHaarbl 4 caHbl (29) epHeriMeH aHbIKTanmanel. OHma axkpipiabl C OH caHbl TaObUIBI, O(t)
(GYHKIUSCH Kelleci KacueTke ue 00asl

d(t)<Ce™,
aFHU @(t) YHKUMACH t MIEKCI3IKKEe YMTBUIFaHAA (t — 00) SKCIIOHEHIIUAIbBI KEMHII.

4 3epTTey HITHKEJIEPi

byn makanamarbl 3epTTe€y TEOPHUSIBIK CUINAT ANATHIHBIH €CKEPTE OTBIPBIN, aBTOPIAP YKBIMBI
13ICHY/IIH HOTHXKeECl peTiHae ekl Teopema anjbl. OHBIH alFaliKbl TEOpPEeMajaa ChI3BIKTHl WHTErPO-
muddepennmaniplk KenpBun-Ooirt xyifect yuriH ko3 GUIMEHTTI Kepl €CenTiH dJCi3 MIeIIIMIHIH
AKCTIOHCHIIMAIIIBI KEMY1 JONENISH I, eKIHII TeopeMaaa ChI3bIKThI KenbBuH-DOUrT xKyiieci yiriH
KOd((UIIMEHTTI Kepi eCenTiH oJCi3 MICUIMIHIH AKCIOHEHIHAIbl KeMYl KOpCEeTUIIl. AJBIHFaH
Hotmwkenep — Kazak  YITTBIK ~ yYHHMBEpPCUTETIHIH ~ MEXaHMKa  MaTemMaTuka  (akyJbTeTi
«uddepeHIaIAbIK TeHAeyIep MEH 0acKapy TEOpHUsCHD JIAOOPATOPUSACHIHBIH JKac FaJbIMAAP MEH
FBUIBIMU KbI3METKEPJIEP] apachlH/Ia TAJKbUIAHBII, alipoOalusgad eTKI3UIII.

5 Muckyceust
Byn >kyMbIcTarpl HETI3ri 3epTTEy HBICAHBI CHI3BIKTHI MHTETrpo-AuddepeHnnanibk KenbBuH-
DoirT Kyieci yiriH K03 GUIMEHTTI Kepi ecert 00N Ta0buTaIbl. AJl Kepl €CENTEP TEOPHUSICHIH/IAFbI
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HEri3rl KUBIHIBIK, OJAPABIH TaOWFaThIHAH KUCBIHIBI KOWBLIMAybl OObIN TaObutanel. Omapmabl
HMIEHIMAUTIKKE 3epTTEY alTapJIbIK KUBIHIBIK TYbIIapaphl co3ci3. J(eMek, memiMaiiik 3epTTey MyMKiH
OoyMaraH jxaraiiia, en 0ommMaraHa oJapAbIH HISIIiMAEPiHIH aCUMIITOTUKAIBIK KACHETTEepl Typajbl
aKmapaT ajy KYHJbl HOTHXKE €KeHiH aHFapyra Oonaabl. COHIIBIKTaH MaKajaJ/ia ajlbIHFaH HOTHKENep
CaHJIBIK MICTIIMICP/I 13/IeHY/Ie, MPAKTUKA/1a KOl KOMETIH THTi3e/Il.

6 KopbITHIHABI

By kKyMbICTa CBHIFBUIMANTBIH TYTKBIP CEPHIMII CYMBIKTHIH KO3FAJIBICHIH CHUIATTANUTBIH JKaIbl
Mmytieci 6ap (uHTerpo-auddepeHnranapk) Chi3bIKTEI KenbBuH-DOUTT JKyleci YIIiH yakKbITTaH
TOYET/Al OH KaFbIHBIH KO3(PPUIIMCHTIH aHBIKTAy Kepi eCeOiHiH oJICi3 MICMIMIHIH dKCITOHCHIIUATIBI
kemyi nmonennenni. Jlomenmey OapbIChiHIa anreOpaiblK TEHCI3MIKTED MEH (yHKIIMOHAIIBIK
aHAIIM3/IIH CHTI3y TeopeManapbl KOJIaHbUIbl. [IIeniMHIH SKCITIOHSHIIMAIB KEMY1 SHEPTeTUKAIIBIK
o/1ic apKbUIbI aJIbIH/bI, a1 aJIbIHFAH HOTHXKE yKaHa OO0JIbIN TaObLIablI.

7 An¥bic
byn 3eprreyni Kazakcran PecryOmukack! FeutbiM koHE JKOFaphl OUTIM MUHUCTPIIITiHIH FhUTBIM
koMmuTeTiHIH NeAP19676624 rpaHThl KapKbLUIaH IbIPIbI.
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KOJIEBATEJIBHOE JIBUKEHUE PE3EPBYAPA ITWINHIPUYECKON ®OPMBI
C KNAKOCTbHIO HA BUBPOOIIOPAX CO CITPAMJVIEHHBIMUA ITOBEPXHOCTAMMU

Annomayus
B pabore mpuBOAATCS pelleHHS 3ajay O JBHXKCHHH JKUIKOCTH B YAaCTHUYHO 3aIlOJHCHHBIX pe3epByapax
LHUIHHIPUYECKOM (POPMBI Ha OTIOpax KauCHHUs, OrPAaHUYCHHBIX IOBEPXHOCTAMH BPAICHHSI BBICOKOTO TIOPSIIKA.
[Mony4eHbl cHCTEMBI ypaBHEHUH JABMXKCHHS pe3epByapa ¢ YaCTHYHO 3aIMOJTHCHHBIMHU JKUIKOCTBIO Ha OMOpax
KaueHHs CO CIIPSMIICHHBIMU MTOBEPXHOCTSMH U HalIeHBI 3HAUCHUS THPOAMHAMUYCCKUX KOIPPUITUCHTOB 15
CJIy4ast IOJIOCTH B BUEC KPYroBOro muinHpa. [IpuBeneHs! GopMysibl Uit ONpeaeIeHHs THIPOAMHAMUYCCKIX
CHJI 1 MOMEHTOB B3aMMOJICHCTBHUS KHUIKOCTH CO CTEHKAMH IMIHHAPUYECKUX PE3epByapoB HA BHOPOOTIOpax
Ka4yeHUs TMPH TOPU30HTAIHLHOM KHHEMATHUYSCKOM BO3MYIICHWH. MccnenoBaHbl pe30HAHCHBIC PEKUMBI
KOJIe0aTeILHOTO JIBIDKEHHS pe3epByapa C JKUAKOCTBIO Ha OINOpax KauyeHWs CO CHPSIMIICHHBIMHU
MOBEPXHOCTSIMH. Y CTAHOBIICHO, YTO MPH YaCTOTE KOJCOAHUH pe3epByapa ¢ KUAKOCTHIO Ha OMOpax KaueHUs
OTPaHUYCHHBIX MOBEPXHOCTSMH BpAINCHHS BBICOKOTO TOPSIKA, MHOTO MEHbBIIEH COOCTBEHHOH 4YacTOTHI,
JKHUJIKOCTh OYJeT IepeMeIIaThCsi BMECTEe C COCYJIOM KakK OJTHO Iiesioe. Pe30oHaHCHOE SIBJICHUE 371eCh CIEIyeT
MMOHMMATh HE KaK HEOrpaHHMYECHHOE BO3PACTAHUS BEIMYMHBI aMILIMTYAbl KOJCOAHUH JKUIKOCTU B COCYyHE, a
KaK yKa3aHWe Ha TO, YTO KoJeOaHWs >KUAKOCTH MPOUCXOMAT MPU BeChMa MallblX aMIUIMTyJaX KoieOaHui
cocyna. [Ipu pe3oHaHCHOM YacTOTE COCYJ] BOBCE HE TOJDKCH CMEIAThCsI, TaK KaK 3TO €CTh YacTOTa KoJjieOaHui
JKUJIKOCTH B HETIOJBHYKHOM COCY/IC.
KiroueBble cjioBa: BUOPO3ANUTHBIC YCTPOHCTBA, CEHCMO3aIIMTA 3/]aHUH, ONIOpa KAYeHHUs1, KOJIeOaTeTbHOe
JIBIDKEHUS PEe3epByapa C HKHUIKOCTBIO, PE30OHAHCHBIC SBICHUS.

K. Bissembayev!?, H. Altenbach?®, T. Dikambay?
LJoldasbekov Institute of Mechanics and Engineering, Almaty, Kazakhstan
2Kazakh National Women's Pedagogical University, Almaty, Kazakhstan
3Institut fiir Mechanik, Fakultit fiir Maschinenbau, Otto-von-Guericke-Universitit Magdeburg,
Magdeburg, Germany
OSCILLATORY MOTION OF A CYLINDRICAL TANK WITH LIQUID ON VIBRATION
MOUNTS WITH STRAIGHTENED SURFACES

Abstract

The paper presents solutions to problems of fluid motion in partially filled cylindrical reservoirs on rolling
bearings bounded by high-order surfaces of revolution. Systems of equations of motion of a reservoir partially
filled with fluid on rolling bearings with straightened surfaces are obtained, and the values of hydrodynamic
coefficients are found for the case of a cavity in the form of a circular cylinder. Formulas are given for
determining the hydrodynamic forces and moments of interaction of fluid with the walls of cylindrical
reservoirs on rolling vibration mounts under horizontal kinematic disturbance. Resonance modes of oscillatory
motion of a reservoir with fluid on rolling bearings with straightened surfaces are investigated. It is established
that at a frequency of oscillations of a reservoir with fluid on rolling bearings bounded by high-order surfaces
of revolution, much less than the natural frequency, the fluid will move together with the vessel as a single
whole. The resonance phenomenon here should be understood not as an unlimited increase in the magnitude
of the amplitude of the oscillations of the liquid in the vessel, but as an indication that the oscillations of the
liquid occur at very small amplitudes of the oscillations of the vessel. At the resonant frequency, the vessel
should not shift at all, since this is the frequency of oscillations of the liquid in a stationary vessel.
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K. Bucembaes'?, H. Altenbach®, T. Jlukam6aii?
DKonmacOekoB aTbIHIaFBl MEXaHHUKA KOHE MAIMHATAHy MHCTUTYTHL, T. AnMatsl, Kaszaxcran
2A6ali atbIHaarsl Kasak yITTBIK eIarorukasiblK yHUBEPCHTETI, I. AMaTh K., KazakcTan
%0rT0 on I'epuke atbinaarsl Marne6ypr yHuBepcuTeTi, Mammnakacay (paxysbreTi, Maraebypr K.,
I'epmanns @enepatuBrik PecryOnmkacsr
TY3ETIJITEH BETTEPMEH HHEKTEJIT'EH TEHCEJMEJI AIPIJITIPEKTEP OPHATBHIJIFAH
CYUBIKTHIFbI BAP IWJIAH/IPJIK PESEPBYAPJIBIH TEPEEJIMEJII KO3FAJIBICHI

Anoamna

XKymMmbicTa xoFapel peTTi aifHamy OeTTepiMEeH MIEKTENTeH TEHCENMENi TipeKKe OpHATBUIFaH XapThbUlai
TONTBIPBUTFaH MIIUHAPIIK pe3epByapiapAarbl CYHUBIKTHIH KO3FAIBICHl 3epTTeireH. Ty3erinren Oerrepi Oap
TEHCENMeN TIPeKKE OpHATBUIFAH  IMIiHApa CYHBIKTBIKIEH TOJTHIPBUIFAH pe3epBYapAbIH KO3FallbIC
TeHJeYJepiHiH JKyHelepl alblHFaH, aj JOHrelIeK IWUIMHAP TYPiHAeri KybIC YIIH TUIPOAHMHAMHUKAIBIK
KO3 UIMCHTTEPIIH MoHIepl TaObUIFaH. KenjeHeH KWHEMAaTHKAJbIK KO3JbIpyJap Ke3iHAe TeHCeIMEITi
TIpEKKE OpHATBUIFAaH UWIMHIPIIK pe3epByapiapiblH KaObIpFalapbIMEH CYWBIKTBIH OpEeKeTTeCYiHiH
THAPOJUHAMHKAIBIK KYIITepi MEH MOMEHTTEpIH aHBIKTay KaXKeTTi ¢opMynamnap TaObuFaH. Ty3eTinreH
OeTTepMeH ILEKTEeNTeH TeHCeIMelli TIpEeKKe OpHAThUIFAaH CYWBIKTHIFBI Oap IMIMHAPIIK pe3epByapiapAblH
TepOenMeni KO3FalbICHIHBIH PE30HAHCTHIK pekumaepi 3eprreneni. JKorapel perTi aifHamy OeTTepiMeH
IIEKTENTeH TEeHCEIMeINl TIpeKKe OPHATBUIFaH CYWBIKTHIFBI Oap pe3epByapIblH TepOeIic JKUiIIri, MEHIIIKTI
KULUTIKTeH oieKaia a3, OoiFaHIa CYHBIKTHIK BIOBICTIEH Oipre OipTyTac KO3FajJaThIHBl TaFalbIHIAIIIBL.
MyHarbl pe30HaHC KYOBUIBICHIH BIIBICTAFbl CYHBIKTHIKTBIH TepOeIlic aMIUTUTYJaChIHBIH IaMACBIHBIH IIEKCi3
YIFAIObl PETIHMIE eMEeC, BIIBIC TepOeicTepiHiH oTe a3 aMIUTUTYJaNapblHAa CYHBIKTHIKTHIH TepOelicTepiHiH a3
0OJIaTHIHBIHBIH KOPCETKIMI Jen TYCiHy KepeK. Pe30HaHCTBIK KHINIKTE BIABIC MYJIE OPBIH aybICTHIPMAYhI
KepeK, OUTKEHI OYJI KO3FaJIMAHTBIH BIIBICTAFbl CYHBIKTHIKTBIH TEPOECIIIC JKULIITI.

Tyiiin ce3xep: mipingeH Kopray KYpBUIFBUIAPHI, FUMApaTThl JKEPCUIKIHICIHEH KOpFay TEHCEJIMENi Tipek,
CYWBIKTBIFBI 0ap pe3epByapablH TepOeIMeni KO3FalbIChl, PE30HAHCTHIK KyOBLUTBICTA.

Brenenne

CelicMuyecku akTUBHbBIE pailoHbI cocTaBisioT npuMepHo 30% tepputopun Kazaxcrana. B atux
paifoHax oOCyLIecTBIs€TCs B TPaHIUO3HBIX MaclmTabaX  CTPOUTENBCTBA  I'PAXKAAHCKUX,
MIPOMBIIIJICHHBIX, JHEPreTUYECKUX U JAPYyrux OOBEKTOB. JloMOJIHWTENbHBIE 3aTpaThl Ha
aHTHCEIICMUYECKHEe MEPONPUATHS BO3PACTAIOT C KaX/IbIM I'OJIOM BMECTE C YBEJINYEHHEM 00bEMOB
BCEX BHUJIOB CTPOUTEIHCTBA.

bonpmioil pazmax cTpouTenbcTBa B celicMuuecKux paiioHax Kaszaxcrana mnpennpustuii
XMMHUYECKONM M HEKOTOPBIX APYTUX OTpaciiedl MPOMBIIUIEHHOCTH MOCTaBUJI HOBBIE 3a/lauMl INepen
HAyKOH O CeHCMHUYEeCKOM CTpOMTENIbCTBE. B yacTHOCTH, BO3HHMKIIA HEOOXOAMMOCTh B pa3paboTke
METOJIOB pacyeTa Ha JeHCTBHE CECMUYECKUX CHUJT OONBIINX MOJ3EMHBIX U HA3€MHBIX PE3EPBYapoOB,
a TaK’)Ke MHOTO3TAKHBIX KapKAaCHBIX KOHCTPYKIUi, HECYIIUX pE3€pPBYyaphl.

WccnenoBanus koneOaHUN XKUJIKOCTH B pe3epByapax HMJIMHIPUYECKON (HOpMBI MpencTaBiIsIoT
O0NBIIONH HMHTEpEC B CBA3M C HEOOXOJMMOCTBIO PELICHHMs KOMIUIEKCa MpoOJjieM, CBA3aHHBIX CO
CTPOMTENHLCTBOM M 3KCIUTyaTallueld KOHCTPYKLHMM, UMEIOIMIMX B CBOEM COCTaBE IMJIMHIPUYECKHE
€MKOCTH € JKMIKOCThIO. OHM Takke IOCTOSIHHO CTHUMYJIMPYIOTCSI 3alpocaMd aBHALIMOHHOW,
MOpPCKOM, pPAaKeTHOM H KOCMHUYECKOM TEXHUKH, a TakKe YKEeCTOUueHHeM TpeOoBaHUM K
MPOEKTUPOBAHUIO TAKUX TPAXKAAHCKUX OOBEKTOB KaK HAa3eMHbIE XPAaHWIWIIA SKOJIOTHYECKU
He0E30MaCHbIX JKUAKOCTEH, MOPCKHMX IUIaTGOpM M BOJOHAMOPHBIX OalleH, MOCTPOSHHBIX B
ceificMU4ecKH OmacHbIX paiioHax. Ocobo MoJYepKHEM CYLIECTBEHHYIO POJIb AKCIEPUMEHTATbHBIX
MCCIIETOBaHUM, MO3BOJISIONIMX CTPOUTH OOIKE U YNPOILIEHHBIE (B BUIE MEXaHUYECKUX aHAJOrOB)
MaTEMaTUYECKUE MOJENH, KOTOpPbIE MOTYT aJ€KBaTHO OIMCBHIBATH JMHAMHUKY OSTHX CIIOKHBIX
MHOTOKOMIIOHEHTHBIX CHCTEM. DTOT Te3UC YOeAUTEIbHO MOATBEpKAaeTcs padbotamu Di-JamMaTT u
ap. [1], On-Hamartu u Ceuzen [2], Hytra u ap. [3], CBungen [4], mOCBSIIEHHBIMU MPOOIEMaM
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JMHAMUKU KUJIKOCTH B XPaHWJIMINAX KOHHYECKOi (opmbl. OHHM CYIIECTBEHHO JOIOJHSIOT Oosee
paHHKE SKCIICpUMEHTAIBHBIC HCcieaoBanns Mukuiesa u Jloposxkkuna [5], a Taxke bayspa u ap. [6].
OOmast MeToIMKa MaTeMaTHYEeCKOTO MOCTUPOBAHHUS TWHAMHYECKOTO IMOBEIEHUS KHIKOCTU B
YHOMSIHYTBIX OOBEKTaX MPHU pa3InYHbIX BHEITHUX BO3ACHCTBUSIX CUNTACTCS B JOCTATOYHOM CTEIIEHH
pa3paboraHHOi K Hacrosimemy BpeMeHH. CdhopMynupoBaHbl HEOOXOAMMBIE 33Ja4ydl IS
OTpesieNieHUs] IMOJIsi CKOPOCTeH U JaBJICHUS B KHJIKOM O0beMe, a B Cilydyae MpPOCTPaHCTBEHHBIX
0€3BUXPEBBIX JBWKCHUN HJICAIbHON JKUAKOCTH XOPOIIO M3YyYEHBI CIIEKTpajibHask KpaeBas 3ajada o
COOCTBEHHBIX KOJeOaHMIX JKUIKOCTH M KpaeBas 3aqada HelimaHa /uis ompeseneHus NOTEHIIMAIOB
Crokca—KykoBckoro. PemieHusi 3TUX 3a4ay MO3BOJISIIOT ONPENEIUTh IOJHYI) COBOKYIHOCTh
TUIPOJIMHAMUYECKUX XapaKTEPUCTUK CUCTEMBI, BKJIFOUAsi U MOMEHTbI HHEPLIMH KUAKUX Macc.

Jlia ciydass KOHUYEeCKMX OaKoB, 32 PEIKUM HCKIIOUYEHHEM, HE CYILIECTBYET TOYHBIX pEIIeHUi
YIOMSHYTBIX KpPaeBBIX 3a/1a4, 4TO TPEeOyeT MOCTPOCHHUS CIEUUAIU3UPOBAHHBIX MPHOIMKEHHBIX
METOJIOB MX pemeHus. Hanbonee mupokoe MpruMEeHEHHE HAILIH BapUallMOHHBIE METObI, a TaKKe
pa3IUYHbIC BEPCUU METO/I0B KOHEYHBIX M TPAHUYHBIX 371eMeHTOB. Oc000 MOUYepKHEM BaXKHYIO POJIb
BapHAIIMOHHBIX METOJOB, IMO3BOJSIONIMX CTPOUTH NPUONMIKEHHBIE PEHICHHs B aHAIUTHYECKON
¢dopme. DTO HE TOIBKO YIPOIIAET aHAIN3 PELIeHUsI 0a30BBIX KPACBBIX 33/1a4, HO U CYIIECTBEHHO IS
JAbHENIIIET0 Pa3BUTHUS MOJAJIBHBIX MOAXOAOB B JIMHEWHOM M HEIMHEHHOW TEOPUU COBMECTHBIX
JIBUKEHUM TBEPABIX TEN C KHUAKOCTbIO. Pa3BUTHE BapHMalMOHHBIX METOJOB JJSi KOHHMYECKHX
pe3epByapoB UMeEET psifi crienupUIecKuXx 0COOEHHOCTEH, CBA3aHHBIX ¢ reomMeTpueil nojgoctu. OHH
JHMCKYTHPOBAIUCH B (PyHIaMEHTaIbHBIX padoTax Jloky4aesa [7-10].

B pabote [11] uccnemoBanbl BBIHYXICHHbBIC KOJCOAHUS YIPYTrHX KOHCTPYKIUH MEPEMEHHOIO
CEUeHHUs1 Ha BUOPOOIOpPAxX CO CIPSMIIEHHBIMHU MMOBEPXHOCTSAMHU C yUYE€TOM HAJIMYUU TPEHUS KaueHUs

Ha PCIIAKCUPYIOIIHUX I'PYHTAX U COACPIKATCA PE3YJIbTATHI IO OUCHKE BIUAHUS I1apaMCTPOB YIIPYTHUX
KOHCTPYKIHMI NEPEMEHHOTO CEUCHNUS HA aMIUTUTY IHYIO XapaKTepPHCTHKY BUOPO3AIUTHBIX YCTPOICTB.

B crarbe [12] uccrienyroTcs HeMHEWHBIC KOJICOAHHSI BUOPOU3OIUPYIOMINX CHCTEM C OIOPAMHU
KaueHUs, C BBIIPSIMICHHBIMH MOBEPXHOCTSAMHU, C YYETOM TPEHMsI KayeHHs MO PENaKCHUPYIOIIUM
IpyHTaM IpU CIIy4alHbIX KMUHEMAaTHMUYECKUX BO3MYIICHMSIX TUIA «Oenblil mrym». CTaTuCTUYECKHM
aHaJIU3 BBITIOJIHAETCS C MCIIOJIb30BAHKUEM allllapaTra MapKOBCKUX MPOLIECCOB.

B Z[aHHOI>'I CTaTbC BBIBOJAATCA YPAaBHCHHUA JABUKCHUA, OINHMCBIBAIOIINEC IABWIKXCHUC XUJIKOCTH B
HWIMHIPUYECKOM 0ake Ha Omopax KauyeHWs OTPaHUYECHHBIX MOBEPXHOCTSIMH BpAIICHHS BBICOKOTO
nmopsajaka, KOTOpI)II\/JI COBCpHIACT 3aJaHHBIC MAJIbIC ITOCTYIATCIIBHBIC IICPEMCIUICHU A, a TAKKC (i)OpMYJ'IBI
JUIS TUAPOAUHAMUYECKUX cuil. B paboTte /s mmpokoro auamna3zoHa reOMeTPUUYECKUX MapaMeTpoB
MNPUBOAATCA UYMUCICHHBIC 3HAYCHUA TUAPOAMHAMHUYCCKHX KOB(b(i)I/IHI/IeHTOB, BKJIKOYasAd MOMCECHT
WHEPIMH JKUJKOCTH. B cTaThe WUCCIeIOBaHbI, BBIHYXXJICHHBIE TOPH30OHTAIbHBIC KOJICOAHUS
pe3epByapa ¢ 4aCTUYHO 3aIOJTHEHHOMN KUIKOCTHIO TTPH HAJTMYHUH TOJJOHOMHOM CBSI3H, peaTu3yeMoi
BUOPOOTIOpaMH KaueHHUs CO CIIPSIMIICHHBIMH MOBEPXHOCTSIMH U OTCYTCTBUU TPEHUSI.

MetonoJiorus uccjae10BaHusA

Mexanuueckas mooenv pezepgyapa ¢ HCUOKOCMbIO HA ONOPAX KAYeHUsi CO CHPAMIEHHbIMU
NOBEePXHOCAMU

JluHaMHKy pe3epByapa ¢ )KUJIKOCThIO CECMOU30IISIINSI, KOTOPOro odecreyeHa onopamMu KaueHus
CO CIpSMIICHHBIMH IIOBEPXHOCTSIMHU, M3y4YMM Ha CIEAyHoLed MexaHndecko mognenu. Ilycrts
HEKOTOPBIE HECYIME Tella UMEET CBOEH BEPXHEW I'PAaHULEH IUIOCKYIO ITOBEPXHOCTh M COBEPILAET
IIOCTYyNIAaTENIbHOE JIBUKEHUE. byZieM cuMTarh, 4TO MO MOBEPXHOCTSAM TeJla MEPEKATHIBAIOTCS TeEa
HOCUTENH (Omopa KadeHHs CO CIHPSIMIICHHBIMH TIOBEPXHOCTSIMM) 3aJaHHOW KOHQUTYypaluu,
MOJIIEP>KUBasi HOCUMOE TeJo (pe3epByap C JKUIKOCTHIO) Oosblioi Macchl. [loBepxHOCTH Ten-
HOCHUTEJIEH KOHTAaKTHPYIOT C MOBEPXHOCTSIMH B HIKHEM IUIOCKOM OCHOBAaHHMU HOCHUMOTO Tela
(pucyHok 1).

Tena-HocuTeNnM CUMTAIOTCA OJMHAKOBBIMM UM TEpeJ HAyajJoM JBI)KEHHUS OJIMHAKOBO
OpPUEHTUPOBAHBI B IPOCTPAHCTBE.
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a) Pacnonoocenus oceii 0) Obosnauenus 0ist Kpy2no2o pezepsyapa

Pucynok 1. Cxema xonebanus pe3epgyapa ¢ #cuoKOCmMbI0 HA ONOPAX KA4eHUs ¢ NOOBUNCHbIMU OCHOBAHUAMU

JIMHAMHMKY OINUCAaHHOW BBIIIE MEXaHWYECKOM CHCTEMbl U3Yy4HM, CJIelaB CIEAYIoIne
MIPEITTOJIOKCHHIS:

1. Maccoii ONMopHBIX AJIEMEHTOB MOYKHO IpeHeOpedh M0 CPAaBHEHHIO C MAacCON HOCHMOTO Tela,
T.€. TeJa-HOCUTEIIN ONPEACISIOT KHHEMAaTHKY CHCTEMbI, HO HE 00J1a/1af0T HHEPIIHCH.

2. [Ipy kaueHUU OIMOPHBIX DJIEMEHTOB IO MOBEPXHOCTSIM HECYIIEro Tela W HOCHMOTO Tela
MIPOCKAIIb3BIBAHNE OTCYTCTBYET.

3. OmnopHbIE 3JIEMEHTHI SBJISIOTCS a0COIFOTHO TBEPIBIMHU TEIAMH.

4. PeszepByap mpencraBisier co00il aOCOTIOTHO KECTKOE TEJIO ¢ Helne(hOopMHUPYyEMBbIM KOHTYPOM.
DTO JOmNylIeHHWe  SBISETCS BIIOJHE ONpaBIaHHBIM, TaK KaK pe3epByap HMeEeT OOJbIIYIO
MIPOCTPAHCTBEHHYIO KECTKOCTb.

5. XKuakocts, 3anmonHA0mas pe3epByap, Oy/1eM CUuTaTh HEC)KUMAEMOMU, HI€aTbHON, B KOTOPOH
3aTyXaHHE OTCYTCTBYIOT.

6. PaccmaTtpuBaeM TOJIBKO TOPU30HTAILHOE JBUKEHHUE PE3epByapa.

Brimeonucannass kojiebarelbHass CHCTEMa SIBISETCS MEXAHHYECKOM MOJEIBI0 CHCTEMBI
CEMCMOM3OMIAIMKN  pe3epByapa HAMOTHEHHOM JKMIKOCTBIO C TIOMOIIBIO OMoOpa KadeHWs,
OTPAaHUYCHHBIX ITOBEPXHOCTSIMH BpPAIIECHUS BBICOKOTO TMOPSJKA C yY4eTOM TPCHHS KadeHHsS Ha
penakcupyromux rpyHTax. KonebaTenbHoe ABMKEHHE STOM MEXaHMYECKOW MOJENH BO3HUKAET
BCJIC/ICTBHE B3aMMOJICHCTBUS CHJI MHEPIIMH Pe3epByapa ¢ KHUIKOCTHIO, CHJI TSHKECTH, a TAKKEe CHIT
TPEHHS KaUeHUs W BHEIIHErO BO3JCHCTBUS.

Ilocmanoexa 3adauu

B stom maparpade onucbiBaeM NpUHIUI paOOThl KMHEMAaTHYECKOro (yHIaMeHTa, ONOPHBIMU
QJICMCHTAMH KOTOPOIr'0 SBJIAIOTCA OIIOPBI KAYCHHA OrPpaHUYCHHBIC ITOBECPXHOCTAMH BpaAlICHUA
BBICOKOI'O (n) nopsika. Mosiesib KHHeMaTH4eckoro GyHaaMeHTa nokasana B pucyHke la. Teno | —
OlOpa KaueHUs OIPAaHWYEHHOE CHHU3Yy U CBEPXY IOBEPXHOCTSMH BpAaIllEHUS, BBIPA)KEHHBIMHU
COOTBETCTBEHHO (hOpMyIaMU

yi=aiX, Yo =apXj, 1)

¥ MMCIOIIUMHU OOIIYI0 OCh CHMMETPHH (PUCYHOK 2), a Teya 2 U 3 SBISIFOTCS CTaIllHOHAPHBIMU
OCHOBaHUSAMHU ((PYHIAMEHTOM) M HIDKHETO MOKPBITHs BHOpo3amuiiaemoro oowekra. Cnenuduka
TaKOW OIMOPHI 3aKJIFOYAETCS B TOM, YTO PAJNYC KPUBU3HBI B OKPECTHOCTH IEHTPATHHBIX OIIOPHBIX
TOYEK CTPEMUTCS K OECKOHEYHOCTH U YMEHBIIAeTCs MO Mepe YOAJIeHUs OT OCH CUMMETPHH, T.C.
MMEET MECTO CHPSMIICHHE OIIOPHBIX IOBEPXHOCTEW B OKPECTHOCTH LEHTpaibHOM TOuku. lIpu
cTpeMieHHE N K OECKOHEYHOCTH (n - oo) oropa kaueHnst | mpumer nmmMHIpHUECKYO hopMy

(pucyHox 3).
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Pucynox 2. Cxema onopwi kauenus ¢ onopuvimu Pucynox 3. @opma onopwi kauenus c necyujeti
NOBEPXHOCMAMU 8bICOKO20 NOPAOKA HOBEPXHOCMBIO 8bICOK020 NOPAOKA

Jyis Toro droOBI JBFMIKEHHWE BHUOPO3AlIUINAEMOTO Tella OBUIO yCTOWYHMBBIM, HEOOXOIMMO
noTpeOOBaTh BBHITIOJTHEHUES CIICAYIONMIET0 COOTHOMICHHSI MY MapaMeTpaMy ONOpPhI KaueHUs IPH
n=2
a; +a,
2a;a,

H <

rac H —BBICOTAa OIIOPbI KAa4YCHMHA, a.l u a.2 — MMapaMCTpbl napa60n1z1qe(:1<0171 IIOBCPXHOCTH,

OTPaHUYMBAIONIEN CHU3Y U CBEPXY OMNOpP KAYEHHSI COOTBETCTBEHHO. JlJIsI OMOp KauyeHMs, HECYIUE
3JIEMEHTHI KOTOPBIX OTPaHUYEHBI TOBEPXHOCTSAMU BpALCHHS 00JIee BEICOKOTO MOPSAKA, 3TO YCIOBHE
CYIIECTBEHHO YCIIOXKHSETCSA. Y CTOWYMBOCTh JBM)KEHUSI OKAa3bIBAC€TCS 3aBUCHUMOM Kak OT
KOHCTPYKTUBHBIX IApaMETPOB, TaK M OT HaudaJbHBIX yCIOBUW. B cucremax BoccTaHaBiMBarolas
CHJIa BO3HHUKAET 3a CYET YBEJIWYEHHUS] MOTEHUHAIBHOW YHEPTUU NPHU MOAHATUH TSHKECTU OIOP WU
OIop ¥ BUOpoO3aIUiacMoro oobekra. ['OpU30HTATIBHOE CMEIICHUE OCHOBaHUs 0003HAUYCHO X (t).
Yepes x(t) 0003HaYMM CMEIIEHUE HIKHETO OCHOBAHUS pe3epByapa ¢ KHUIKOCTHIO, OIUPAOIIETOCS
Ha ONOpYy KayeHUs. 3aBUCHUMOCTh MEXJYy TOPU30HTAIBHBIMU OTHOCHUTEIBHBIMHU IMEPEMEIICHUSIMU
OCHOBaHMH pe3epByapa ¢ )KUAKOCTHIO Ha ONOPAaX KAYECHUS U UX BEPTUKAIBHBIMU CMELICHUAMU IIPU
n=m umeet BuA [13]

1 e, (n=]) 1 1 L \nd
A L T s L @

BBIpa)KeHI/IG (2), onpeAC/HOMICE 3aBUCHUMOCTh MCKAY TOPU3OHTAJIBHBIMH OTHOCUTCIIbHBIMU
MNEpEMECIICHUAMUA OCHOBaHHWI Tea Ha oropax Kad€HHusA CO CHPAMIICHHBIMH ITOBEPXHOCTIAMU U HUX
BCPTUKAJIBHBIMU CMCHICHUAMU, MOKHO PACCMATPUBATH B KAaUCCTBC I'OJIOHOMHBIX CBS3€EI.

Ypasnenus osudicenus pesepgyapa ¢ H#UOKOCMbIO HA ONOPAX CO CHPAMIEHHBIMU NOBEPXHOCMAMU.
Lununopuueckuii pezepgyap 6e3 KOJIOHH

W3yunm JBHXKEHUS JKUIKOCTH B pe3epByape LMIMHAPUYECKOW (OpMBI, IBIXKYIIEHCS IO
oInpesieIeHHOMY 3akoHy. Ilpenmonoxum, 4ro pesepByap COBepLIAaeT Mayble KojeOaTelbHble
JBIKEHUSI OTHOCUTEJIBHO  CTATUYECKOIO IIOJIOKEHUs PABHOBECHS B TPABUTALMOHHOM I10JIE
OTHOCHUTENIbHO HEKOTOPOI MHEPIUAIBbHOM CHCTEMbI KOOPJIMHAT, CBsi3aHHOM ¢ 3emiiell. PaccmoTpum

TOPU30HTAJIbHBIE ITIOCTYIIATEIILHBIEC IBUKEHUS PE3EpBYyapa B HAIIPABIECHUH OCH X(t) (cM. puc.la).

BBeneM HEeNoIBMKHYIO IIUJIHHIPUYICCKYIO CHCTEMY KOOPIMHAT, HaYaJl0 KOTOPOH PaCIOI0KEHO B
cepelrHe cBOGOHOM moBepxHOCTH (cM. prc.la). OGosmaumm wepes W (r,0,77,t) norenuman
a0COJTIOTHBIX CKOPOCTEH JIBMKEHHUS KUAKOCTH. [loTeHIMan ¥/ N0KeH yIOBIECTBOPATh YPAaBHEHUIO
Jlamtaca u CJICOAYIOMIUM I'PAaHUYHBIM U HAYAJIbHBIM YCJIIOBHAM.
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WV _xsing; 3)
or
oy .
on ly—-n=0; (4)
d
EW oo +9E=0; 5)
4 |t:0= Yo/ It:0: W (6)

rae — g ycKopeHue cuiibl Tskectd; (5)- ypaBHEHHE CBOOOIHOM MOBEPXHOCTH.

N3 ycnous (5) cnenyer

1(0

é‘f:__(_‘//] @)
g at n=0

rie §(X, y) -ypaBHEHHE CBOOOIHOM MOBEPXHOCTHU YKHUIKOCTH.

Ycnosue (3) ¢ pu3NYECKON TOYKH 3PEHUSI COOTBETCTBYET TOMY, UYTO COCTAaBJISIOIIAs CKOPOCTH
KHUJIKOCTH y CTCHKH pe3epByapa B HAIPABICHUU paJHyca COOTBETCTBYET CKOPOCTH JIBHIKCHHS
pesepByapa. YcioBusi (4) COOTBETCTBYET OTCYTCTBHIO BEPTUKAIBHOM COCTABISIONICH CKOPOCTH
JBUKEHMSI KUJIKOCTU Ha JTHE pe3epByapa. YcioBue (5) COOTBETCTBYET OTCYTCTBUIO JABJICHUS Ha
MOBEPXHOCTHU KHKOCTH, & Ha4aJIbHbIC YCIIOBUs (6) ONMPEeNsoT 3HAYCHUSI | U €ro MPOU3BOIHOM

no Bpemern B MoMeHT t=0. BenuunHy 7 MOXHO paccMaTpuBaTh Kak CMEIICHHE BIOJb ocu 07
YaCTHUIlbl, HAXOJAIIMXCS MepBOHAYaibHO B IulockocTd 77 =0. Bynem uckare nmoreHIMan B BUAE
CYMMBI JIBYX IIOT€HIIMAJIOB:

w =y, (r,0,n,t)+y,(r,0,m.1) (8)
[ToTeHumans! ¥, U ¥, TOJDKHBI yIOBICTBOPSTH ypaBHeHHeM Jlamaca

Ay, =0, Ay,=0 9)
a TaKoke CIeyIoMM MPAHAYHBIM U HAYaIbHBIM YCIOBHAM

oy,

|,_a=XSIN6; (10)
or
oy,
=0 11
e, 1)
oy v L
6772 n=—h— 5771 |n=—h=y0_y:O (12)
0 0
T +05 =2 004 (13)
(‘/’1+‘//2)|t=o:l//o; (vn +v,) o=, (14)
t t
oy, oy,
rae E =L dt, & =22, dt (15)
1 '([877 n=0 2 _([ 67] n=0

Pemenne nepsoro ypaBHenus (9), T.e B KauecTBe NMOTEHIMANA |/, TIPHMEM
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w,=(r,0,n,t)=X-r-sind (16)

rae X- CKOpOCTh IMOCTYHATelIbHOTO JABIKEHHs PesepByapa mo HamnpasieHuto ocu X(t). Takum
o0pa3oM /, SIBIISETCS MOTEHLUAIOM aOCOJIIOTHOIO JBMXKEHUS JKUAKOCTH IPHU yKa3aHHBIX BbIIIE

YCJI0BUSX. HOTCHL[I/IEUI Y, OUPCACIICT ABHIXKCHHMC JKHUAKOCTH B HCHIOABHIXKHOM COCYZC, BBI3BAHHOC
HCPABHOMCPHBIM NAaBJICHUCM IIPHU ABUKCHUU C TOTCHUHUAJIOM Y/, .

Pemenue Broporo ypaBHenus: (9) Bo3bMeM B CIEAYIOLIEM BUEC
v, = Y (@)H(O)R(r) (17)

rae f7(t) -uexoTopast QyHKIWHS , 3aBHCAIIAS OT BPEMEHH.

Pasnensisi mepeMeHHbIC BO BTOPOM ypaBHeHHH (9), HOMyYnM CIIEIYIONIYI0 CHCTEMY YpaBHCHUIA
st onpenenenust Y (r7), H(6),u R(r):

Y"(7) =A% (1) =0
H"(0)—s?H (6) =0 (18)
R"(r) +% R(r)+(ﬂz —f—zj R(r) =0

Pemenne ypaBuenuii (18), ynoBnerBopstomux rpanndnbiM yenoBusMm (11) u  (12), npuaumas
S=1, Bo3bMeM B CICYIOIIEM BHIE:

Y =ch| 7 ’%’hj

H(8) =sin g, (19)
r
R(r) = Jl(%n _j
a
rae J, — -oynkuusa beccens nepBoro nopsaka, a y, ABISETCS KOPHEM ypaBHEHHs
J(x)=0 (20)

OT0 ypaBHEHHE HMeEET OeCUHCIEHHOE MHOXECTBO KopHeil. llepBble msATh KOpHEH HMEIOT
cinenyromue 3Hauenust: y, =1,84; 5,33; 8,53; 11,71; 14,86

PasHocTe MexIy NOCIEAYIOIIUM M MPEIbIAYLIIUM KOPHAMM C YBEIWYEHHMEM HOMeEpa KOpHSA
CTpPEMUTCS K 7. bepsi CyMMy HE3aBHCHMBIX PEIICHHM, ITOIyYUM

n=1

yxz(r,e,n,t)_sineif*(t)—ﬁle[;(n Lj (21)
Ch(;{n ] a

Jlis Toro uto6s1 onpenenuts pynkmmo f(t) , moacrasum (21) B yemosmio (13). Torna momyunm

singy 1"""(t)\]1(xn £j+ gsingy_ f’ (t)Jlﬁth(;(n h)]l(;(n Lj =—xrsind  (22)
a a

n=1 n=1 a

52



Abaii amvinoazer Kaz¥I1Y-nuiy XABAPIIBICHI, « Qusuka-mamemamura sviavimoapsly cepuscol, Ne2(90), 2025

Bocnonbs3zyemes pasnoxenuem JIMHYU 17 I, 10 KOTOPOMY
2(r)=>_bJ, (ﬂn Lj, (23)
n=1 a

rac ﬂ“n - IIOJIOKHUTECJIIbHBIC KOPHH YPaBHCHUA

23! (A)+HJI (1) =0 (24)
a b, ompenensiercs popmynoi
22/2 1
b, = T ty(t)J, (4 t)dt 25
) A3 | O )

Hpunumas y(r)=r,v=1H =0,4 = y, nonyunm

b, 2){3‘32(%)' _ 2 26)
[ -D3.2 () + 223,72 el U =D ()

! S YRS @7)
~ a

nozcrapisis (27) B (22) m f (t)=f (t)b,a monyunm ypaBHeHHE misi onpeneneHus GpyHKIUA

fa (1)

L0+ a0 =~ (28)
rre @ = 9 x.th ( Xn E] (29)
a a
OKoHYaTeIHHO MOTEHIIMAT CKOPOCTEN aOCOIIOTHOTO JIBHIKEHHUSI OTIpeIesieTcs o (hopmyie
. ch (}(n 77+h) " ,
y=a’singy fr@)——2 /4% anl(;(n —j (30)
n=1 h a a

Hauanphbie ycnoBust (6) SBISIOTCS Takke HadadbHbIMU yciaoBusimu Uit GyHkimu f, (1) . Mmes
3HAYEHHE MOTEHIIMAIA CKOPOCTEH | MOXHO OINPEICTUTh FHIPOIUHAMUYECKOE ABJICHUE KUKOCTH

Ha CTEHKH pe3epByapa U JHUIIIE.
Bocnonb3dyemcss  myist 3TOM menM  ypaBHEHHMEM  bepHymuM I MOTEHI[MaJIbHOIO
(HEYyCTaHOBMBIIETOCS ) TEUEHUS )KUJIKOCTH

oy ¥ p
—+—+—+gn="(t 31
a2 an = f(t) (31)

DT0 ypaBHEHHUE Ha3bIBaeTCs 000OIICHHBIM ypaBHeHHeM bepuymmu. @ynknuio f(t) crosimas B

npaBoil yactu ypaBHeHHs (31), MokeT ObITh O€3 OrpaHuYeHHs OOIIHOCTH MOJO0XEHHOH paBHOM
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Hy/I0. B caMoMm Jierne, mOCKOIbKY COCTABIISIOIING BEKTOPA CKOPOCTH SIBJISIFOTCSI TIPOM3BOAHBIME OT
HOTEHIIHAIa CKOPOCTH 110 KOOPMHATAM, MbI BCET[a IMEEM BO3MOKHOCTh IPUOABUTH K OTECHIIHAITY
w(X,Y,2,t) 100y GYHKIMIO BpEMEHH T.€ TaK KaK

v (%Y, z,t)=y(xy z,t)+ () (32)
[Tocrasus (32) B (31) mosyunm
CUARCAN I
at+2+p+g77 0 (33)

Bynem paccmarpuBaTrh «MEAJICHHOE» JIBI)KEHHE XHMIKOCTH. Tornaa MoiHOe AaBJeHUE B JIIOOOH
TOYKE )KUAKOCTH MOXKHO OTpenesiuTh 110 popmysie (33) oTOPOCHB B HEM WiICH, COJCPIKAIINI KBapaT
CKOPOCTHU ¥ UMEET BH/]

P(rﬁ,n,t)=—p{6a—vt/+gf7} (34)

I7l€ p — IUVIOTHOCTb KHUJIKOCTH.
Kak Bugno u3 hopmynsr (34), monHoe naenenue xuakoctu P(r,d,n,t) ckinansiBaetcs U3 IBYX

BO3JICUCTBUI:
1. T'uapoauHaMHYECKOTO
oy
Pg(l’,g,n,t)=—pE (35)
2. T'mapocTaTH4ecKoro
p. =—p9n (36)

ITo dhopmyne (35) ompezensieTcss TaBiIeHHE KHUIKOCTH HA CTCHKH Pe3epByapa B 3aBUCHMOCTH OT
XapakTepa ero JABUKECHHI.
[Moxcrasnss (30) B (35), monyuum ist r=a

n+h
= 0, "\ a )| s
p(a,6,n,t)=-2pa’sing| > —"a +1|d = 37)
1 X h a
Ch(;{na)

1

d -~ 38
" (D (39

rIe

JUia u3ydyeHus KosiebaHMII BHOpO3AIIMTHBIX YCTPOMCTB Ha ONOpax KadeHUs HECYIEero
pe3epByapa, He0OXOAMMO ONPEAETUTh BEIMUUHBI PE3yIbTUPYIOIINN THAPOIMHAMUYECKHX cuil. [lis
3TOr0 HEOOXOAMMO 3HaueHUe Py, YMHOXHTHL Ha asind wu MOJY4YCHHOC BBIPAXKCHHUC

[POMHTErPUPOBATHL ABAXK/BI 110 17 U 6 B mpeenax or —h 1o 0 wor 0 no 27.
B pesynbTare nomyuum

0 27
P.=X=-ap] j(%’jhzasin 6deadn (39)

-h 0

[Moacrasnsiem (30) B (39), mociie mpoBeeHMsI BCEX BBIKIAOK MOTYIUM
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X =—27Z'pa3hi|:%th[ Z a) (t)a+1}

n=1

X (40)
a

Paccrosnaue ZC OT TOYKH HNPUIIOKCHHUA 3TOI CHIIBI A0 JHHUIIA ONpCACIACTCA KaK KOOpAWHATA

LEHTP TSKECTH MO PopMyJie

Le—o

2z
j(a‘/’j sin6do(h—n)dy
o

0

|

27
( ) singdé@dn

/

ITocme IMPOBEACHHUA BCCX BBIKJIAAOK IMOJIYUYHM  — = hO
a

1 1 f
E+—Zc th(y,,h,) - o (ch(znho)]_l —a

h, °=
h

Z =

C

(41)
1+cm th(z,h, ) a
0 n=1
Bo Bcex q)OpMy.]IaX ONpCAC/AIOIMNX THAPOANHAMUYCCKOC NAaBJICHUC W ITOJOXKCHUA KOOPANHATLL
IIPHUIIOKCHUSA paBHOIIGf/'ICTBYIOHIef/'I 9TUX CHUJI Zc , HMCCTCsI HCU3BCCTHAsA q)YHKIII/IFI fn (t) , 3aBUCAIIAsA

OT XapakTepa JBIKCHUS pe3epByapa Ha Oropax KaueHHs U onpejensemMas u3 ypaBuerus (28).

Pe3yabTaThl Hecse10BaHUA

VYpaBHeHMs] JABMXKEHsS pe3epByapa HAINOJHEHHOW JKHMIKOCTbIO Ha Olopax KadeHUs Cco
CIPSMJIEHHBIMU IIOBEPXHOCTSAIMHU. bBynem paccMmaTpuBaTh TOJBKO IIOCTYNATENbHOE JIBUKEHHUE
pe3epByapa Ha omopax KadeHMsl CO CHpPSMIIEHHBIMU MOBEPXHOCTSIMH, IpeHeOperasi BpallleHueM U
BEPTUKAJIBHBIM JIBHXKeHHEM. BoiBeneM auddepeHnnanbHoe ypaBHEHHE IBH)KEHHE pe3epByapa
YaCTUYHO 3allOJHEHHOIO >KMJIKOCTBIO Ha OIOpax KauyeHHs OTPaHUYEHHBIX CBEpPXy M CHHU3Y
napaboaMu BbICIIETo Mopsika. KuHnetnueckas M MOTEHIMAIBHS SHEPIHs pe3epByapa ¢ )KUAKOCThIO
BBIpa)K€HA B BUJIE

T =%[M +m](%2 +¥2), IT=[M +mlg(y-y,) (42)

Tpu cocraBieHHsl ypaBHEHMs JBWXKEHHUS Pe3epByapa C JKHJIKOCTBIO Ha OMNOpax KayeHus co
CHPSAMIIEHHBIMU TIOBEPXHOCTSIMM HEOOXOAMMO YUYUTBIBATh THAPOJUHAMUYECKHE CHJIBI U CHJIBI
TPEHUS KaU€HHE ONPEAEIAEMBIX CIEAYIOINUMHU (HOpMyTaMHu:

I'mppoannamuyeckas cuia

() X
X =-2zpa’h —th( —) a+ld = 43
le hx, a )

Jliia BeiBoAa nuddepeHuanbHbIX YpaBHEHUH JIBUYKEHHUS pe3epByapa C JKUJIKOCThIO Ha OMopax
Ka4yeHUsl BOCToyb3yeMcsi ypaBHeHusMu Deppepca, paccmarpuas X(t) u y(t), kak o0oOIIeHHBIE
KOOp/JWHATHI, ypaBHEHHsS (2) B KadyecTBE TOJOHOMHOHW CBSI3M, HAJIOKEHHOH Ha BEPTHKAILHOE

nepeMeleHre pe3epByapa , a BeipaxkeHHbIMH (43) Kak 0000IIEeHHbBIE CUJIBI.
VYpaBHEHUsI IBIKEHHS pe3epByapa C )KUIKOCTHIO HA OTIOpax KauyeHHUs: OyIyT UMETh BUJL:
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£ )+ f,(t)=—>
a

(M +m)%—1 —%(x—x0)+ - 1¢+ 1 (X—x)r1 b=
(Hn)=| @)= (@)™ (44)
—27pa hz_ll hZ )fn(t)a+1 g

(M+m)y+(M+m)g+4=0

rae A -HeompeneneHHbI MHOKHUTENb Jlarpamka. [IpucoeuHss K 3THM ypaBHEHUSM yPaBHCHHUC
CBsI3M (2), MOJIyYUM CUCTEMY YEThIPEX YPaBHEHHH C YEThIPbMsI HEeU3BEeCTHbIMU. Mckirouas A u y ¢

MIOMOIIBIO YPaBHEHUS CBS3H (2), TOTYyUUM CIIEAYIOIINUEe CUCTeMbl AU PEpeHIInaTbHOTO YPaBHEHHUS.

f, )+ n(t)——— o
) i, 5 2m & a fn(t)
X+(1+EJ[®(X_XO)—a)O (X_XO):I:_m+|\/| ;{hln h(z, ) a+1} (46)
) a2 9 L R
T D(X=X%p) = N, (X=X)"* @5 ==, N, = 1
e =) =N, (x=x)"™ @y =] (nH)m(”ﬁ+”ﬂ]

HenuneiiHoe ypaBHeHue (46) ommchiBaeT JIBM)KEHHE pe3epByapa C KHIKOCTHIO Ha OMOpax
Ka4eHHUs] OTPaHUYCHHBIX I1apadOojaMd BBICOKOTO TMOpPSIKAa C Yy4YeTOM TPEHUS KadeHUs Ha
PENaKCUPYIOMKUX TPYHTaX TPU CMENICHHH OCHOBAaHUI 10 TOPU30HTAJIHHOM M BEPTHUKAIBHOM
HampasieHusix. Cucremy nuddepeHunanbHeix ypaBHeHuii (45), (46) npeobpasyem K BHIY

fKU+@ﬂAU=——

x+(1+yO [(D(X X,) — @ (X — x)]_

(47)

M+m

rae o= ZZdn,}/ ZZ{ “th(y, ):|

Juckyccust

PaccMoTpuM konebarenibHOE IBHKEHHE pe3epByapa C KHUIKOCThIO, MAacChl KOTOPOTO MHOTO pa3
MEHBIIIE MacChl OCHOBaHHS IIPY TOPH30HTAIBHOM CMEIICHHH HECYILETO Tela.

[penmonoxum, ato M > m, y,(t) =0

PaccMOTpHM HECKOJIBKO XapaKTEPHBIX CIIydaeB JBIKEHHS pe3epByapa C TSDKEIBIM OCHOBaHUEM
Ha oImopax Ka4€HHUs CO CIIPAMIICHHBIMHA ITOBEPXHOCTAMMU.

Bbruncienus: mpoBOIUINCH P CIACAYIONIMX 3HAYCHHSIX TapaMeTPOB:

n=4,H =300cm,q, = 6.25-10 % cm, a, =1.481-10" cm, N, =41.497cm, w, :1.8072,
c .

K, =1,148,K,, =0.196, K, =0.048
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n=4; a, =6, 25-10 % cen3; a, = 15-10 8 e

n==6; a, =156 107 em s a,=6,6 1072 em™®

H=3um @ =326c? g=98u/c

Hccnexyem cBOOOIHBIE HE3aTyXalolue KoJjeOaHHs BUOPO3AIIUTHBIX YCTPOWCTB Ha OMOpax

Ka4eHHUsI, COCTOSIINX U3 pe3epByapa ¢ )KUAKOCThIO. B 3TOM ciydae B cucTeMy YpaBHEHUS IBUKCHUS
(47) neobxoaumo monoxuts X, = 0. Torma momyunm

f O+’ f (t)= —é (48)

X+ (X) —@?(x) =0 (49)

rue D(x) = 0N x"1,N_= 2_9 (50)

1 (1+1le

B coOTBeTCTBHM C YHCICHHO-aHATUTUYCCKUM METOJIOM TPUTOHOMETPUUECKO# Kostokaruu [13]
MpeJICTaBUM pEIIeHWe ¢ HeJIUHeWHbld uineH ypaBHeHuss (10) B Buie yCEUYEHHOTO
TPUTOHOMETPUYECKOTO Psiia COOTBETCTBEHHO

X = ZV: A, sin(2k —1)at, (51)
k=1
D(x)= ink_l sin(2k —1)e. (52)

k=1

OrpaHn4MBasCh TPeMs WICHAMH JUIs EPBOro npuommkenus, nomaras, uro A =0, A=A =0
METOJIOM KOJUIOKAIMH onpenenuM Kodpdumentsr by, by, b, nenuneiinoro unena ypaBuenuii (49) B

BUC

b, = 0 NK, A", by = @ NK A, b, = af NK, A

1 1
n-1 n-2 n-1
o N I S F

zﬂ

1 1 1
1

(53)

rac

[Moacrasnsst (51), (52) u (53) B ypaBHenue (49) u mpupaBHHUBAs WIEHBI C OJMHAKOBBIMU
COS(Zk —1) , OTIPEIETTUM

N, K, K @?N K, !N K, 5
=, As_go P&“ A= A (54)
Aln‘l o’ +wf 250° + &

VYuureiBas (51), (52) u (54), npencraBum peuieHus ypasHeHus (49) B suze

2 1 2 1
X = Acos(mt)+ ﬁ Arcos (3ot ) + % Arcos (5at) (55)
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O6miee pemenne auddepenunansuoro ypasuenus (9) (48) npencraBum B BUTE.
f, = B, cos(wt)+ B, cos(3wt)+ B; cos(5at )+ B, cos(a,t) (56)

[Moacrasnss (56) u (58) B (48) Haxoaum

2
@
B=——+
b oa(wl-o)
2 2 1
B, - 9w ogN K, — (57)

a(a)f —9(02) 90’ + &)}
250° !N K, L
55 - 0 l2 Ain4

a(a)rf - 25a)2) 250° + &}

Kosdpduuuentr B, pemenue (56) onpenensercs npu HadanpHbIX ycnoBusax t=0; f =0 u umeer
BUJI

2 2 ZN K 1 2 ZN K 1
By | A 20 RS | (eg)
a(a) - ) a(a)n —9w )960 + a(a)n — 25w )25(0 +

n

VYuuteiBas Beipaxkerus (57)u (58), nepenumem obmee pemenns (17) (56) ypaBuenwuii (9) u (48)
B BHJIE
90’ ofN K,

a(o} -90°) 90° + o]

x (cos(3at)—cos(w,t))+
(59)

f o
" a(a)f —a)z)

250" N K, 5 ~
+a(a)§ ~2507) 2507 v o A" (cos (5at)—cos(a,t))

A (cos(wt)-cos(a,t))+

3aBUCHMOCTH TEpEeMENICHUs] OCHOBAHUS pe3epByapa, HANOJHEHHOTro JXuakocteio X(t) ot

BpeMeHHu t moka3aHbl Ha pucyHke 4. CrutomHas nuHMs (KpuBas 1) mocTpoeHa mo pesysbraTam
aHAJIMTUYECKUX PELICHUH, a JMHUSA U3 TOYeK (KpHBas 2) MOCTPOEHA MO pe3yibTaTaM YHCIEHHBIX
pemienuii ypaBHeHuil (49). Iloxoxxue KpuBble, NOKa3aHHbIE Ha puUC. 4, JAIOT MPEACTaBICHUE O
OMM30CTH PE3yJbTaTOB AHAIMTUYECKOIO M YMCIEHHOro pemieHuil. ['paduueckas wnimocTpanus
pewienuii ypaBHeHnus (48) nana B puc. 5. Kpusas 1 noctpoena no popmyse (59), kpupas 2 noctpoeHa
0 pe3yJIbTaTaM YUCIEHHBIX PELIEHUH NP CIEAYIOMINX 3HAYCHUX TapaMeTpOoB:

Ke h

a=10cm, h = 0.36~1020M,p =10° — 1 =184,hy =—
M a

x(1) . . £,(0) ' '
(. f ‘ 0.1.

()

0.1

o D i 0 0 2 3 5]

Pucynox 4. Ipagux sasucumocmu X(t) om t. Pucynox 5. Ipagpux 3asucumocmu f_(t) om t.

Ha pucynkax 6 u 7 mpeacTaBieHbl OCIAUIOTPAMMBI pellieHus ypaBHeHuUs (48) B ciydae pe3oHaHca
1 OMEeHUH.
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£,

4

0

st

-10

0

Pucynox 6. Ocyunnoepammul pe3onancrHozo
peuwierus ypaguerus (48)

10

15

t[s]

£.()
1

5 10

1
15

t[s]

Pucynox 7. Ocyunnocpammor peutenus ypasHenus
(48) 6 cryuae buenuil

I'paduk pe3yabTHPYIOIMIMX THAPOJMHAMUYECKHX CHJI JCUCTBYIOIIEH Ha CTEHKY pe3epByapa C
KUJKOCTBIO TIPH HAJIMYMU CBOOOJHOH MOBEPXHOCTH B CIIy4ae PE30HAHCA M OWEHUSs, IMOKa3aH Ha
pucyHkax 8 u 9 coorBeTcTBeHHO. Ha prucyHke 8 kpuBas 1- oCHWIIIOTpaMMBbl, a KpUBas -2 aMILIUTY JIbl
PE3YIABTUPYIOMIMX THAPOAMHAMUYECKUX CHIT )KUJKOCTEH, JEHCTBYIOIIEH HA CTEHKY pe3epByapa.

F(1)
[N]

1-108

-1-108

2

0

I
5

10

15

t[s]

F()
INT

210'f

2107 T

10

20 30

1
40

t[s]

Pucynox 8. I'pagpux pesynomupyrougux
2UOPOOUHAMUYECKUX CUTL JHCUOKOCHE,
OeliCm8yowWUx Ha CIMeHK)y pe3epeyapa 6 ciyuae
pe3onanca

Pucynox 9. I'pagpux pesynomupyrowux
2UOPOOUHAMUYECKUX CUL HCUOKOCTEL,
Oelicmeylowux Ha CIMeHKYy pe3epeyapa 6 ciyyae
ouenus

3akiioueHne

[Toctpoena cucrema aud¢epeHInaabHbIX YpaBHEHUHN IBUKEHUS pe3epByapa LUIUHAPUUYECKON
(GOpMBI C YAaCTHYHO 3alOJIHEHHOM JKMIKOCTBIO Ha OMOpaX, OTPAHMYEHHBIX MOBEPXHOCTIMU
BpallleHUs BBICOKOT0 nopsiaka. [losydeHHble ypaBHEHUS JBUKEHHS BUOPO3aIIHUILaeMOT0 pe3epByapa
C UJKOCTBIO Ha BUOPOOMOpaxX Ka4eHHs CO CIPSIMICHHBIMU MOBEPXHOCTH SIBISIOTCS CYIIIECTBEHHO
HGJ'II/IHGI\/JIHI)IMI/I. Pa3pa60TaHa AHAJIUTHUYCCKast METOOOJIOTUS HUCCIICO0BAaHUA BI)IHY)KIIGHHI)IX
KojeOaHuit BHOPO3AIIMIIIAeMOT0 pe3epByapa ¢ KUIKOCThIO Ha OMopax KayeHHs CO CIPSIMICHHBIMU
HOBCpXHOCTHMI/I nu OHpCI[CJ'IeHI)I pCSOHaHCHI)Ie pemeHI/Iﬂ 158 pCHIeHI/Ifl B cnyqae 6I/IeHI/II71, KOTOpI)Ie
OTBEYAIOT CTAIIMOHAPHOMY PEXKUMY KOJIEOATEEHOTO JIBHXKEHUSI.

BaaropapHocTh

ABTOpBI BBIP@XAIOT HCKPEHHIOI OJIaroapHOCTh 3a (PUHAHCOBYIO MOAJIEPKKY, OKa3aHHYIO
MuHucTepcTBOM HaykKu M Bbicuiero ooOpasoBaHus PecnyOmmku Kaszaxctan B paMkax IpaHTa
(byHIaMeHTaNbHbIX HccaenoBanuil (Homep rpanta: BR20280990)
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YUCJIEHHOE PEHIEHUE 3AJAYU TPOJOJIKEHUSA AJ1A OAHOMEPHDBIX
YPABHEHMI AKYCTUKH

Annomayus

B nmanHOW paboTe paccMaTpuBarOTCs YHUCICHHBIE METOIBl PpEIICHHS 3aJa4d TPOJODKEHHS s
OJHOMEPHBIX YpPaBHEHHH aKyCTHKH, aKTyalbHOW B 3aJadax MOJEIHPOBAaHUS 3BYKOBBIX BOJMH. OCHOBHOE
BHUMaHME YAEICHO NPHMEHEHHUIO T'PaJUEHTHOTO METOJa B PEIICHHM OOpaTHBIX 3a/1ad, YTO ITO3BOJISIET
3 (EeKTUBHO BOCCTAHABIMBATH IapaMETPhl aKyCTHYECKOrO MOJS IO OTPAaHWYCHHOMY HA0Opy JaHHBIX.
PazpabotaH anroputm, BKIFOYAIOMIMN BEIYMCIICHHUE TETIEBOT0 (PYHKIIMOHATA, €T0 TPalueHTa U MUHUMH3ALIUI0
C IMIOMOLIBIO UTCPpATUOHHBIX METOI0B. HpOBC}ICH AHAJIN3 BIIMAHWA YPOBHS IIyMa Ha TOYHOCTb U yCTOfI‘-IHBOCTB
penienuii. YucaeHHbIe SKCIEPUMEHTHI ITPOIEMOHCTPUPOBAIIH, YTO IPEUIOKESHHBIN METO/] TIO3BOJISIET JOCTHYD
BBICOKOHM TOYHOCTH BOCCTAHOBJICHUS napaMeTpoOB JAXKE IMPU 3HAYUTCIIbHBIX ITYMOBBIX NCKAXKCHUAX. Ananus
BBIYUCIUTEIBHBIX 3aTPaT NOATBEPANI (P (EKTUBHOCTD MPEUIOKEHHOT0 Toaxoa. [lomydeHHbIe pe3ynbTaThl
UMEIOT TPaKTHYeCKOoe 3HAa4YeHHe JUIS NPHUMEHEHHS B MEIUIMHCKON IHAarHocThke (yJIbTPa3ByKOBas
tomorpadus), reodpusmuke (ceicMopa3BenKa), TEXHHYECKOW TUATHOCTUKE W MOHHTOPWHTE OKpPYXKaromien
Cpebl.

KaioueBble cjioBa: oOpaTHbIe 3a/1a4M, YUCICHHBIE METObI, TPAJANCHTHBI METO/, YpaBHEHHE aKyCTHKH,
ONITHMU3ALHSL.

C.E. Kacenos, A.M. Tneynecona, E.b. Camenos, P.)K. Cyntanos
On-Dapadu arbiHnare! Kazak yITTHIK YHUBEpCUTETI, AnMaThH K., Kazakcran
BIPOJILLEM/II AKYCTUKA TEHAEYJIEPI YIUIH KAJIFACTBIPY ECEBIHIH CAHABIK
HENIIMI

Anoamna

By xymbicTa ABIOBIC TONKBIHAAPBIH MOJEINBIEY eCenTepiHe ©3eKTi OOINBIN TaObIIaThIH OipereMIi
aKyCTHKa TeHJIeyJepi YIIiH KaaFacThIpy ece0iH MICHIyIiH CaHABIK dJicTepi KapacThIpbliaasl. Heri3ri Hazap
TPaJMEHTTIK SJIiCTI Kepi ecenTep/i menrye KolJanyFa ayjapbiirad, OyJ1 aKyCTHKaJBIK epic TapameTpiiepiH
MIEKTEYJIl JIepeKTep JKUBIHTHIFBI OOMBIHINIA THIMII KaJlbIHA KENTipyre MYMKiHIIK Oepexmi. Heicanansr
(YHKIMOHAN/BI, OHBIH TPAJMEHTIH eCeNTey i OHE UTEPAlUsUIBIK dicTep apKbUIbl MHUHUMH3AIIUSIIAY JIbI
KaMTUTBIH aroput™ a3ipiieHai. [y neHrefiniyg menimMaepaiH J2JIIir MeH OPHBIKTBUIBIFBIHA 9CEP] TaJIaH b,
CaHzpIK AKCIIEPUMEHTTED YCBHIHBUIFAH OICTIH aWTapibIKTaldl Iy OypManayiapblHAa Ja IapaMmeTpiepai
JKOFapbl JIOJJIIKIIEH KaIIbIHA KENTipyre MYMKIiHAIK OepeTiHiH kepceTTi. Ecenrey HIBIFBIHAAPBIH Talgay
VYCBIHBUIFAH ~TOCUIMIH THIMIUITIH pacTaibl. AJIBIHFAH HOTHXKEJICD MEAUIMHANIBIK JIMarHOCTHKAIA
(YnbTpaabIOBICTRIK TOMOTpadus), reodusnkaga (CeHCMHUKANIBIK 0apay), TeXHUKAJIBIK JUArHOCTUKA/A JKOHE
KOpLIaraH OPTaHbl MOHUTOPHHITE KOJJIaHYFa NPAaKTHUKAIBIK MaHBI3Fa HE.

Tyiiin ce3aep: xepi ecentep, CaHIBIK dAiCTED, TPAAUEHTTIK d/Iic, aKYCTHKA TEHJIEYi, OHTaHIaHABIPY.

S.E. Kassenov, A.M. Tleulessova, E.B. Samenov, R.Zh. Sultanov
Al-Farabi Kazakh National University, Almaty, Kazakhstan
NUMERICAL SOLUTION OF THE CONTINUATION PROBLEM FOR ONE-DIMENSIONAL
ACOUSTIC EQUATIONS

Abstract
This paper examines numerical methods for solving the continuation problem for one-dimensional acoustic
equations, which is relevant in sound wave modeling tasks. The main focus is on applying the gradient method
to inverse problems, allowing for the efficient reconstruction of acoustic field parameters from a limited set of
data. An algorithm has been developed that includes computing the objective functional, its gradient, and
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performing minimization using iterative methods. The influence of noise level on the accuracy and stability of
solutions has been analyzed. Numerical experiments have demonstrated that the proposed method achieves
high accuracy in parameter reconstruction even under significant noise distortions. The analysis of
computational costs confirmed the efficiency of the proposed approach. The obtained results have practical
significance for applications in medical diagnostics (ultrasound tomography), geophysics (seismic
exploration), technical diagnostics, and environmental monitoring.

Keywords: inverse problems, numerical methods, gradient method, acoustic equation, optimization.

OcHOBHbBIE 110JIOKEHUS

B nanHOl cTaTbe paccMaTpUBAaEcTCs YUCIICHHBIM MOAXOMA K PEIIECHUIO 3a1a4d MPOJOJLKEHUS AJI
OTHOMEPHBIX YPaBHEHHH aKyCTHUKH, OTHOCSIICHCS K KJIacCy HEKOPPEKTHBIX OOpaTHBIX 3ajad.
OCHOBHOE BHHMaHHE YAEICHO IPUMEHEHUIO IPAJUEHTHOrO0 METOoJa, M03BoJIsouIero 3¢pekTuBHO
BOCCTAHABJIMBATh IapaMEeTpbl AKyCTHYECKOIO IOJs IO OrPaHUYEHHOMY HAOOpy H3MEPEHHBIX
JNaHHBIX. Pa3paboTaH aaropuTtM 4YMCICHHOTO pEIEHMs], BKJIIOYAIOIIMN BBIYUCICHHE LIEJIEBOr0
(GyHKIMOHANA, €ro rpajJleHTa U MUHHMH3ALUIO C HCHOJIb30BAHMEM HTEPATUBHBIX MPOIEIYP.
[IpoBen€HHBIH aHaNM3 MOKa3aj, 4YTO MPEIIOKEHHBIM METOoA 00ecreyuBaeT BBICOKYIO TOYHOCTh
pelleHni JaXe B YCIOBHMSX 3HAYUTENBHBIX IIYMOBBIX MCKakeHMH. Pabora onupaercs Ha
COBPEMCHHBIN anmapar MaTeMaTH4eCKOr0 MOJEIUPOBAHMA BOJIHOBBIX IIPOLECCOB U PACIIUPSET
CYIIECTBYIOIIME TTOAXObI K PEIICHHIO OOpAaTHBIX 3a7ad TUNEpOOIMYECKOro TUma. Pe3ynbraThl
YHCJIEHHBIX dKCIIEPUMEHTOB IIOATBEPKJAI0T YCTOWYUBOCTD U TOYHOCTb IIPEUIOKEHHOIO aJITOPUTMA.
[TonydyeHHbIe BbIBOABI 00J1a/1al0T MPAKTUYECKOW 3HAYMMOCTBIO JIJISl TAKUX MPHUKIAJHBIX 00JacTew,
KaK MEIUIMHCKAs TUarHocTuka (yiabTpa3ByKoBas ToMmorpadus), reopuzndyeckoe 30HIUpOBaHUE U
TEXHUYECKU MOHUTOPHHT.

BBenenue

AKycTHuKa — 3T0 pazzaen pU3uKy, U3ydarouiuil MpUpoay 3ByKa, €ro reHepaIuio, pacpoCcTpaHeHHe
Y BO3JICUCTBHE Ha OKpYXarolryto cpeny. Mcropuuecku uccienoBanusi B 00JaCTH aKyCTUKH OepyT
CBOE HAYaJl0 €IIe B AaHTUYHbIE BPEMEHA, HO 3HAUMUTEIBHOE PA3BUTHE OHU MOJYYWIA B 3IOXY
Bospoxnenusi. CornacHo pabGotam ['acceHnu, KOTOpBIM pa3BHBAI HJIEU aTOMHU3Ma, 3BYK
MIpeJICTaBIseT COO0M MOTOK MENbUYANIIINX YaCTHUI] — «aTOMOBY, UCITyCKaeMbIX 3ByUYalllIMH TEJIaMH, a
CKOPOCTb 3BYKa OMPEEISIETCS CKOPOCTHIO ATUX YacTuil. OH TakKe Mpe/roiarai, 4To 4acToTa 3ByKa
CBfA3aHa C KOJIMYECTBOM HCIYCKAaE€MbIX aTOMOB B €IMHHIY BpeMeHH [1]. DTu uaeun craim oCHOBOM
JUTSL TaJTbHEWIEro M3Y4YeHHs MPUPOJIBI 3BYKa W pa3pabOTKH MaTeMaTHYEeCKUX MOJENIeH ero
pacnpocTpaHEHHs.

CoBpeMeHHbIE HCCIIEIOBaHUsSI B 00JIACTU aKyCTHKH OCHOBAaHBI Ha TPEACTABJICHUH 3BYKa Kak
BOJIHOBOTO siBieHHs. COTNIacHO KJIaCCHUECKO# Teopuu, n310KeHHo! B padotax [Iupca [2], 3BykoBas
BOJIHA — 3TO KoJyiebaTebHOE BO3MYILIEHUE, PACIIpOCTpaHstolieecs B cpesie 0e3 nepeHoca BellecTBa.
PacnipocTpanenue 3Byka 3aBUCHT OT XapaKTEPUCTHK CPEJlbl, TAKMX KaK IJIOTHOCTb, TEMIEpATypa U
yIpyrue cBoMcTBa. B CBS3M ¢ 3THM, B pa3IMUHBIX MPHIOKEHUSIX — OT MHKEHEPUU 10 MEIULIMHBI —
BAKHYIO pOJIb UTPAET MAaTEMATUYECKOE MOJEIMPOBAHUE aKyCTUUYECKHUX IpoleccoB. COBpeMEHHBIE
HCCTIEOBAHUS aKyCTUYECKUX BOJTH MCTIONB3YIOT KaK KJIACCHUECKHE TI0JIX0/IbI, ONUCAHHbBIE B [2], Tak
Y COBpEMEHHbBIE YHCIIEHHBIE METO/IbI, OCHOBaHHBIE Ha 00OpaTHBIX 3a/1a4ax [3].

OnHOM M3 aKTyallbHBIX 3a/lad aKyCTHKU SIBIIACTCS 3a/iada MPOJOJIKEHUS, 3aKIIIOYAIOIIascs B
BOCCTAHOBJICHHH aKyCTHYECKOIO TMOJII Ha OCHOBE OrpaHWYeHHON MH(popmaruu. Bompoc TouHocTH
BOCCTAQHOBJICHUSI AaKyCTHYECKUX TapaMEeTPOB OCTAETCS aKTyaJdbHbIM, OCOOEHHO B KOHTEKCTE
HEKOPPEKTHHIX 33124 [4]. DTO 0cOOEHHO Ba)KHO B TAKUX 00JACTSIX, KAaK MEAUIIMHCKAs BU3yalu3alus
(Hanmpumep, yAbTpa3BYKOBas JUAarHOCTHKA), TeO(PU3MUECKHE HWCCIACAOBAHUS, MOHUTOPHHT
OKpYyXaroliel cpelbl U OOHApyKEHHE CKPBITBIX OOBEKTOB, HAMpUMEP, MUH WM TOI3EMHBIX
CcTpyKTYyp. B manHoi1 paboTe paccMaTpuBaeTcs peIIeHHE 3a/1au MPOJIODKSHHS JIsT aKyCTUUECKOTO
YpaBHEHUSI C UCIIOJIb30BAHUEM I'PAJIUEHTHBIX METOJIOB.
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OCHOBHOH LIEJBIO MCCIIEIOBAHUS SIBIIICTCS pa3paboTKa M aHAJIU3 YHCICHHBIX METOOB PEIICHUS
3aJla4¥ IPOAOHKEHUS AJIsl aKyCTUYECKOro ypaBHEHHU. [[j1s 3Toro uccneayores npsMbie U 00OpaTHbIE
3a/la4d pacHpOCTPAHEHUS] aKyCTHUUYECKHUX BOJH, a TaKXKE AaHAJIU3UPYETCS BIMSHHUE pPa3IMYHbIX
(akTopoB, TaKUX Kak IIyM B JaHHBIX, HA TOYHOCTh pemieHud. MccnenoBaHue ommpaeTcs Ha
(GyHIaMEHTAIbHbIE NPUHIUNBI aKYCTHKHM W COBPEMEHHBIE METOAbl  MaTeMaTUYeCKOTO
MOJIETIUPOBaHUS, MPEUIOKEHHBIE B KIIACCHYECKUX U COBPEMEHHBIX paboTax B 1aHHO obnacTu [2].

YeM TOoUHEE MOJENb OTPa)KaeT pealbHbIe MPOIECCHl, TeM Oojiee 0OOCHOBAHHON CTaHOBUTCS
METOJIMKAa MHTEpIpeTauud MU 0Oojee TOYHBIM pe3ynbrar. PaccMarpuBaemass B CTaTbe 3ajada
OTHOCHUTCSI K MPOJOJDKEHHIO aKyCTUYECKOro ypaBHEHHs. OCYIIECTBISETCA MCCIECJOBAaHUE Kak
psIMOii, Tak 1 0OpaTHOi 3agaun. [Ipsimas 3aqada 3aKIr04aeTCsl B HAX0XKICHHH BOJIHOBOT'O TTOJIS ISt
3a/IaHHOTO PAaCIpEesICHHs] UCTOUHUKOB aKyCTUYECKOIO U3JIy4YE€HUs, a, 3Hasl OTKIUK CpPEJlbl, Yepes
KOTOPYIO PAacIpOCTpaHseTcs BOJIHA, OHA MO3BOJISET ONPEAETUTD PacIpeleieHUE 101l IPUXOASIIEH
BOJIHBI, UI3MEPEHHOE JETEKTOPOM. BaKHO OTMETHUTbH, YTO CYyILIECTBOBAaHME OOOOIIEHHOIO PEIleHuUs
IIPsIMOM 3aJ1a4M MTOATBEPIKIAETCsl TEOPEMOM, I0Ka3aHHOM B cTaThe [5].

B nanHOl cTarhe npeacTaBieH MOJXO0J, OCHOBAaHHBIM Ha IPaAUEHTHBIX METOAAX, AJI pelICHUs
o0OpaTHBIX 33729 OJHOMEPHOH aKyCTHKH. [IpeiIokeH alropuT™ YiCICHHOTO penieHus 3a1aun Komm
C MUHMMHM3AIMEH 1eiaeBoro (pyHKIHMOHANA, YYUTHIBAIOUIUN BIMSHHUE PA3IMYHBIX YPOBHEH IIyMma.
[IpuBoASTCS YHCICHHBIE SKCIIEPUMEHTHI, JAEMOHCTpHpYomme 3(pPEeKTUBHOCTh U YCTOHYMBOCTH
MPEAJIOKEHHOTO TTOIX0/1a B YCIOBUSX HEKOPPEKTHOCTH.

MeTo10/10rust HCCJIeT0BAHMS

TIocmanoska 3a0auu npooonsicenust O AKyCMu4ecko20 ypasHeHus.. B aTom pasaene ucciaemyercs
pellIeHre 3aa49i MPOIOJIKEHUS OJHOMEPHOIO aKyCTHUYECKOTO YPAaBHEHHS OT YacTH IpaHuibl. Jis
MOJTy4CHHON OOpaTHOM 3a/1auM COCTABIISCTCSI KOHEYHAsI Pa3HOCTHAS CXeMa, M 9Ta CXeMa PEeIIacTCsl
METOI0M 00paTHOro xo/a [6]. Pu3nueckoe coaepKaHne 3a/1a9H CIICIYIOIIEE: TIPEOI0KNAM, YTO JI0
HEKOTOpOro BpeMenu t = 0 cpela HaXxOIUIach B TIOKOE, a 3aT€M PACIPOCTPAHCHUE aKyCTUUECKOM
BOJIHBI B BUJIE Uy|,—¢ = g(V,t) 3ByKa Bo3aeicTBYeT Ha YacTh rpanuipl X = 0, U U|,—o = f(y,t)
JOTIONTHHATENbHAS MH(pOPMAIUsA HW3MepseTcs. 3ajada 3aKiIoyYacTcss B IPOJOILKEHHH (QYHKIAH
u(x,y, t), 3a1aHHOM Ha YacTh rpaHuIbl X = 0, B 00J1aCTH C M3BECTHBIMHU [TApaAMETPAMH OKPYIKAFOIIEH
cpenbl. PaccmarprBaemas B cTaThe 3aa4a OTHOCUTCS K KJIACCy OOpaTHBIX 3a/1a4, PEIICHUE KOTOPhIX
TpeOyeT CIenMalbHBIX IIOAXO0M0B, TAaKWX Kak TpaJdeHTHBIE METOIbl [7], peryispu3arus
TuxoHoBa [8] 1 uTepalnoHHbIe METOABI [9].

ITocranoBka 3amaun. PaccMorpuM citenyroryro 3amaqy B oomactu A(L,) = {(x,t):x € (0,L),t €

(x,2L, — x)}. (puc. 1)

U = U =7 (DU, (x,8) € A(L) (1)
w(0,t) = f(t),  te€(02L) 3)

Ipsamas 3a0aua. HexkoppektHyto 3amauy (1)—(3) cBemem k 0oOpaTHOW 3aiaye OTHOCHUTEIHHO
CHeayolei npsMoi 3axaun. Vcrons3ys paBenctsa (4)—(6), TpeOyercs Haiiti pyHkimoo u(x,t) B
oomactu A(L,) = {(x,t):x € (0,L),t € (x,2L, — x)} uepe3 3ananubie pyuxmu q(x) u g(t).

U = Uy —T(Du,  (x, 1) € A(L) 4)
u,(0,t) = g(t),t € (0,2L) (5)
u(x,x) =q(x) x € (0,L) (6)
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u

“u

L]

A(L)

R

0 L
Pucynox 1. Obnacme A(L)

JlononHutenbHast uHGopManus

u(0,t) = f(t),t € (0,2L) (7)

Hcrons3yst 3a1anibie B psimoi 3aaaue (4)—(6) pyukuun g(t) u q(x), Heo6X0IUMO OIPEIEIUTh
byukiuo u(x, t).

Obpamuas 3a0aua. Vicnonb3ys TOMOIHUTENbHYIO HHGOpMaIuio (7) 0 perieHn: NpsaMoi 3a1auu
(4)—(6), Heobxomumo ompenenuts pynknuo q(x) u3 coorHouenuit (4)—(7), 4TO U COCTABJISET
o0paTHyo 3a1auy.

OOpatHble 3a7auydl aKyCTHKH SBJSIOTCS, KakK [PaBHIIO, HEKOPPEKTHBIMH, dYTO Tpedyer
WCIIOJIb30BAHUS CIEIMATIBHBIX YUCICHHBIX METOMOB I UX penieHus. OIHUM W3 TPaIUIMOHHBIX
MOJIXO/IOB SABJISICTCS METOJ] PEryJIIPU3aIiK, KOTOPBIH CTAOMIN3UPYET PEIICHUE 3a CUET BBEIACHHUS
peryJIsipU3aluOHHOTO TTapaMeTpa, KOHTPOJIMPYIOIIET0 OallaHC MEKIY TOUHOCTBIO U YCTOHYHUBOCTHIO.
OjHaKo 3TH METOJBI TPEOYIOT MPEIBAPUTEIBHOTO M0100pa MapaMeTPOB, YTO MOYKET 3HAYMTEIHHO
YCIIOXKHSTh €ro MPUMEHEHHUE B CITy4ae BBICOKO IIIYMHBIX JaHHBIX.

B nanHOM ucclieoBaHMM BBIOPAaH TPaJUCHTHBIN METO/, TOCKOJIBKY OH MO3BOJISET 3 (PEKTUBHO
MUHHUMH3HPOBATh IIEJIEBOM (YHKIIMOHAJT, OOECreunBas BBICOKYI0 TOYHOCTh BOCCTaHOBJICHUS
aKyCTHYECKOTo TOJs. B oTiMuue OT METOAO0B peryispu3aiud, TPajdeHTHBIH METOJ HAIpPSIMYFO
UCTOJIb3YyeT WHPOPMAIIHIO O TIPOU3BOJHBIX (PYHKIIMOHAJA, YTO YCKOPSET CXOJAUMOCTh M TIO3BOJISIECT
aJIalTHBHO YYUTHIBATh BIUSHHE ItymMa. KpoMe TOro, rpaJiieHTHBIH METO]] XOPOIIO MOIXOMANUT IS
UTEPATHBHOTO PEIICHUS HEKOPPEKTHBIX 3aJ]la4, MOCKOJIbKY OH TO3BOJISIET YTOYHSTH PEIICHHE Ha
KaXX/IOM I1are, CHIYKasi OIIMOKH, BBI3BAHHBIE ITYMOBBIMHU HCKaKeHUSIMH. [IpoBeIeHHBIC YHCIICHHBIC
AKCIEPUMEHTHI MMOKA3aJId, YTO TPAJUEHTHBIN METO]] 0OecreunBaeT 00jice TOUHOE BOCCTAHOBJICHUE
rapaMeTpOB MO CPABHEHUIO C METOJIOM peryJispu3aiieii, 0cCOOEHHO MpU HU3KOM U CPETHEM YPOBHE
mryma. OJIHaKO B ClTydae CHIIBHOTO 3alllyMJICHHS BO3MOKHA KOMOHMHAIIMS TPATUCHTHOTO METOJa C
TEXHUKOHN pEeryspu3aliii IS MOBBIIICHHUS YCTOMYHMBOCTH PEIICHHSI.

Pe3yabTaTsl HCc1e10BaHUS

AJNTOPUTM pEIICHUs 3a]]a4i HETIPEPHIBHOCTH JIJIsl YPABHEHHS aKyCTUKU IPAJIUCHTHBIM METOJO0M.

PaccmoTpuM uuncieHHOE pElIeHHE YpaBHEHUs PacHpOCTPAHEHUsS aKyCTHYECKON BOJHBI B
onHoponmHON cpene. [locTpoeHre YHCICHHBIX aJIrOPUTMOB OCHOBaHO Ha pabotax [10], Tme
MIPEITIOKEHBI METO/IbI PEIICHUS YPAaBHEHUN THITIEPOOTHMYECKOro THIIA.

3aoaua npooondicenus 0ni aKycmuyecko2o ypasHeHus. PaccMOTpUM CIEIyIONIyIO0 3ajauy,
3amannyo B oomactu A(L,) = {(x,t):x € (0,L,),t € (x,2L, — x)}.

Ute = Uxx — p_xux (®)
u,(0,t) = g(t) ©)
u(0,6) = f(t) (10)
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1
Cnenas 3ameny u(x, t) = v(x, t) - e2™ nonyuaem cnenyromme ypasHeHus:

Ve = Uy — T(X)V (11)
v (0,8) = ¢(1) (12)
v(0,8) = f(1) (13)
3nech
_ 1 pap—(p)? 1 (px)? _ 1 px(0) ~timp()
r() =5 P 2 (%) ,¢>(t)—<g(t)—§ o f(t)> 2O

£ = f(©) - e 2O,

Ipsmas u obpamnas 3a0aua. Ypasuenus (11) - (13) HeKOppEeKTHYIO 3a/1a4y paccCMaTpUBaeM Kak
0o0paTHYIO 33J1a4y OTHOCHTEILHO HEKOTOPOM MPSMOM 3aJIauH.

C nomorupto 3amanueix B A(Ly) = {(x,t):x € (0,L,),t € (x,2L, — x)} — byukuueir q(x) u
¢(t) dyHKIMH, HEOOXOIUMO HANTH PYHKIIHMIO Ye€Pe3 CIICAYIOIIUE COOTHOICHHS.

Hcnons3yst ¢yukiuu u @(t), 3amannsie B A(L,) = {(x,t):x € (0,L,),t € (x,2L, — x)}, Ham
HE0OX0aMMO HaiTh GyHKIHIO V(X,t), HCIIOIB3YS CIACIYIONIHE COOTHOIICHHS.

Ve = U —T(0)V,  (x,1) € A(Ly), (14)
v,(0,t) = (1), t € A0, 2L,.), (15)
v(x,x) = q(t), x €A(0,L,) (16)

Ipsimas 3a0aua. icionb3ys 3aaannbie B ypaBHeHUsX (14) - (16) dyukiwu q(x) u dyukiwm ¢ (t),
HEOOXOAMMO ONpeneauTh GyHKIHIO U (X, t).

ITox oOpaTHO# 3amaueit moHuMaeTcst HaxoxaeHue Gyukiwu q(x) u3 coorHorreHui (14) — (16) ¢
UCII0JIb30BAHUEM JOMONHUTENbHOW HHopManuu (17) o pemennn npsimoi 3anauu (14) — (16).

JlononHuUTEIbHAS HHPOPMALIUS O PEIICHUU:

v(0,8) = f (1) (17)
BBeznem oneparop cienyroommM o0pazom

A:q(x) » (1)
A:HY(0,L,) » H(0,2L,)

Torna obparnas 3amaua juis ypaBHeHuil (14) - (17) moxeT ObITh 3amKcaHa B BUJIE orepaTopa
CIIELYIOLIIM 00pa3oM:

Aq=f (18)

BBoaum nieneBoit pyHKIMOHA:

X 2Ly 5 (19)
Jan) = MAan = £I12, = [ o0, = 0Pl
0
MunumusupyeM neneoit ¢pyHkiuonan (19) ucnomnab3ys rpaiueHTHBIN METOT
An+1 = Gn — %) Gn, (20)

Beruuciienue rpaguenra ieneBoro (yHkipoHana. [Ipenmnonoxum, 4to 100aBUM TpUpaLICHHUE
q, + 8q,, Torna:

ov=0v—-v=v(xtq,+8q,) —vixt,q,) (21)
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Hcnonb3ys BeipaxkeHnue (21), BEIUCIsEM NPUpAIIECHUE 1IETEBOT0 (PyHKIMOHAA.

2Ly

J(Gn + 6G0) — J(4) = f (000, gy + 8q,) — F(D)d

0
2Ly

2L,
- f [v(0, £ q,) — F(O)Pde = f (000, t; 4 + 82 — v(0, £ 4]

0

- [v(0,t; g, + 8q,) — f(t) + v(0,t; q,) — f(t)]dt

2Ly

= 6v(0,t; q5) - 2[v(0, t; qn) — f(O)]dt + o(ll6v|]) (22)

Jlist mosydenust ypaBHeHwus, cBszanHoro ¢ 6v(0,t; q,), paccCMOTPUM IIOCTAHOBKY 3aJauM
OTKJIOHEHUS Jutst ypaBHeHwuid (14) — (16).

ﬁtt = ﬁxx - r(x)ﬁ, (23)
7, (0,t) = ¢(¢) (24)
(x,x) = qn + 6qn (25)

Borunras cootnomenus (14) — (16) u3 cootnouenuii (23) — (25) u yuutsiBas ypaBHeHue (21),
MoJTy4yaeM CIIeAyIollee ypaBHEHHE JIsl TPUpPALICHUs OV:

SV = OV — (X)) 0V (26)
5v,(0,t) =0 (27)
dv(x,x) = 8qy, (28)

YmHOKUM (26) Ha HeKoTOpyO pyHKIMIO Y (X, t) 1 npounTerpupyem mo A(L, ), moaydaem:

Ly 2Ly—x
0= jf (6 — Oy + 7(X)SV)Y dx dt = J J Y 6vge dt dx —
A(Ly) 0 X

_ fOLx fotl/)&)xxdxdt B szxLx fOZLx—t¢6vxx dx dt + ffA(Lx)r(x)z/)é‘v dx dt.

WHTerpupyeM 3TOT UHTETpall MO YaCTAM:

Ly
i [W6v)(x, 2Ly — x) — (Y6v) (%, X) — (WP 6V)(X, 2Ly — x) +
2Ly—x Ly
+(@6v)(x, x) + f Yrbvdt] dx — f [Wbvr) (8, ©) — (Y6, ) (0, 8) — (P 6v) (¢, 1)
x 0

2Ly

+ (¥ 6v)(0, 1) +f Yax 5vdx]dt—f [(Wbv,) (2L, — t,t) — (Ybvy)(0, )
0 Ly

= (Y 6v) (2Ly — 1, 1) + (Y 6v)(0, 1)
Iyt
+ j;) Yy Ovdx]dt + ff r(x)yYdvdx dt

A(Ly)

VYuursiBas (27),

e, 2Ly = %) = 1, (6, 2L — %) = FElae__, = P, 2Ly —2) -

(mpou3BoHAs TI0 HampaBieHuu t = 2L, — x);
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6v,(x, 2L, — x) — Sve(x, 2L, — x) = ‘2—? lac__, = 6ve(x, 2L, — x) —
dx

(mpou3BOHAS 110 HampaBieHuu t = 2L, — x);
v, (x,x) + Sv.(t, t) = oy lar = (6q):(x) —
dx a——l

(mpou3BoAHAsT MO HaNpaBlIeHUU ¢ = X), HHTETPUPYS IO YaCTSAM, IOJydaeM CIEIyIolee
ypaBHEHHE:

0= ff Wit—yx + 7()Y)SV dX dt +
A(Ly)

Ly
+ J. [Y(x, 2Ly — x)(6v(x, 2Ly — x))t|t=2Lx—x — 6v(x, 2Ly — x)(l/)(x, 2L, — x))t|t=2Lx—x]dx +
0
2Ly

Ly
+J. [6v(x, x)(lp(x, x))t|t=x —YP(x, x)(Sv(x, x))t|t=x]dx — Y, (0,t)6v(0,t)dt
0

0

W3 sTOT0 BHITEKAET IIOCTAHOBKA 3aJa4M JIJIS IoJIy4acMoro ypaBHCHUA.

Vee = Yox =T ()Y (29)
Y(x,2L, —x) =0 (30)
¥, (0,8) = 2(u(0,8) — F()) (31)
TOr/1a y4uThIBas (26), mory4aem cienyroiiee ypaBHeHHE:
Ly Ly
Gan g™ = [ | 02 2)elier dx
o Jo

CornachHo OIIPEACIICHNIO, OCHOBHYIO YaCTbh IPpHUPAILLICHU A (bYHKL[I/IOHaJ'Ia COCTaBJIACT I'PaIMCHT, T.C.
J'ae = 2 (x, %)) (32)

rae Y (x,t)— pemienue conpsukeHHOM 3aaaun (29)—(31).
ANroput™ peuieHre oopaTHOM 3a1a4H.
1. Bo16op HauanbHOTrO NPUOIMIKEHUS (.
2. Ha ocHOBe MOJIy4eHHOTO MPHOIIKECHUSI G, peliaeM npsamyto 3aaady (14)—(16).
3. Ucnions3ys ypaBuenwue (19), Beraucisiem GyHkmonan J(qy,,).
4. Ecnu 3HaUCHHUE LENeBO (DYHKIIMU HE YMEHBIIASTCS, PeIlacM CBs3aHHYo 3anauy (29) — (31).
5. Ucnionb3ys ypaBueHwue (32), BeraucisieM rpaaneHt Gpyakunonana /' (qy,).
6. BorurciisieM NpUOINKEHNE @py1 = Gn — UnJ qn ¥ IEpexoanm K mary 2 [5].
YucreHHble pe3yIbTaThl.
__ (1—cos(6mx))

a) Ilycts N = 100, h = 0.01,7(x) = 2 — (x — 0.5)?, g (x) = —,— Oyzer.

k+1 k k-1 k k k
v+l _opk 4y vy — 208 + vty L — S
l é — == hé —-—r;v,i=1LNk=1N-1

[IpoBeneHbl UMCIEHHBIE OHKCIEPUMEHTHI NpPU pa3IUYHBIX YPOBHSX IIyma. Pe3ynbTaTsl
MpEeJCTaBICHbI B TaOMUIax 1-2 U pucyHKax 2-7, 1eMOHCTPUPYIOIIMX BBICOKYIO TOYHOCTh METO/IA.
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g qex
T

q qex
:
i

Pucynox 2. Cpagnenue mounozo
pewenue u 06pamuoeo peuierue
be3 uyma

Pucynox 3. Cpasnenue mounozo
Ppewenust U 00pamHo20 peuieHus.
c 10% wymom

=
&
I

\\ I
- / \ {
/ \ {
g / \
@ | \
g1 / \
=+ {
: !
v |
i /
/
! n
E X R
[ L L Rk L s
] 12 0 [ B |
x

Pucynox 4.Cpasnenue mounoeco
peuterus u 00pamHo20 peuieHus
¢ 30% wymom

Tabnuya 1. Pe3ynomamvl peulenus 2paoueHmHbiM MemoOOM NpPU PA3HLIX YPOBHAX WiyMd OJisl 2lAOKUX

dyHxyu
Yposenv wiyma 119 — GexllL, Bpemsa ucnonnenusa
bes wyma 1.04-1071* 0.119 cex
C 10% wyma 0.119 0.146 cex
C 30% wyma 0.2325 0.163 cex
0) B cryuae
0.2,ecin 0 < x < 0.25,
r(x) = 0.7,ecaun 0.25 < x < 0.5,
"~ )0.4,ecnun 0.5 < x < 0.75,
0.1,ectn 0.75 < x < 1,
0,ecin 0 < x < 0.25
(x) = 4x — 1,ecan 0.25 < x < 0.5
TV =13 — 4x,ecn 0.5 < x < 0.75
0,ecin0.75<x <1
Pe3yIBTAThI MPSMBIX U OOPATHBIX BBIUYMCIICHUH.
T A | A i A
03:— ;. “"._ .'{ \ - / \\:\
v r'; \I"\ E"I rf \"\ ] i / I:\-'
/ \ . f \‘.\ 3 / \}:
ol / \ / \ i / \\
of / . . \— ; . SR i . . b

Pucynox 5. Cpasnenue mounozo
pewenus u 00pamHo2o peueHusl
be3 wyma

Pucynox 6. Cpasnenue mounozo
peulenust u 06pamHo20 peuleHus.
¢ 10% wymom

Pucynox 7. Cpasnenue mounozo
Ppewenus u 00pamHuo2o peueHus.
¢ 20% wymom

PesynbraThl nmpencTaBieHsl B Tabnunax v rpadukax, AeMOHCTPUPYIOIIMX BBICOKYIO TOYHOCTD
Merona. B wactHoctu, mpu ypoHe myma 10% meton obecrieunBaeT TOYHOCTh BOCCTAHOBIICHUS
napaMmerpoB mnopsaka 95%, a npu ypoBHe myma 30% — oxosno 85%. OrTo moaTBepxkAaeT
YCTOHYMBOCTh METO/Ia ¥ €T0 MIPUTOJHOCTD IS PEIICHHUS MTPAKTUIESCKHUX 3a/1a4.
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Tabnuya 2. Pe3yromamol peuieHuss Memooom SpaoueHmos npu pasiuyHuIX YPOGHIX UymMa Os KyCOYHO-
NOCMOSIHHBIX PYHKYULL

Vposenv wyma 119 — GexllL, Bpems ucnonnenus
be3 wyma 1.79 10" 0.104 cex

C 10% wyma 0.1365 0.169 cex

C 30% wyma 0.2571 0.172 cex

I[OHOJIHI/ITGJIBHO ObLIH MIpOBCACHBI HMCCICAOBAHHA BJIMAHHUA MDapaMCTpOB aJroOpuTMa Ha
CXOAUMOCTb MCTOJA. B YaCTHOCTHU, USMCHAIMCH MapaMETPhI PEryjsipu3anuu, maru I/ITepaHI/Iﬁ u
TOYHOCTDb BBIYUCIICHUS I'PpaJUCHTA. Brino YCTaHOBJICHO, YTO OIITHUMAJIbHBIN BBI60p OTUX MMapaMCTpPOB
IMO3BOJIACT 3HAYUTCIbHO CHU3UTH BBIYHUCINTCIIBHBIC 3aTPAaThl U IIOBBICUTh TOYUHOCTD PCIICHUA.

Juckyccus

[losydyeHHBIE pPE3yJbTaThl NOKA3bIBAKOT, YTO IPEUIOKCHHBIA YUCICHHBIA METOX II03BOJIAET
3G GEeKTUBHO pemaTh 3aJa4d MPONOJDKCHUs pacuéra Ui OJHOMEPHBIX YPaBHEHHH aKyCTHKH.
IIpoBen€HHBIE BEIUNCIUTEIBHBIE SKCIIEPUMEHTHI IIOATBEPAMIHA BBICOKYIO TOUHOCTh M YCTOMYMBOCTD
METOJla IPU Pa3IMYHbIX YPOBHSAX ILIymMa. B yacTHOCTH, MCHONb30BaHHE IPAJUEHTHOIO METOJ1a
MO3BOJIMJIO MMHHUMH3UPOBATh IMOIPEIIHOCTH B PELICHUMM OOpaTHBIX 3aJad Jake B YCIOBHSX
HEKOPPEKTHOCTH MCXOJHBIX JaHHbIX. HecMOoTpsi Ha HOCTUTHYTbIE pe3yJbTaThl, AajibHEHIIee
pa3BUTHE NIPEIOKEHHOTO METO1A IIPEJCTABIIAETCA IEPCIIEKTUBHBIM B HECKOJIBKUX HAIIPABJICHUSX:

- YcoBepIIEHCTBOBAHME YHCIEHHBIX CXeM. Pa3paboTka HOBBIX METOAOB pEryJipu3alud U
aJlalTUBHBIX CTpaTeruii BbIOOPA apaMeTpoB I'PaJAMEHTHOIO METO/1a /IS MOBBILICHUS CXOIUMOCTH
aJIropuTM™Ma.

- Paciiupenue o0nactu npuMeHeHus. AlanTanus MeTo/ia K IByMEpHbIM U TPEXMEPHBIM MOJEIISM
pacnpocTpaHeHus 3ByKa, UTO ITO3BOJIUT IPUMEHSITH €ro B re0pu3HUKe, OMOMETUIIMHE U TEXHUYECKOU
JUAarHOCTHKE.

- Hcnonp3oBaHue MamMHHOTO OOydeHUs. BKIfOueHHE 3J€MEHTOB MAIIMHHOTO OOY4YeHHS W
HEHPOCETEBBIX AITOPUTMOB JUIsl YIIy4IIEHUS Ka4eCTBA BOCCTAHOBIICHUS aKyCTHUECKUX 1apaMETPOB.

- Pa3pabotka 3¢ pekTUBHBIX MpOrpaMMHBIX peanu3anuii. OnTUMHU3auUs aIrOPUTMOB 11 pabOThI
Ha BBICOKOIIPOM3BOJUTENBHBIX BBIUUCIUTENbHBIX cucTeMax U GPU-yckopurensx, 4To MO3BOJIMUT
3HAYUTENIBHO YCKOPUTH PacU€Thl.

Taxkum 06pa3zom, MpeIoKEeHHBINH MOIX0 3aKIabIBa€T OCHOBY JUIs JaJIbHEHIINX MCCIeJOBaHUMN
B 00J1aCTH YHCIEHHOTO0 MOJIETIMPOBAHUS aKyCTUYECKUX BOJIH U PELIEHUsI 0OpaTHBIX 3a/1a4 aKyCTUKH.
B Oynymux pabortax IaHupyercs uccienoBaHue 3((EeKTUBHOCTH METOAa B MHOT'OMEPHBIX
IIOCTAHOBKAX U €ro MPUMEHEHHE B MPAKTHMUECKUX 3aJladaxX TUArHOCTHUKU U MOHUTOpuHTra. Taxxke
paccMaTpuBarOTCsA BO3MOKHOCTH UCIIOJIB30BaHUS COBPEMEHHBIX CYIIEPKOMIIBIOTEPHBIX BBIUMCIICHUM
JUISL yCKOPEHUSI MOJIEUPOBAHUS CIIOKHBIX aKyCTHUECKHUX MPOIIECCOB.

3akiioueHne

B nmanHoli paGoTe paccMOTpeHBI YHCICHHBIE METOABI PEIICHMs 3a7a4d TMPOJODKCHHS st
OJTHOMEPHBIX YPaBHEHHUI aKyCTHUKH, KOTOpas MpeACTaBisieT co00il BaxHYIO MmpobiieMy B 00IacTu
MaTeMaTUYeCKOr0 MOJCIUPOBAHUS BOJHOBBIX MPOIECCOB. bBBUIO MPOBEACHO WCCIEIOBAHKE
3¢ (HEeKTUBHOCTH TPAAUEHTHOTO METOJa TpH pEHIeHHH OOpaTHBIX 3a7ad, BO3HUKAIOIIUX B
'cH(YCTI/I‘I@CKI/IX Ccucremax, € y‘—IeTOM paBJ'II/I'-IHI)IX ypOBHeﬁ HIYMa B UCXOAHBIX TJAHHBIX.

Pa3paboraHHblif anropuT™M BKIJIIOYAT BBIYHCICHHE IEIEBOTO (YHKIIMOHANA, €ro TpaJueHTa U
MOCJIEIYIONIYI0O MHUHUMH3AIMIO C WCMOJB30BAaHUEM HMTEPATHBHBIX MeETOM0B. [IpoBeneHHBIC
YUCJICHHbIE HKCIEPUMEHTHl MO3BOJWIM OLEHUTh TOYHOCTh M YCTOMYMBOCTH MPEJI0KEHHOTO
noaxoJa, a TakKe BbIABUTH BIIUAHUC HIYMOBI)IX I/ICKa)KeHI/Iﬁ Ha pe?;y.]'IBTaTI)I pacquOB. B HYaCTHOCTH,
CpPaBHEHUE C TOYHBIMHM PELICHUSIMH IOKa3aJlo, YTO METOJ MO3BOJSET C BBICOKOM CTENEHBIO
JIOCTOBEPHOCTH BOCCTAHABJIMBATh aKyCTHUUYECKHE TMapaMeTphl JTaKe B YCIOBHIX HEKOPPEKTHOCTH
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MCXOJIHBIX JIaHHBIX. AHAJIN3 BPEMEHHBIX 3aTpaT BBIYMCICHUN IPOAEMOHCTpUPOBaI 3(h(PeKTHBHOCTH
pa3pabOTaHHOIO MeETOJa, IO3BOJSSL €ro IMPUMEHATh B pPEalbHbIX 33Jadax MOJEIUPOBAHMS
aKyCTHYECKUX MporeccoB. [lomyyeHHble pe3ynbTaThl MOTYT OBITH MOJIE3HBI B TAKUX 00IACTIX, KaK
MEIULMHCKas JUAarHocTHKa (yJbTpa3BYyKOBbIE HCCIEIOBAHUA), TI€O(PU3UUECKOE 30HIUPOBAHHE,
MOHUTOPHHI OKPY’KAOIIEH Cpebl U TEXHUYECKask JUAarHOCTHKA.

Taxum 06pa3zom, peI0AKEHHbIM METO/T 1 €r0 YMCIICHHAs peaau3alysi MOI'yT ObITh HCII0JIb30BaHbI
JUIL  pELIeHHs I[IUPOKOTO CHEKTpa 3aJad B aKyCTHKe, TpeOyroIUX BBICOKOH TOYHOCTHU
BOCCTAHOBJICHHS I1apaMeTPOB Cpelbl, W 00JaJaloT OOJBIIMM MOTEHIMAJIOM Ui JAIbHEHIIero
Pa3BUTH M aJJalITALlMU K MHOTOMEPHBIM cllydyasiM. by ryiiue uccinejoBanus MOryT ObITh HallpaBJIEHbI
Ha IpUMEHeHne 0oJIee CI0KHBIX aJITOPUTMOB, TAKUX KaK HEHPOCETEBbIE METO bl PEIICHUS OOPATHBIX
3ajJay, a TaKXKe UX UCIOJIb30BaHUE B reohu3nKke M OMOMEAHLIMHE.
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COBPEMEHHBIX YHCICHHBIX METOJIOB pEIICHHS OOpPATHBIX M HEKOPPEKTHBIX 3allad JJIsl YpaBHEHUS
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KYPAEJI TEOMETPUSLJIBIK OBJIBICTA SKBAUBAJIEHTTI YJIECTIPY OAICI
HEI'I3IHAE BEUIMJEJIT'TII TOP KYPY

Anoamna

By Makamaga SKBHBaNeHTTI YJeCTipy 9Jici Heri3iHIe TeoMeTpusiChl KypAesi oObUIbICTa afanTHBTI TOP
KYPYZIBIH CaHIBIK TOCUII KapacTHIPBUIABI. AMANTHUBTI TOp Kypyaa 0ackapy (YHKIHSICH KOJAAHBUIABI, OV
KypJeni aiiMakTap/ia TOp TBHIFBI3ABIFBIH 91 pETTEYre MYMKIHAIK Oeperi. AKBIPIbl albIPBIMIBIK 911ic (AAD)
KOJIJAHBUTBII, aIalITUBTI TOp/a ecenTteyep xKyprizinai. CaHablK MOJENbACY HOTHKEIEPl opTYpJli HIeKapallbIK
mapTTap eckepisie oTeIpein TangaHael. Ecenrey mpomecinge Python 3.9 6armapmamanay Tini MeH OHBIH
SymPy kitamxanacel naiinanaspuiasl. CHMBOJIIBIK HHTETpaNay JkoHe AuddepeHnranaay 9aicTepi apKblUIbI
TEHJCYJICPAIH aHATUTHUKAJIBIK TYPJIEPi AIBIHBII, €CEIITEY AT apTTHIPBUIALL. AJIBIHFAH HOTHXKEIIEP 9/IICTIH
TUIMZIIITIH JKoHe OacKapy (YHKIHACH! HEri3iHAeri OeHiMIeNnTim TOPABIH KYPAET TeOMeTPHSUTBI eCenTepre
KOJIIaHy MYMKIHZITiH KOPCETTi.

Tyiiin ce3aep: 3KBUBAJCHTTI YJICCTIPY SiCi, Al TUBTI TOP.
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MOCTPOEHUE AJAIITUBHOM CETKHA B OBJIACTHU CO CJOXKHOI TEOMETPUEN HA
OCHOBE METOJA 3KBUBAJIEHTHOI'O PACIIPEJAEJIEHUSA

AnHomayus

B nanHOW cTaThe paccMaTpuBaeTCs YHMCIEHHBIN METOJ MOCTPOEHHUS aJalTHUBHONW CETKH B OOJIACTH CO
CJIO)KHOM TeoMeTpHeil Ha OCHOBE METOJa IKBHUBAJEHTHOTO pactpenenenus. [Ipu moctpoernn aganTHBHOMN
CETKH HCIIONIb30Bajach YHpaBAOLIas (QYHKIUS, YTO MO3BOJSIET TOUYHO PETYIUPOBATH IUIOTHOCTH CETKU B
CIIOKHBIX ydacTKax oOsactu. IlpumenéH meron koHeuHbIx pasHocTe (MKP), m Bbluncnenus ObLin
MPOBE/ICHBl HA aJanTUBHON ceTKe. Pe3ynbTaThl YUCIEHHOTO MOJCTHPOBAHUS ObUIM MPOAHATU3UPOBAHBI C
Y4ETOM Pa3IMYHBIX TPAaHUYHBIX YCIOBHI. B mponiecce BEIYUCIEHUH HCIIONIB30BANICS SI3bIK TPOrPaMMHUPOBaHUS
Python 3.9 u ero 6ubnmnoreka SymPy. IlocpeacTBoM CMMBOIBHOTO HHTErpUpOBaHus U AuddepeHunpoBanus
ObUIM TOJYYEHbl AHAUINTHYECKHE BBIPAKCHUS YPAaBHEHHWH, YTO TIOBBICWJIO TOYHOCTh BBIYHCIICHUH.
[Mony4yeHHble pe3ynbTaThl JIEMOHCTPUPYIOT JPQPEKTUBHOCTH METOJa W BO3MOXKHOCTH IMPHUMEHEHUS
a/IalITUBHOM CETKHM Ha OCHOBE YNPABISIOMIECH (QYHKIMH AJIS 3a]1a4 CO CJIOKHON reOMETpHEH.

KuroueBsble c1oBa: MeTOI SKBUBAJICHTHOTO paclpeiesieHns], aAaTHBHAs CeTKa.

A. Kerimakyn !, Sh. Shekerbaeva?, C. Kerimakyn 3, B. Talpakova *
! Al-Farabi Kazakh National University, Almaty, Kazakhstan
2 Almaty Technological University, Almaty, Kazakhstan
3Baiterek Secondary School, Enbekshikazakh District, Kazakhstan
CONSTRUCTION OF AN ADAPTIVE GRID IN A DOMAIN WITH COMPLEX GEOMETRY
BASED ON THE EQUIVALENT DISTRIBUTION METHOD

Abstract
This article presents a numerical approach for constructing an adaptive grid in a domain with complex
geometry, based on the equivalent distribution method. A control function was applied in adaptive grid
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generation, enabling accurate regulation of grid density in geometrically complex regions. The finite difference
method (FDM) was employed to perform computations on the adaptive mesh. Numerical simulation results
were analyzed considering various boundary conditions. The calculations were implemented using the Python
3.9 programming language and the SymPy library. Analytical expressions of the equations were obtained using
symbolic integration and differentiation methods, which increased computational accuracy. The results
demonstrate the efficiency of the method and the applicability of adaptive grids based on control functions for
solving problems in complex geometries.
Keywords: Equivalent distribution method, adaptive grid.

Heri3sri epeskesep

3epTTey SKBUBAJICHTTI YJECTIPY OJiCiHE HETi3AeNreH Oackapy (PYHKIMACH apKbUIBI Kypaesi
TEOMETPHSUIBIK OOJBICTapAa aJalTHBTI TOP KYPYIbIH THIMIUITIH KepceTeldi. Top THIFBI3IBIFbIH
Oackapy (yHKIUSCHI KOMETIMEH WIOFBIpJIaHy KaXKeT aiMakrapla TYWIHIep CaHBIH apTTHIPHII,
e3repic a3 jxepiep/e oyapasl cupeTe anaMbi3. Ecenreynep akbIpiibl albIpMABLUIBIK 971ici MeH Python
3.9 OarmapiamMachIHAa €CeNTeNAl, adblHFaH MICIIIMISPAIH JSJIrT MEH TYPaKTBUIBIFBI TEKCEPIi.
CaH/pIK SKCIEPUMEHTTEP KOPCETKEH/IeH, YChIHBIUIFAH TACUI ASCTYPIIi OipKeJKi Topiiapra KaparaHaa
ecenrey gonairin 3040 % aptreipasl. by oxic kypaeni ecenTep/ii MIenryie ecenTey THIMAUIITH
YKOHE HOTHIKEJIEP CallaChblH alTapPJIBIKTAM KaKCcapTaibl.

Kipicne

Kazipri yakpiTTa KypAenai reoMeTpusUIbIK OOJIBbICTApIaFbl CAHJIBIK €CeNTeyIepAiH HOTHKELIIr
KoOIHEe TOP/IH carachblHa TOYEJ/Ii, all aJalTUBTI TOpap TUAPOIMHAMHKA, JICKTPOINHAMUKA JKOHE
0acka a GpU3MKAIBIK YPIICTEP/Il )KOFAphl JAIIIKIIEH MOJeNbaeyre MyMKiHaik Oepeni. COHABIKTaH
SKBUBAJICHTTI YJECTIpy OiCi apKbUIBI 0acKapy (YHKUMSCBIH €HTi31M, TOP THIFBI3IBIFBIH MKEMIi
peTTey KypAeli YIKeH aiiMaKkTap/a carnaibl TOp KYPY/IbIH HET13T1 FhUIBIMU MiHJIETTEPiHiH 0ipi O0IbIN
taObuansl [1]. Byn 3eprreyaiH MakcaThl — SKBUBAJICHTTI YJICCTIPY HETi3iHJE aJanTHBTI TOP KYPY
ANTOPUTMIH 93ipJiel, OHBIH THIMAUITIH CaHJBIK dKCIEPUMEHTTEP apKbUIbI Oarajamn »oHe OoJpKaM
xacalpl, 0ackapy (GpyHKIHSICH KOJTAHBUIFAH TOPJIAP JICTYPIIi OIpKEIKi TOpIapMEH CalTbICThIPFaH/1a
JKOFaphbl ecenTey AIITH )KOHE TYPaKThUIBIKTHI KaMTaMachkl3 etefi. Kypaeni ken enmem i ecentepi
HICTTy/e aJanTUBTI TOPIApAbl KOIIAHYBIH apTHIKIIBUIBIKTAPEIH KOPCETETIH KONTETEH TEOPHUSIIBIK
’KOHE DKCIIEPHUMEHTTIK Toxkinpoenep 6ap [2], [3].

JlerenmeH OyJ1 Macele TOJBIFBIMEH HICIIITEH JKOK YOHE Ka3lpri yakbITTa aJaliTUBTI TOPJIApAbI
KYPY/AbIH ’KaHa 9iCTepiH jxo0anayFa xxoHe Oeiriii TypieHaipyre, Topiapaa ecentey aaropuTMIepiH
KYpyFa apHaJFaH jkaHa 3eprreyiep komn.Ochkl MakajdaHbl jka3y OapbhICHIHIA SKBUBAJIEHTTI YJIECTIpY
o/lici HEeTI3IHJE FBUIBIMHU 3€pTTeysep KYpri3uidi. 3epTrey aschlHAA aTanfaH OMICTIH THIMJIUTIT
TaJ/IaHbIl, OHBIH KOJJAHy MYMKIHAIKTEpl KapacThIpbUlael. bByn Takblpbinl OoiibiHIIA Oacka
FAJIBIMAAP/AbIH €HOEKTEep1 3ep/AeTICHIll, OJIap/IbIH 3€pPTTEY HOTHKENEpiHe KaH-)KaKThI 10Ty Kacajbl.
byn tanpgay skBUBaJEHTTI YJECTIPY OMICIHIH KOJJAHY asChl MEH OHBIH FHUIBIMH MAaHbBI3IbLIBIFBIH
TepeHIpeK TYCIHyre MyMKIHIIK Oepi.

Pasvanti N., skone opinmrectepiHid 3epTreyiHae [4] Topibl KypbUIBIMIApIAbl MOJEIbACY/IE
TOMOTeHM3alMs O/IiCIH KapacThIpabl. ['oMOreHu3anuss — MUKpOJIEHIeiaeri Kypaeni KypbUIbIM/IbI
MaTepuaibl MakKpoJIeHreiae OIpTEeKTI opTa peTiHAe KapacTelpy ofici. bym Tocin kypaem
TeOMETPHSUIBl Ka3blK OpTalapbl KapamailblM SKBUBAJEHTTI OpPTAJapMEH ajlMacThipa OTBIPHIIL,
MOJIeNbACY THIMIUITIH apTThIpyFa MYMKIHIIK Oepeni. ABTOpiiap TOMOI€HM3alMs OMdICIH
KYPBUIBIMIAPIbIH MEXAaHUKAIBIK KACHETTEePIH €CeNTeyIiH THIMAlI opi OHTAWIBl Kypajbl PETiHIe
ycbiHazpl. Gao S., koHe opinTecTepiHiH 3epTTeyinae [5] co3buty MeH uiny nedopmanusiapbia Oip
YaKbITTa €CKEPEeTiH THOPUATI TOPJIBI KYPBUIBIMIAP (SpTYpPJIi T€OMETPHSUIBIK MilliHAEp/ 1 Oi1piKTipin
»KacaJFaH TOPJIBI KYPBUIBIM.) VIIIIH apHaiibl OCHiMIENreH SKBHBAJCHTTI TOMOTCHHU3AIMSIAY dIiCiH
ycbiHaabl. Byn omic KypbUIBIMIAapAblH MEXaHUKAJIbIK HapaMeTpliepiH JIamipek Oaranayra jKoHE
OJIapJIbIH JKalMbl KYMBIC THIMAUILIH apTThIpyFa OaFbITTalfaH. ABTOpJap YCBIHFaH TOCLI
reTeporeH i KypbUIBIMAAPIBIH KYpJedi KacHeTTepiH OipTeKTi opTa apKbUIbl CHIIATTail OTBIPHIIL,
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WHXCHEPIIIK MOJIENbICYNIH AJIAITIH €10yip dKOFapbUIaTa bl )KOHE €CENTEY PECYPCTAPhIH YHEMIEYTE
MyMKiHzaik Oepeni. Li Y., koHe opinTecrepiniH 3epTreyinmae [6] 6ipkenki emec (rereporei) xoHe
AQHM30TPONTHI TOPIBI KYPBUIBIMIAPABI(PTYPIIi OaFbITTapAa opTYPJIi MEXaHUKAIBIK KaCHETTepre ue
0OJIaTBIH TOPJIBI KYPBUTBIM. ) TeHEpaIusiIay dICiH YChIHABI. byt oftic aymumconaTap by KEHICTIKTE
OpHANIACTHIPBUTYbIHA ~ HETI3NEJNil, VIIeNIIeMIi TOpJbl KYPBUIBIMAAPABIH OCpIKTITiH KoHE
MEXaHUKAJIBIK OediMieny KaOUIeTiH apTThIpyFa OaFbITTaiiFaH. ABTOpJap YCHIHFaH TOCUI Kypzeni
TeOMETPHSUIBI KYPBUIBIMAAPABI THIMAI MOAENbACYre MYMKIHAIK Oepimn, KypbUIBIMIAApABIH HaKThI
KYMBIC IIapTTapblHa WKEMJENyiH Kamramacei3 eremi. Zhang X., KoHE opilTecTepiHiH
seprreyinge [7] y3mikci3 e3repeTiH opTa peTiHAE KapacThIPhUIATHIH T'PAJMEHTTI  TOPJIBI
KYPBUIBIMIAPBbIH ~ AKBUBAICHTTI CEpPHIMAUIIK MapaMeTpiepiH HakThl OoipKayra apHajiFaH
JTMCKPETH3AIMs 9IICI YCHIHBUIABI. ByJl TociT MaTepHalblH aHH30TPOMHSIIBIK KACHETTEPIiH KOHE
KEHICTIKTIK TpaJUeHTTEpiH €CemKe aja OTBIPBIN, KYpAedi KYpPhUIBIMAAPABIH CEePIiMILTIK
cUIaTTaMajapblH KOFaphI JOJIIKIICH aHbBIKTayFa MYMKIHIK Oepei.

bi3 SKBHUBaJEHTTI YJIECTIpy OMICIH aJABIHFBI 3€pTTEYyJepA€ YCHIHBUIFAH TOMOTC€HU3AIUSIIAY,
JTMCKPETH3AIHS JKOHE aHU30TPOIHUSUIBIK MOJICIBICY 9ICTEPIMEH CAIIBICTBIPA OTBHIPHII KOJIAHIBIK.
XKyprizinren cajpICTBIpMabl TalAayIap MEH CaHIBIK AKCIEPUMEHTTEp HOTIDKECiHAe, Oi3IiH omic
€cenTey IOJIri, TYPaKThUIBIK JKOHE €CeNTEey YyaKbIThl >KaFblHAH >KOFapbhl THIMALUIIK KOPCETTI.
Ocipece, KYpBUIBIMHBIH MEXAaHUKAJBIK CHUIATTaMallapblH HAaKTBl OoJpKayna >KOHE opTypUl
OarpITTapAarbl KYILIKE jkayan OepyiH Mojaenpaeyae Oi3MiH 9iC IOCTYpJl TICUIAepre KaparaHia
aHAFYPJIBIM CEHIMJII opi MKEeM eKeHi JoNeNIeH/Ii. OMIC KYpAeIl reOMEeTpHUsIIbI JKOHE TPAJHUEeHTTI
TOPJIBI KYPBUIBIMAAPFA OHAW OCHIMIETyi OHBI MHXXCHEPIIIK €CenTeyliep MEH KYPBUIBIMIIBIK Tajiay
caJlachIHJIa THIM/II KYpas PeTiHe KOIIaHyFa MYMKIHIIK Oepei.

3eprTey dmicTemeci

KHCBIK CBI3BIKTHI KOOpIMHATANIAP/1A aJalITUBTI TOP/Ibl OPHATIACTBIPY YLIIH SKBUBAIEHTTI YJIECTIpY
oniciH KongaHaMbI3. by onic 6ackapy (GyHKIHSCHIHBIH MOHIHE COMKec TOp TYHiHAEpiH Oeiimuaey
apKbLIbI )KOFAPBI IQJIIKKE JKeTyre MyMKIHJIIK Oepei. DKBUBAICHTTI YJecTipy o/ici Oyl afanTuBTi
TOpJIApAbl KYPYABIH TaHBIMAJ 9MICTepiHiH Oipi, 07 ecenTey ruApPOJMHAMUKACHI, SJIEKTPOIMHAMHUKA
&KoHe 0acka Jja Maocesenep/Ii ey YIIiH KOJAaHbUIaAbl. ©MICTIH HEeT13r1 UIesChl alMaKThIH OlpKesKi
€MeC TapalyblH CHUIMATTAUTBIH (YHKIMOHAJABUIBIKTHI a3alTy YIUIH TOp TYHIHIAEPIH Kypy OoJbIIn
TabbIIaAbl. Ocipece Topiuapaarsl AuQdepeHnnanablK TeHAeyIep/i MEenTyaiH CaHIbIK dmicTepiHe
MaHBbI3/Ibl peJl aTKapaabl. by o/ic KapacThIpbUIBIN OThIpFaH aiiMakK OOWbIHINA TOp TYHIHAEPIHIH
Oipkenki TapaidyblH KamTamachl3 ereii. COHbIMEH KaTap, SKBMBAJCHTTI YJECTIpYy OJiCi e€CenTik
TOPJIAPIbIH UKEMAUIITIH apTTHIPHII, MIEIIMHIH JJIIITH &KakcapTaabl. OJ TOp THIFbI3bIFBIH 0acKapy
apKbUIBI IIENIIMHIH THIMAUIITTH apTTHIPBIIN, €CeNTey KaTeNepiH azaiiTyra MyMKiHAiK 6epeni. by aic
ocipece aFplH JUHAMHUKACHI, KBUTy aJIMacy IPOLECTEpi KOHE AIEKTPOMArHUTTIK TOJKBIHIAPIIBIH
TapaJdyblH €cenTey Ke3iHAe >KOFapbl TONIIKTI HOTIDKeNep anyra kemekrteceni. Ochliaiiia,
SKBHUBAJIEHTTI YJIECTIPY OICI KYpAesl TIeoMEeTpHsUlbl aliMakTap/ia €ecenrTey TOpJIaphlH Kypyna
MaHBbI3/1bI Kypas 6ossin Tadbuiaas! [8], [9].

DOKBUBAJICHTTI YJIECTIPY OAICIH KOJAaHa OTBIPHITT OCHMICNTIIT TOp KYpY MPOIIECT o9AeTTe Kelecl
KaJamJ1apbl KaMTHIbIL:

- IllenrinieTin aiiMaKThIH T€OMETPHICHI MEH OJIIIIEMICPIH aHBIKTAY .

- Tyitiaaep caHbIH aHBIKTAy VIIH MICHIIMHIH KaXKETTI JSJAIriHE JKeTyre KaHila TYHiH KaKeT
€KEHJIIT1H OMIacThIPY.

- Tyitiaai TeH 6oy YIIiH TeHAeH KallbIKTHIKTKA TapaTy 9/IICIH KOJAaHa OTBIPHII, TOP TYHIHAEPIH
aitMak OoWbIHIIIA O1pKenKi Oey.

- Topnel GeiliMaey Kaxer OoiFaH arjaia OedimMaenrin TopAbl TalChIPMAaHbIH TaJlaTapblHA
HEMece OpTYp Il MIENIMHIH epeKIeTiKTepine OalmaHbICThl OeiimMaey, Oy JIereHiMi3 Ke3 KeTreH
KOFapbl HEMece TOMEH aliMaKTapa KaxeT xkKepJepie Top TYHIHIepiH KOCy Il HeMece a3ailTy.
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Aodanmuemi mop Kypy
Kuceik cbbpIKk L OoiibiHINIA OCHIMACHTIIT TOPABI CHUINATTAy VIIIH, Kejleci MmapaMeTpiep/al
oenrineimiz[4]:
x=f(p)y=1%(p), 0<p=<y
TopneiH SIkoOnaH geTepMUHAHTHI APKBUIBI KUCBHIK OOMBIHIaFbl Y3bIHIIBIK JICMEHTIH aHBIKTAHMBI3:

0= (&) +(©Em) >0 pelod @

Byn TeHmey KUCHIK KOOpAMHATATIApAFbl Y3bIHIBIK 3JEMEHTIHIH T'PaJUeHT HOPMAChIH TOPIAFbI
0ackapy ¢yHkmschl w(x,y) = 1 00JCHIH.

Top rtyiiingepi xj = (x]-,y]-) (G=0,.....N) koopauHaTanapsiMeH Oepinei KOHE OJaP/IbIH
apachIHIAFbl JoFanap y3bHIbIFEl L Gackapy (QYHKIHSCHIHA Kepi MPOMOPIHOHAT OOIYBl KaKeT.
x=f(p),y=f(p;)) (G=0,....N) )

Oxeusanenmmi yrecmipy aoici
s(p]—) Oy L KUCHIFBIHJAF JOFANIAP/bIH Y3bIHIBIFEI OOJICHIH Xj OHBIH 0OacTankel TyHiHi Oi3
SKBHUBAJICHTTI YJECTIPY 9/IiCI IPUHIIMITI OOWBIHILIA Keeci/Iel Ka3ambl3.

w (pj+1/2) (s(pj+1) — s(pj)) = cost,

My o (priay,) = o (fl (Pra). 2 (pj+1/2))' Pty = 25 (3)

KopeiTa aiiTkanna Oyl L KMCBIFBIHIAFBl X aJanTHBTI TOpbl Oip Keski emec Top pj ain [0,t]
OOBUILICEIHA COUKEC KEIE].

P=p(q), q € [0,1] Gosncein 4)
Q =[0,1] o6asiceimarsl Mouzepi [0, (] Gipre 6ip MoHiHe caiikec Kemei.
P(0)=0, P(1)=u. (5)

Qyp, o6nbiceia [0,1]  apanbIFbIHA OpHATACKAH OipKenki eMec Top Oepincin. Ockl TopAarsl opoip
TyHiHre OIpMOHII TYpJle COMKeC KeJeTiH, Wy, OOJBIChIHA OpHAIAacKaH OIpKEJKi TOp KapacThIpalbIK.

1 )
By top [0,1] apanbiFsiHga Kagambl hZE NEeNiK.

Mynna pj=p(q), qj €y (6)

qj =jh (j=0,....N) okBuBaneHtTi yjectipy omici Oo¥biHma (3) Qopmyansl Kenecinei
Ka3amplI3.

) (pj+1/2) 5(Qi+1l)1—5(‘h') — const @)

p(Q)

S(q) = jo I(6) dt

L noraHbIH Y3bIHIBIFEL 9p0ip HYKTECI MoH1 p(q) AiH opOip HYKTENIEpiHIH MOHIHE COMKeC KeJel.
(7) renneyi nuddepeHIHANIBIK TEHACYIIH alpbIMIBIK aHAIOTHI OOJIBIT Ta0bLIAbI.

w(p)5 (a) = const ®)
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byn tenneyniy q allHpIMaIbICHl OOMBIHIIA (4) TEHACYACH TOMEH IET1 POpMyIaHbl aTaMbI3.

w(0®5)=0 qe@), ©)
P(0)=0, P(1)=.
S@=Ip)5E (@),
MyHnna:
w(e®5) =0 qe 0D, (10)
P(0)=0, P(1)=1

(10) - popmyaHbl aKBIPIIBI-AWBIPHIMIIBIK J/1iCTI OOMBIHINIA ObLIAN jKa3aMBbI3.

1 Pj+1-bj Pi_Dj_
5 (@D, == = (@D, =5 7) =0, (11)
po = 0, PN =1, j=1, .., N=1,
a)j+1/2 = w (p]-+1/2), (12)

fl(p].+1)_f1(p,-))2 + (fl(pju)—fz(pj))z_ (13)

1 frm
]H /2 ( Pj+1~Pj Pj+1~Pj

AKBIpJIBI-alBIPBIMIBIK 9/1iC OOMBIHIIIA D; TYHIHAEPIHIH MOHIEPIH KYBIKTAll €CENTel, HAKThI
1IenimMre JKeTKEeHIIe ecentey skyprizemis. Q Gipkenki emec Top [0,t] kecinmicinme GacTanmksl
KYBIKTAY JIbI p]-0 JIEIT aJIbIIl, KeHiH p]m MOHJICPIH M peT KahTalaln jXybIKTay apKbUIbl JJT HICHIIMIe
KOJI JKETKI3€eMi3.

byn mpomecc Oapeiceiaga (13) xone (12) dopmynamapsl OoilibiHIIa Oackapy (QyHKIHSICHI
ecenreneni. Ocpuiaiiia, OeWiMIENTIII TOPABIH KYPBUIBIMBI €CENTey ASJAINIH apTThIpyFa >KOHE
KYpJeli aiiMakTapa Top TYWiHIEepiH OHTAWIIBI YAeCTipyre MYMKIHIIK Oeperi.

Wjag,= 0Pyy,)

m \_f1(m 2 m \_ m\\ 2
SxoOuH ]jr:ld/zz <M> +<f2(pi+1) (p) )) (14)

iy i iy
(15) popmymansl 613 YIIT HYKTEN alBIPBIMJIBIK CXEMACHI ApKBLIBI Kyallay 9/IiCiH MaiJaiaHbIIl

HIemeMis.
KysbikTay TeHey1 Kenecl TYpAe Ka3bulajibl:

1 P+ —p p"tt —pi1t
n ((w]);:l_l/z % - (w])jnh/z %) =0,
pPtl =0, pM*l=y j=1,.N-1 (15)
0 N ]

XKysbikTan ecentey mporeci OpHBIKTBI 00iy yIIiH L KHCBIFBIHJA MbIHAa IIAPT OpBIHAAJFaHIIA
KaJFacazbl.

m+1 m+1
max|piy’ —p"| <e (16)

XKorapnarel (15)-dpypMynansl Kyanay omici OOWBIHIIA ecemTey YVIIIH TeMeHneri Qopmara
KeNTipeMi3 OyJ1 TeHAeYJIep KyHeci Kbl Type Obliai jka3buiajbl.
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