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Abstract

A Legendre-Fenchel transform framework is developed for pressure-driven capillary flow of monotone
generalized Newtonian fluids. A monotone nonlinear flow curve defines a convex dissipation potential, and
its Legendre-Fenchel transform gives a complementary potential in the stress variable. Since the stress
distribution is known explicitly in fully developed capillary flow, the velocity profile can be obtained from
this complementary potential without requiring the inverse constitutive relation to be written explicitly. This
reformulates nonlinear capillary-flow modeling from a model-by-model constitutive inversion problem into a
convex-duality construction. The method recovers the shear-rate-parametrized Carreau-Yasuda solution, gives
compact average-velocity relations for circular and planar geometries, and extends to several generalized
Newtonian models, including Papanastasiou-regularized yield-stress fluids. In the ideal yield-stress limit, plug
formation follows naturally from the subdifferential structure of the dissipation potential and the corresponding
flat interval of the complementary potential. The framework provides a unified mathematical structure for
analytical and semi-analytical pressure-drop-flow-rate relations in nonlinear capillary flow.

Keywords: Legendre-Fenchel transform; capillary flow; generalized Newtonian fluids; convex duality;
non-Newtonian rheology; pressure-driven flow; yield-stress fluids.
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HNPEOBPA3OBAHME JIEXAHAPA-®EHXEJISA JJISI MATEMATUYECKOI'O
MOJAEJUPOBAHUSA HEJIUMHENHOIO KAITMJJIAPHOT'O TEYEHH S OBOBIIEHHBIX
HBIOTOHOBCKHUX KUJIKOCTEN

Annomayus

B pabore paspaborana cxema mpeoOpazoBanus Jlexxannpa-DeHxens sl HAMOPHOTO KANMMJUIIPHOTO
TEUYCHHSI MOHOTOHHBIX 0000IIEHHBIX HBIOTOHOBCKUX JKUIAKOCTEH. MOHOTOHHAS HEJIMHEHHAS KPUBasi TCUCHUS
3a7aéT BBIMYKJIBIA IOTEHIMAN JgUccumnanuu, a e€ mpeoOpazoBanue Jlexannpa-Denxens Gopmupyer
JIOTIOJTHUTENBHBIA TIOTEHIMANl B TEPEeMEHHOW HampspkeHus. [loCKONbKy pacmpezenieHHe HaNpsHKEHHs B
MTOJTHOCTHIO Pa3BUTOM KAIMJUIAPHOM TEUEHUHN M3BECTHO M3 YPABHEHUS UMITYJIbCA, MPO(UIH CKOPOCTH MOXKET
OBITH TIOJTY4€H HETIOCPEACTBEHHO U3 JIOTIOJIHUTEIBHOTO TIOTeHIIANA Oe3 SBHOTO 00pallleHHsT ONPEAETISIONIETO
cooTHomIeHns. Takol Moaxo/| MepeBOUT MOJISITMPOBAHNE HEJTMHEWHOTO KANMWJUIAPHOTO TEUSHHS U3 3a/1a9u
oOparieHusl OTHIENbHBIX PEOIOTHUYECKHX MOZENeH B €IMHYI0 KOHCTPYKIIUIO BBITYKJIIOH JBOMCTBEHHOCTH.
MeTo1 BOCTIpOM3BOAUT MApaMEeTPU30BAHHOE 110 CKOPOCTH caBHra pemenue Kappo-Scypl, 1aéT KOMIaKTHBIE
COOTHOUICHHS JJIsi CpefHeNd CKOPOCTH B KPYTJIOW M IUIOCKOM TeOMETpHUAX M PacHpOoCTpaHsSeTcs] Ha Pl
0000IIEHHBIX HBIOTOHOBCKHUX MOJIEINEH, BKITIOUYas PeryIIpru30BaHHbIE MOJIENH CPE C MIPeesioM TeKydecTu. B
rpenese uaeadbHON Cpelbl C MPEeIeioM TeKy4ecTH o0pa3oBaHue MPOOKOBOI 30HBI €CTECTBEHHO CIEAYET U3
cyOoauddepeHnaIbHOM CTPYKTYPhI MOTSHIMA A uccunanuu. [IpemioxenHas cxemMa 00ecreunBaeT eaMHOe
MaT€MaTHUYECKOE OIMUCAHUE AHAJUTHUYECKUX U TMOIYyaHATUTHUYECKUX 3aBHUCHUMOCTEH MEXIy IMepenaaoM
JABJICHUS U PACXO0JIOM B HEIMHEWHOM KANMWUISIPHOM TEUECHUH.

KawueBbie cioBa: mnpeobOpazoBanue Jlexxannpa-denxens; KamwuisipHOEe TedeHHe; 0000MEHHBIE
HBIOTOHOBCKHE >KMIKOCTH; BBINTyKJas JBOWCTBEHHOCTh; HEHBIOTOHOBCKAS PEOJIOTHS; HATIOPHOE TEUYCHHE;
XKUAKOCTH C MIPEJIENOM TEKYUIECTH.
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JKAJNBIJIAHFAH HBIOTOHJIBIK CYHBIKTAPJBIH ChI3BIKTBIK EMEC
KATMAJJISPJBIK AFBIHBIH MATEMATHUKAJIBIK MOJIEJBJIEYT'E APHAJIFAH
JEXAHAP-®EHXEJb TYPJEHAIPYI

Anoamna

By KyMmbIcTa MOHOTOHIBI KANMBUIAHFAH HBIOTOHABIK CYHBIKTApJbIH KBICBIM OCEpiHEH OO0JaThIH
KamUTAPJBIK aFBIHBIH cUNarTay yiniH Jlexannp—DeHxenb TypiaeHIipyiHe HeTi3IeNreH TOCUT YCHIHBUIA B
MOHOTOH/IBI CBHI3BIKTBIK €MEC aFblH KUCBHIFBI JIOHEC JMCCUIIAIUS TTOTCHIUANBIH aHBIKTAWbI, ajl OHBIH
Jlexanap-denxens TYpACHIIPYI KepHEY alHBIMANBICHIHAAFBI KOCHIMINA TMOTCHIMAMAB Oepedi. Tombik
JaMbIFaH KaMWULAPIBIK arblHIa KEpPHEYAiH Tapalybl WMITyIbC TeHJIEYiHeH Oenrini OosFaHIbIKTaH,
KBUIAMJIBIK TPO(HITIH aHBIKTAYIITBI TSHACYAlI alKbIH TYpJIe Kepi IIbIFapMai-aKk OChl KOCBHIMIIIA ITOTCHIIUA
apKbUIBI amyFa Oomansl. OchblIaiiina, ChI3BIKTHIK €MEC KAWLISAPIIBIK aFbIH]IBI MOJCIBICY HKEKE PEOTOTHSITBIK
MOJIETIB/IEP/l Kepl allHaIABIpy MOCEJeCiHeH IAOHEC MyalbUIBIKKa HEeTi3[eNTeH OipbIHFall MaTeMaTHKAIBIK
KYpbUIbIMFa Kemripinesni. Oaic Kappo-Scyma MoneniHiH BIFBICY KbULAAMIBIFFIMEH ITapaMeTPIICHIeH MIeTIiMiH
KaJIlIbIHA KEJTIpei, JOHreleK >KOHE JKa3blK T'COMETPHUSIIAp YIIIH OpTallia KbUIAAMIBIKTBIH BIKIIAM
KaTbiHacTapblH Oepeni »koHe [lamanacracuy OOMBIHINIA peryJspuU3alUsIaHFaH aKKBIIITHIK IIeri 0ap
CYMBIKTApJBl KOcCa alFaHaa OipHelIe J>KaNMbUIAHFaH HBIOTOHABIK MOJIENbACPre KOJIaHbUiaael. Mnean
AKKBIIITHIK IIeTi 0ap CYHBIK IIETiH/Ie THIFBIH TOPi3/l aliMaKThIH Maiiia 0oyl AUCCUTIAINS TTOTSHIIUABIHBIH
cyOmuddepeHMaNablK KYPhUIBIMBIHAH TAaOWFU TypAC IIBIFAaAbl. YCBIHBUIFAH TOCUI CBI3BIKTBIK €MeC
KaMWUSIPIBIK  aFbIHJAFbl KBICBIM TYCyl MEH IIBIFBIH apachlHIAFbl AHAJIMTUKAIBIK KOHE IKapThUIAH
AHATMTUKAIBIK TOYCIIITIKTEP/Ii CHITaTTANTHIH OipTyTac MaTeMaTHKAIBIK HETi3 Oepei.

Tyiiin ce3mep: Jlexannp-Oenxenb TYpIeHAIPYl; KaOWUIAPJBIK aFbIH; JKAIMbUIAHFAH HBIOTOHJIBIK
CYWBIKTAp; TOHEC AyaNJbUIBIK; HHIOTOHJIBIK €MEC PEOJIOTHS; KbICBIMMEH KO3FANATHIH aFbIH; aKKBIIITHIK 1T
0ap cyHBIKTap.

1 Introduction

Main provisions

A monotone flow curve of a generalized Newtonian fluid can be represented by a convex
dissipation potential, while its Legendre-Fenchel conjugate provides a complementary potential in
the stress variable. For fully developed capillary flow, the stress distribution is known from
momentum balance; therefore, the velocity profile follows directly from the complementary potential
without explicit inversion of the constitutive law. The framework recovers the Carreau-Yasuda
solution and gives compact average-velocity relations for circular and planar geometries. The
formulation also applies to Cross, Sisko, Ellis, Bingham—Papanastasiou and Herschel-Bulkley—
Papanastasiou fluids, including ideal yield-stress limits through subdifferentials.

Pressure-driven flow in capillary geometries is a classical problem in fluid mechanics, transport
phenomena, and rheology [1,2]. In its simplest form, the problem asks how a prescribed pressure
gradient determines the velocity profile and the corresponding relation between flow rate and pressure
drop. For a Newtonian fluid, the linear relation between shear stress and shear rate leads directly to
the Hagen—Poiseuille solution. For a generalized Newtonian fluid, the same momentum balance
remains simple, but the constitutive relation between shear stress and shear rate becomes nonlinear.

Capillary flow of non-Newtonian fluids has a long history in rheometry and polymer processing.
Classical studies of plastic and non-Newtonian tube flow established the importance of pressure-
drop/flow-rate relations, wall effects, and apparent viscosity corrections [3—6]. Modern treatments
have further developed analytical, numerical, and semi-analytical descriptions of generalized
Newtonian flow in pipes, slits, and narrow channels [7-11]. The present work is connected to this
literature, but its purpose is more specific: it identifies a convex-duality structure underlying shear-
rate-parametrized capillary-flow solutions.

The essential mathematical difficulty is the nonlinear constitutive relation. In fully developed
capillary flow, the shear-stress distribution is determined explicitly by the momentum equation. In a
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circular capillary of radius R, for example, the shear stress is a linear function of the radial coordinate.
The shear rate is then obtained from the nonlinear flow curve

T=T(y), (1

where T maps the shear-rate magnitude to the shear-stress magnitude. Once y is known as a
function of position, the velocity follows by integration. Thus, the force balance gives the stress field
directly; the remaining task is to invert, or otherwise represent, the nonlinear mapping from shear rate
to stress.

In Ref. [12], this difficulty was avoided for the Carreau-Yasuda model by using the shear rate itself
as the independent variable. In normalized variables, the stress balance gives the radial coordinate
directly as a function of the normalized shear rate, and the velocity profile is then obtained in
parametric form. This procedure led to closed expressions involving the Gauss hypergeometric
function and provided benchmark solutions for numerical calculations. Related approaches have also
used stress, shear rate, velocity, or flow rate as organizing variables for laminar tube-flow
problems [9,10].

The present paper shows that this shear-rate parametrization can be placed in a broader Legendre-
Fenchel transform framework. The Legendre-Fenchel transform is a standard construction in convex
analysis [13,14]. For a monotone flow curve T, we define the dissipation potential

D) = [T (g) dq. @

The constitutive relation between shear stress and shear rate is then the derivative, or more
generally the subgradient, of a convex function. The Legendre-Fenchel transform of D, denoted by
D*, gives a complementary dissipation potential in the stress variable. In this dual representation, the
inverse constitutive relation is encoded by the derivative or subgradient of D*.

This observation leads to a compact capillary-flow solution. Since the stress distribution is known
explicitly, the velocity profile can be obtained by evaluating the complementary dissipation potential
along that stress distribution. For a circular capillary with no slip at the wall, the result is

u(r) = = [D*(w) — D" (ww %) 3)

where 1, is the wall shear stress. Equation (3) is the central result of this work. It reformulates the
capillary-flow problem as a convex-duality problem: the geometry determines the stress distribution,
while the rheology enters through the complementary dissipation potential.

Unlike traditional capillary-flow analyses, which typically require a model-specific inversion of
the constitutive relation, the present formulation reduces the problem to the construction of a
complementary dissipation potential. This provides a unified treatment of smooth shear-thinning
models, rheological laws naturally specified in inverse form, and nonsmooth ideal yield-stress limits
within the same framework.

This formulation has several advantages. First, it separates the geometric part of the problem from
the constitutive part. Second, it avoids the need to write the inverse constitutive relation explicitly
when a parametric representation is sufficient. Third, it applies not only to smooth shear-thinning
models, such as Carreau-Yasuda and Cross fluids [15—-17], but also to regularized and ideal yield-
stress models [3,18-20]. In the ideal yield-stress limit, the use of Legendre-Fenchel conjugacy is
especially natural because nonsmooth constitutive behavior can be represented through
subdifferentials rather than ordinary derivatives.

The analysis in this paper is restricted to steady, fully developed, isothermal, pressure-driven flow
of monotone generalized Newtonian fluids in capillary geometries. Within this setting, the aim is to
clarify the mathematical structure behind shear-rate-parametrized solutions and to show how several
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common rheological models fit into the same framework. The paper is organized as follows. Section 2
recalls the Legendre-Fenchel transform ideas needed in this work and applies them to generalized
Newtonian flow curves. Section 3 derives the general capillary-flow solution in terms of the
complementary dissipation potential. Section 4 recovers the Carreau-Yasuda solution of Ref. [12].
Section 5 applies the same framework to other generalized Newtonian models, including Cross,
Sisko, Ellis, Bingham-Papanastasiou, Herschel-Bulkley-Papanastasiou, and ideal yield-stress fluids.
Section 6 summarizes the main findings and discusses the scope and possible extensions of the
formulation.

2 Research methodology

Legendre-Fenchel transform and generalized Newtonian fluids

2.1 Definition and basic properties

The Legendre-Fenchel transform is a standard construction in convex analysis [13,14]. It is useful
here because it provides a natural way to pass between a constitutive relation written in terms of shear
rate and a complementary relation written in terms of stress.

To define the transform, it is convenient to allow functions that may take the value +oo. Thus,
instead of considering only real-valued functions, we consider functions of the form

f:X > R U {+0o}. (4)

Here X is the space of the variable x, while f(x) is either a finite real number or +oo. The value
+oo is useful because it allows constraints to be included directly in the function. For example, if a
variable is only allowed to lie in a set C, one can assign a finite value to f(x) for x € C and assign
f(x) =+ for x € C. Points outside the allowed set are then automatically excluded from
minimization problems.

In the present work, most calculations involve scalar variables such as shear-rate magnitude and
shear-stress magnitude. Nevertheless, the extended-real notation is useful because it also covers
constrained and nonsmooth cases, including ideal yield-stress fluids.

The Legendre-Fenchel transform of f, also called the convex conjugate of f, is defined by

f () = i‘é}?{@' x) — f(x)}. (5)

Here x is the original variable, p is the dual variable, and (p, x) denotes the duality pairing. In
finite-dimensional Euclidean space, this pairing is simply the dot product.

Equation (5) should be compared with the classical Legendre transform. If f is differentiable and
strictly convex, one introduces the dual variable by

p=f'(x), (6)
solves this relation for x = x(p), and writes
f () = px(®) — f(x(P)). (7

Thus, in the differentiable and strictly convex case, the Legendre-Fenchel transform reduces to the
usual Legendre transform. The advantage of Eq. (5) is that it does not require differentiability or strict
convexity. It is therefore the appropriate transform for nonsmooth functions, constrained functions,
and yield-stress limits.

A useful way to understand the transform is through supporting lines. For a convex function, the
affine function

x = (p,x) = f(p) ®)
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lies below f(x) for all x. The number f*(p) therefore determines the intercept of the best affine
lower support with slope p. This is the geometric reason why the Legendre-Fenchel transform is
naturally connected with convexity.

The fundamental inequality associated with Eq. (5) is the Fenchel-Young inequality,

f@)+ (@) 2 (p,x)- )
Equality holds precisely when p is a subgradient of f at x:
p € Of (x). (10)
Equivalently,
x € 0f"(p). (11)
If both functions are differentiable, these conditions reduce to
p=f'x), x=")®. (12)

Thus, the derivative of the transformed function gives the inverse of the derivative of the original
function. This inverse relation is the key mathematical mechanism used in the capillary-flow problem
below. Two comments are useful for the present application. First, the Legendre-Fenchel transform
is always convex as a function of the dual variable. Second, the transform is not automatically self-
inverse. The double transform recovers the original function when the original function is closed and
convex; otherwise, it gives the closed convex envelope. In the present work, the relevant functions
are dissipation potentials generated by monotone flow curves, so convexity is built into the
formulation.

2.2 Dissipation and complementary dissipation potentials

We now apply the Legendre-Fenchel transform to generalized Newtonian fluids. Let y > 0 denote
the shear-rate magnitude. A generalized Newtonian fluid is described by a scalar flow curve

T=T(y), (13)
where T > 0 is the shear-stress magnitude. For a viscosity model n(y), the flow curve is
Ty) =n@)y. (14)

We assume throughout that the flow curve is monotone nondecreasing:

T'(y) = 0. (15)
For differentiable viscosity functions, this condition is equivalent to

n@) +yn' () 0. (16)

Physically, monotonicity means that increasing the shear stress should not reduce the shear rate.
Mathematically, it ensures that the flow curve can be generated by a convex potential. All model-
specific formulas below are understood to hold for parameter ranges where this monotonicity
condition is satisfied. Define the dissipation potential by

D) = [T (q) da. (17)

22




Abaii amvinoasvr Kaz¥I1Y-niy XABAPIIBICHI, « Qusuka-mamemamura vlivimoapuly cepusicol, Ne3(95), 2026

If T is differentiable, then

D'y)=T'(y) 20, (18)
so D is convex. The constitutive relation can therefore be written in the subgradient form

T € 0D(y). (19)

For smooth flow curves, this reduces to

T=D'(y) =T®¥). (20)
The Legendre-Fenchel transform of D is
D*(r) = S;UIOJ[TT/ - DI 1)
vy

We call D* the complementary dissipation potential. The original potential D is written in terms
of the shear-rate variable, while the complementary potential D* is written in terms of the stress
variable.

The inverse constitutive relation is obtained from the subgradient of D*:

y € 0D*(1). (22)
For smooth strictly monotone flow curves, this becomes

Y =(D")'(®. (23)

Thus, D gives stress as a function of shear rate, while D* gives shear rate as a function of stress.
In nonsmooth cases, such as ideal yield-stress limits, the derivative relation is replaced by the
corresponding subgradient inclusion.

This is the point at which the Legendre-Fenchel transform becomes useful for capillary flow. The
momentum equation gives the stress distribution directly, whereas the velocity gradient is determined
by the shear rate. A formulation in which the shear rate is obtained from the stress variable is therefore
well suited to the capillary-flow problem. The complementary dissipation potential provides this
inverse constitutive information without requiring the inverse flow curve to be written explicitly in
elementary form.

In the following section, this observation is used to obtain the velocity profile directly from D*.

3 Results of the study
Legendre-Fenchel solution of capillary flow
3.1 Circular capillary

Consider steady, fully developed, pressure-driven flow in a straight circular capillary of radius R.
Let

G=""L>0 24)

be the pressure drop per unit length. The axial velocity is

u =u(r), (25)
and the shear-rate magnitude is

. d

y(r) =—-—20. (26)
The minus sign appears because the axial velocity decreases from the centerline to the wall.
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The wall shear stress is
Ty = —. (27)

Momentum balance gives the linear stress distribution
T
(r) =1, = (28)

This relation is independent of the constitutive model. The rheological model enters only through
the relation between 7 and y.
The wall shear rate y,, is defined by

T(w) = Tw- (29)

For many models, this scalar equation must be solved numerically. For some models, such as
power-law fluids and Bingham-Papanastasiou fluids, it can be solved explicitly. Throughout this
section, we assume a monotone generalized Newtonian flow curve so that the stress—shear-rate
relation can be represented by a convex dissipation potential.

3.2 Velocity profile from the complementary potential

Let D(y) be the local dissipation potential and let D* () be its Legendre-Fenchel transform,

D*(7) = s#g[n’/ - D). (30)

For a smooth strictly monotone generalized Newtonian fluid, the complementary constitutive

relation is
. dD*
V=5 (31
In nonsmooth cases, this derivative relation should be replaced by the corresponding subgradient
inclusion y € 0D* (7).
Using Eq. (28), the velocity gradient can be written as

~a = (i) 62)

in the smooth case. With the no-slip condition u(R) = 0, the velocity at radius r is obtained by
integrating from the wall to the interior:

u() = [7(s) ds. (33)

Since
T=1T,-, ds = & dr, (34)

R Tw

Eq. (33) becomes

_ R v
u(r) = Ty “Twr/R dt

(7) dr. (35)

Therefore,
u(r) = % [D*(TW) - D (TW %)] (36)

Equation (36) is the central formula of this work. It states that the velocity profile is generated by
the difference between the complementary dissipation potential evaluated at the wall stress and at the
local stress. The geometry enters through the known stress distribution in Eq. (28), while the rheology
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enters through the complementary potential D*(7). The formula is derived here for no-slip circular
capillary flow, but the same duality structure will also appear in the dimensionless and planar
formulations below.

3.3 Dimensionless formulation

It is useful to rewrite the solution in dimensionless form. Let

== (37)

where ¥, is the wall shear rate and 7, is the wall shear stress. Define the normalized flow curve

W(s) = "2, (38)
Because T(y,,) = 1, one has

Y1) =1. (39)
The stress distribution gives

p =Y(s). (40)

Thus, the dimensionless radial coordinate p is the normalized stress corresponding to the
dimensionless shear rate s. Under the monotonicity assumption on T, the function W(s) is
monotone nondecreasing and can be used as a parametric representation of the radial coordinate.

The normalized dissipation potential is

D(Vw
D(s) = ﬁ (41)
Using Eq. (17), this can be written as
N
P(s) = [, ¥ (§) dé. (42)
Therefore,
D'(s) =¥(s) =p. (43)

This shows that p is the conjugate variable to the normalized shear rate s.
The corresponding normalized complementary potential is

* D*(tw
" (p) = Z10L, (44)
Equivalently,
P (p) = suop[ps — ®(s)]. (45)
S=

The dimensionless velocity is defined as

w(p) = 52 (46)
Using Eq. (36), one obtains

i(p) = ®*(1) — 2*(p). (47)
If p = W(s), then the Fenchel equality gives

P (p) = sp — P(s) = s¥(s) — P(s). (48)

Atthe wall, s = 1 and p = 1. Since ¥(1) = 1,

P (1) =1 - d(1). (49)
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Therefore, the velocity profile can also be written in shear-rate-parametrized form as

i(s)=1—®(1) — sW(s) + P(s). (50)
Using Eq. (42), this becomes
a(s) = 1—sW(s) - [[ W (&) d¢. (51)

Equation (51) is the general shear-rate-parametrized form of the velocity profile. It is equivalent
to the construction used in Ref. [12], where W(s) was written as the dimensionless radial
coordinate. The auxiliary function introduced there is the tail integral

w(s) = [, ¥ (§) dé. (52)

Thus, the earlier shear-rate-parametrized solution can be interpreted as a Legendre-Fenchel
transform calculation in normalized variables.

3.4 Average velocity
The dimensionless average velocity for circular capillary flow is obtained by area averaging the

dimensionless velocity profile:
= 1. 1.
u=2[ i(p)pdp= [, a(p) d(p?). (53)

Using integration by parts, together with the no-slip condition #i(1) = 0, gives

i=-[ p* di (54)
From Eq. (51),

dw

d_p = —S. (55)
Therefore,

- 1

i=[ p*sdp. (56)

Since p = W¥(s), a second integration by parts gives

= 1 1
o= —[1 —J, p(s)? ds]. (57)
Thus, for circular capillary flow,

fi=z[1-f, ¥ (s)* ds]. (58)

The same calculation also applies to planar Poiseuille flow, with the area weighting replaced by
the one-dimensional average over half of the channel. Using symmetry about the center plane, one
has

u= [, @(p) dp. (59)
Integration by parts gives
= 1 1 1
i=[psdp=2[1-[ p()?ds] (60)
Hence, for planar Poiseuille flow,
= 1 1
i=:1- [ w(s)? ds| (61)

Both results can be written in a unified form by introducing the geometric index
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_ (1, planar Poiseuille flow,
d= {2, circular capillary flow. (62)
The dimensionless average velocity is then
= 1 1
fi=—[1- [ ¥ ()" ds] (63)
For circular capillary flow, the dimensional volumetric flow rate is
Q = nR*u = R3y,, 1. (64)
Therefore,
R34 1
Q="22[1— [l w(s)? ds| (65)
Together with
T, =2, W) ="2, g =1, (66)

Eq. (65) gives the flow-rate—pressure-drop relation once the rheological model T (y) is specified.

4 Recovery of the Carreau-Yasuda result

We now show how the general Legendre-Fenchel formulation recovers the Carreau-Yasuda
capillary-flow result. The Carreau-Yasuda viscosity model is

N0 = Neo + (Mo — Neo) [1 + (Ay) 4]~ D/, (67)

where 7 is the zero-shear viscosity, 774, 1s the infinite-shear viscosity, A is a characteristic time
scale, a is the Yasuda transition parameter, and n is the power-law index [15,16]. The
corresponding flow curve is

TW) =n®)y. (68)

The following derivation assumes parameter ranges and shear-rate intervals for which this flow
curve is monotone nondecreasing, so that the associated dissipation potential is convex.
Let y,, be the wall shear rate. We define

=M M =32=10). (69)

The normalized viscosities are

S _ Mo ~ Moo S o

= — 0 =, A = —Newo-

To=:"  fo=1" flo =1 (70)
Therefore,

ii(s) = % = 7l + A[L+ )] (71)
The wall normalization gives

o _ =D/ _

(1) =1 flo+A[1+2%] = 1. (72)

27



BECTHUK Ka3HIIY um. Abas, cepus « PQusuxo-mamemamudeckue naykuy, Ne3(95), 2026 a.

The normalized flow curve is

W(s) = 122 = si(s). (73)
Thus,
W(s) = s {7l + A1+ (A2 "7, (74)
At the wall, s = 1 and p = 1, so that
Y1) =1. (75)
The normalized dissipation potential is
®(s) = [, ¥ () dt. (76)
For the Carreau-Yasuda model, this integral contains terms of the form
5 (n-1)/a
[y € [1+ (97 dé. (77)
This integral is generally not elementary. It can be expressed in terms of the Gauss
hypergeometric function, denoted by ,F; [21]. We use the standard integral identity
14
Jy X (4 Bx) T dx = = oF; (2,-q; 1 +2;-ps?), (78)
provided the integral is finite, with analytic continuation understood where applicable [21].
Applying Eq. (78) with
p=2  p=14 q="= (79)
gives
1. 1 2 1-n_a+2 5
D(s) = 5770052 + ;Asz 2 F (Z’Tn; aT; —(/15)“). (80)

The velocity profile follows from the general dimensionless formula. Since p = W(s), one has
p(s) = ¥(s). (81)
The shear-rate-parametrized dimensionless velocity is
U(s) = 1-sW(s) ~ [, ¥ (§) d&. (82)
Using ®(s) = fOS‘P (&) dé, this becomes
fi(s) =1—=5sY(s) — (1) + P(s). (83)
Therefore, the Carreau-Yasuda velocity profile can be written in the closed parametric form
p(s) = ¥(s), f(s) =1—=5sY(s) — (1) + P(s), (84)

where W(s) is given by Eq. (74) and ®(s) is given by Eq. (80). This is the Legendre-Fenchel
reformulation of the shear-rate-parametrized velocity solution of Ref. [12].
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The average velocity follows from the unified formula derived above. Define, for integer k > 1,
the moment

My = [, ¥ (s)* ds. (85)
For the Carreau-Yasuda model,
W(s)* = s* {fie + A1+ As)9] " “}k. (86)
Expanding the power gives
M, = 3%, (',‘) A sk [1+ (As)?) "7 s, (87)
Using Eq. (78) with
p=k+1, p=1¢, q¢=22 (88)
one obtains
- ,mz () ’”Aj )
The dimensionless average velocity is therefore
=1 Mgl (90)

For circular capillary flow, d = 2 and k = 3; for planar Poiseuille flow, d = 1 and k = 2. Thus,

fpipe =3 [1 = Ms],  fplane = 5[1 = My]. (01)
For circular capillary flow, the dimensional volumetric flow rate is
Q = mR*U = TRV, lpipe- (92)
Thus,

Q="1e 1 — . 93)

The pressure-gradient dependence enters through

GR . .
Ty = 7 = U(Vw))’w- (94)

For a prescribed pressure gradient G, Eq. (94) determines ¥,,,, and Eq. (93) gives the corresponding
volumetric flow rate.

Equations (84) and (90) recover the pipe-flow and plane-flow Carreau-Y asuda results of Ref. [12].
The present derivation also clarifies why hypergeometric functions appear: they are consequences of
analytically evaluating the normalized dissipation potential and the moments of the normalized flow
curve, rather than essential ingredients of the Legendre-Fenchel framework. The underlying
conjugacy structure,
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sep=¥(), ()=o) -2 (o), (95)

is independent of the particular viscosity model. The Carreau-Yasuda model is therefore one
explicit example within a broader Legendre-Fenchel framework for pressure-driven capillary flow.

5 Other generalized Newtonian models

The preceding sections show that, once the normalized flow curve W(s) = T (,5) /T, is known,
the velocity profile and the average velocity follow from Egs. (51) and (63). This section records
several representative examples. The purpose is not to rederive each tube-flow solution in detail, but
to show how different rheological models enter the same Legendre-Fenchel structure through their
normalized flow curves, dissipation potentials, and moment integrals.

For elementary models, the framework recovers the classical results directly. For empirical shear-
thinning models, such as Sisko, Cross, and Carreau-Yasuda fluids, the same construction gives
parametric velocity profiles and average-velocity moments. For models naturally written in inverse
form, such as the Ellis model, the complementary potential can be obtained directly. For regularized
and ideal yield-stress fluids, the formulation is especially useful because it also handles nonsmooth
limits through subgradients.

5.1 Newtonian and power-law limits

For a Newtonian fluid, T(y) = ny, and the complementary potential is D*(7) = 72/(27).
Substitution into Eq. (36) gives the classical Hagen—Poiseuille profile,

u(r) = % (R? — r2). (96)

In dimensionless form, W(s) = s, and & = 1/4 for circular capillary flow.
For a power-law fluid,

T(y)=Ky", n>0, (97)
the normalized flow curve is W(s) = s™. Therefore, p = s™, and the dimensionless velocity profile

1s
ii(p) = - [1 — p(n+1)/n]_ (98)

n+1

The corresponding average velocities are

= _ n . .
U= ,circular capillary flow, (99)
{i = —— planar Poiseuille flow. (100)
2n+1

These elementary limits serve as consistency checks on the general formula.
5.2 Sisko fluid
The Sisko model combines a Newtonian high-shear contribution with a power-law contribution:

T(y) =n.y +Ky™ (101)
Define
_ NeoVw —-5&2
U= e K= — (102)

The wall condition gives u + k = 1. The normalized flow curve and normalized dissipation
potential are

Y(s) = us + ks™, d(s) = %sz + ﬁs”“. (103)
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Therefore,
a(s) =5 (1—s?) +%(1 — s, (104)

For integer k, the moment integral is elementary:

1

— vk (k) ki L
Mic = 2j=o (J')‘u K it (105)
The average velocity follows from Eq. (63) with M, 4.
5.3 Cross fluid
A common Cross-type viscosity model is
() = New + o (106)

This model is widely used for pseudoplastic and polymeric fluids [17]. As pointed out in Ref. [12],
it can also be viewed as a special case of the Carreau-Yasuda form. Comparing Eq. (106) with
Eq. (67), the Cross model is recovered by the formal parameter choice

a=m, n=1-m. (107)

This mapping gives (n — 1)/a = —1, and therefore reduces the Carreau-Yasuda factor to [1 +
(7)™~ L. It is a formal mapping at the level of the viscosity function and should not be confused
with independent empirical parameter conventions used in some Cross-model literature.

Let

=M e =3" (108)
and define
oo =72, A="0 (109)
The normalized flow curve is
P(s)=s [ﬁoo + ﬁ] (110)
with wall normalization
floo + 1+Azm =1L (111)

Using the hypergeometric integral identity introduced in Sec. 4, the normalized dissipation
potential is

B(s) = > flooS?
+%As2 2F (%, 1; 12 (/Ts)m).

; )
m

(112)

The velocity profile is then given by Eq. (50). For integer k, define M, = [ 01 ¥ (s)* ds. Expanding
the integrand and using the same hypergeometric identity gives

M= =3k (*)isTw

k+1
k+1 . k+1+m (113)
X oFy ( ;

= A,

)
m
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The average velocity follows from Eq. (63). Thus, the Cross model gives the same type of
hypergeometric structure as the Carreau-Y asuda model, but with the exponent fixed at —1.

5.4 Ellis fluid

The Ellis model is particularly illustrative from the Legendre-Fenchel viewpoint because it is
naturally specified in the dual stress variable. As a result, the complementary potential can be obtained
directly without first inverting the constitutive relation.

The Ellis model is often written in inverse-flow-curve form:

T

y() = % [1 + (—)Hl. (114)

T1/2

This form is especially natural in the present framework because the complementary potential is
obtained directly by integration in the stress variable:

.L.Z T(x+1

DM =[7(q) dg = —+ ——— (115)

219 (a+1)77071/2

Substitution into Eq. (36) gives
Rty
u(r) = 52 (1 - p?)

RT% +1 r
———= (1 —p*), =
(a_i_l)no,r?/zl ( p ) p R

(116)

This example highlights an advantage of the conjugacy viewpoint: if a model is naturally specified
as ¥ (1), the complementary potential can be obtained without inverting the constitutive law.

5.5 Bingham—Papanastasiou fluid

Yield-stress fluids provide a useful test case because ideal yield-stress laws are nonsmooth,
while Papanastasiou regularization gives a smooth approximation that approaches the ideal law as
the regularization parameter increases [18]. For a Bingham—Papanastasiou fluid,

T() =npy + 17, (1 — ™), (117)

where 7, is the plastic viscosity, T, is the yield stress, and m is the regularization parameter. The
corresponding dissipation potential is

. 1. . 1-eT™
D) = 372 + 7y [y =], (118)
which is smooth and strictly convex for positive material parameters.
The wall shear rate satisfies
Ty = MpYw + Ty (1 — e7™w). (119)

This scalar equation can be solved explicitly using the principal branch W, of the Lambert W
function, defined by W (z)e"® = z [22]. The use of the Lambert W function in Papanastasiou and
related non-Newtonian flow problems has been discussed in Refs. [23-25]. For the present wall-
shear-rate problem, the result is

. Tw—T
Yo = =
2[5 - ) (20
m Mp Mp
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For positive material parameters, the argument of W, is positive, and the principal real branch

gives the physical solution.
Define

_ %y _ TNp¥w o
,B—T—, p=-—, M = my,,.
w w

The wall condition is
u+p(1—e ™M =1.

The normalized flow curve and normalized dissipation potential are

Y(s) = us + (1 —e™™5),

d(s) = %SZ + B [s - 1_;_MS]

The parametric velocity profile is

fi(s) = %(1 —52) + B(se ™S — g™M)

+§(e‘MS —e ™M),

The map p = W(s) can also be inverted explicitly:

— P=B
sip) = =

1 MB _ M(p-B)
+MW0 [ . exp( — )]
For circular capillary flow, the average velocity is &L = (1 — M3)/3, where
1 -
Ms = [ [us +B(1—e™™)]? ds.
This integral is elementary. A compact closed form is

My = B2+ 3 F2u+ i+
—3B[B*Ag(M) + 2BuA (M) + p?Ay(M)]
+3B%[BA,(2M) + pA; (2M)]
—B3A4,(3M),
Where

1-e™*
)

Ap(x) =

x
1—e *(1+x)
2
2—e ¥(x%+2x+2)

x3 '

A (x) =

)

Ay(x) =

The dimensional flow rate is then
Q = R, —=

5.6 Herschel-Bulkley—Papanastasiou fluid

(121)

(122)

(123)

(124)

(125)

(126)

(127)

(128)

(129)

The Herschel-Bulkley—Papanastasiou model generalizes the Bingham—Papanastasiou model by

replacing the linear viscous contribution with a power-law contribution:
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Ty) =Ky"+1,(1—e™). (130)

Forn = 1and K = n,, Eq. (130) reduces to Eq. (117). The corresponding dissipation potential
is

1—e_m7]
m

. K . .
D) = —=7 ™ 1y [y -

n+1

(131)

ForK >0,n >0, 7, = 0,and m > 0, the flow curve is monotone nondecreasing and the
dissipation potential is convex on y = 0. When 0 < n < 1, the derivative of the flow curve is
singular as ¥ — 0%, but this singularity is compatible with convexity.

The wall shear rate is determined by

Ty = Kyt + 7, (1 — e ™), (132)

Unlike the Bingham—Papanastasiou case, this equation generally cannot be reduced to the
standard Lambert W form when n # 1, because it contains both a power-law term and an
exponential term. It is nevertheless a scalar monotone equation.

Define

o =0 B=2,  M=mj, (133)

Tw
The wall condition is
a+p(l—e™M=1. (134)

The normalized flow curve and normalized dissipation potential are

P(s) = as™ + (1 — e™M5),
1—e‘M5] (135)
— |-

d(s) = —s"+ B [s —

n+1

The parametric radial coordinate is p(s) = W(s). The corresponding velocity profile is

(s) = 22 (1 - s™1)

-M -My o B (,-M -M (136)
+B(se™™5 —e )+E(e S—e M),
The average-velocity moment is
My = [ Tas™ + B(1 — e™™9)]* ds. (137)
For integer k, expansion gives
M, = YK (%) akip
,-k "["(1) P (138)
X Zp=ol = D! () Engie—jy (¢M),
where
E,(x) = fol sP e~ ds. (139)
For x > 0,
+1,
Ey(x) =122, (140)

where y(+,-) is the lower incomplete gamma function [21]. For x = 0, E,,(0) = 1/(p + 1). The
dimensionless average velocity follows from Eq. (63). For circular capillary flow,
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. 1-M
Q = nR3y,, T3 (141)

The Bingham—Papanastasiou result is recovered by setting n = 1 and K = 7,,. Then & = y, and
Eqgs. (135) and (136) reduce to Egs. (123) and (124). In the same limit, Eq. (132) reduces to
Eq. (119), and the explicit W, solution in Eq. (120) is recovered.

5.7 Ideal yield-stress limit

The Legendre-Fenchel formulation is especially useful in the ideal yield-stress limit. Consider
m — oo in the Herschel-Bulkley—Papanastasiou model. The regularized flow curve tends to the
ideal Herschel-Bulkley law

Ty)=1, +Ky", y >0, (142)

a classical yield-stress model [19,20]. At y = 0, the ideal law is not single-valued: stresses below
the yield stress correspond to zero shear rate.

Let f =1, /7y, and assume 0 < f < 1, so that yielding occurs near the wall. The wall shear rate
satisfies

Kyw = 1w (1 = B). (143)
In the sheared region,

p=¥GE)=F+(1—-p)s", 0<s<l. (144)

Thus, s = 0% corresponds to p — £, and the interval 0 < p < B is an unsheared plug.
The normalized ideal dissipation potential is

Gyp(s) = s+ L™, 520, (145)

For the nonnegative stress interval relevant here, the physically relevant subgradient at s = 0 is
0 < p < B. To verify the corresponding conjugate, we compute

1_'Bsn+1
n+1

Pyp”(p) = supssolps — Bs — ]
For0 < p < P, the supremum is attained at s = 0, giving @5 (p) = 0.Forp > B, the
maximizer satisfies

p—B—@0=p)s" =0,

so that
1
. _ P BN
st = ( 1= ﬁ) .
Substituting s™ into the supremum yields
0, 0<p<p
Pyg(p) =1 n_ (p-p+/n 1 (146)
n+1 (1-p)i/m ’ p==

The dimensionless velocity is therefore
ii(p) = Ppp(1) — Pyp(p). (147)

Since ®p(1) = n(1 — B)/(n + 1), the plug velocity is

i(p)=—(1-p), 0<p<§p. (148)

n+1
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In the sheared region,

i(p) = —(1-p)

n+1 (149)
n_(p-pntim
o B<p<1l

The average velocity follows from the same moment formula. For integer k,

My = [{1B+ (1~ B)s"]* ds
e (k) okes a1 (150)
=3¢ o ()BT - By —

nj+1’

Although the integral over s runs only over the sheared branch, the plug contribution is included
through the boundary term in the integration-by-parts derivation of the average velocity. Hence,

1-Mgyq

o= FIE (151)
For the ideal Bingham case, n = 1. The plug velocity becomes
ap) ==L, o0<p<p (152)
and the sheared-region velocity becomes
a@):%—%, B<p<1. (153)

Thus, the plug region is not imposed separately. It follows directly from the subgradient of the
nonsmooth dissipation potential, or equivalently from the flat region of the complementary
potential. Plug formation is therefore the spatial manifestation of the dual variational structure of an
ideal yield-stress fluid.

6 Discussion

The present work reformulates pressure-driven capillary flow of generalized Newtonian fluids
using Legendre-Fenchel conjugacy. The usual difficulty in such problems is the implicit nonlinear
relation between shear stress and shear rate. Although the stress distribution is known from
momentum balance, the shear rate must still be determined from the nonlinear flow curve T = T (y).
For many rheological models, this inversion cannot be performed in elementary functions. The shear-
rate parametrization used in Ref. [12] avoided this difficulty by using the shear rate itself as the
independent variable. The present manuscript shows that this parametrization is not merely a useful
change of variables. It is a manifestation of the conjugate-variable structure generated by the
dissipation potential.

In this interpretation, the capillary-flow problem has three distinct parts. The first is geometric: the
stress distribution is fixed by momentum balance, as in Eq. (28). The second is constitutive: the flow
curve defines the dissipation potential, as in Eq. (17). The third is dual: the velocity profile is
generated by the complementary dissipation potential, as shown in Eq. (36). This decomposition
separates the known stress field from the rheological response and explains why the same
mathematical structure applies to apparently different viscosity models.

The representative models examined in this work are summarized in Table 1. The table is not
intended to be an exhaustive catalog of generalized Newtonian fluids. Rather, it illustrates how the
same Legendre-Fenchel construction applies to several common models, including Newtonian,
power-law, Sisko, Cross, Carreau—Yasuda, Ellis, Bingham-Papanastasiou, Herschel-Bulkley-
Papanastasiou, and ideal Herschel-Bulkley fluids. It also emphasizes that the central object in the
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dimensionless formulation is the normalized flow curve W(s). Once W(s) is known, the velocity
profile and average velocity follow from Eqgs. (51) and (63).

Table 1. Representative model catalog in the Legendre-Fenchel capillary-flow framework. The
normalized flow curve ¥ (s) = T (Vy,S) /Ty is the central object. The velocity and average velocity
follow from Egs. (51) and (63), respectively.

Model Flow curve or inverse law Normalized flow curve AR,
Structure
Newtonian T =ny Y=s elementary
Power-law T =Ky" Y =s" elementary
Sisko T =ney +Ky" Y = us + ks elementary
N = N + ¥ = s[fle +
Cross Mo — noom 4 _ hypergeometric
1+ (Ay) 1+ (1s)
Carreau-Yasuda Eq. (67) Y = s7j(s) hypergeometric
. T
y =—[1+
Ellis T an -1 naturally dual elementary
T1/2
Bingham- Eq. (117) Y =ypus+B(1—e™™M) Lambert W
Papanastasiou '
Herschel-Bulkley- . __Ms .
Papanastasiou Eq. (130) ¥Y=as"+ L1 —e ™) |incomplete gamma
Ideal Herschel- T =1 4 Kym Y=+0-pB)s"in nonsmooth
Bulkley Y 4 sheared region conjugate

As shown in Table 1, the special functions appearing in the final expressions are not fundamental
to the method itself. They arise only when the normalized dissipation potential or the average-velocity
moments are evaluated analytically for a particular model. The Carreau-Yasuda and Cross models
lead to Gauss hypergeometric functions because their normalized potentials involve integrals of
rational-power functions. The Cross model is included as a formal special case of the Carreau-Yasuda
model, as discussed in Ref. [12], but it is listed separately because its simplified form is widely used.
The Bingham—Papanastasiou model leads to exponentials and the Lambert W function because of the
exponential regularization term. The Herschel-Bulkley-Papanastasiou model generally does not
reduce to the standard Lambert W form for the wall shear rate when n # 1, but its average-velocity
moments can be written using incomplete gamma functions. In contrast, Newtonian, power-law, and
Sisko fluids lead to elementary formulas. Ellis fluids are naturally handled in the dual formulation
because they are commonly specified by the inverse relation y = y (7).

The ideal yield-stress limit highlights the main conceptual advantage of the Legendre-Fenchel
viewpoint. Ideal Bingham and Herschel-Bulkley laws are nonsmooth at zero shear rate. In the present
formulation, this nonsmoothness is not an obstacle. It is represented by the subdifferential of the
dissipation potential. The corresponding complementary potential contains a flat interval, and this flat
interval generates the plug region in capillary flow. Thus, the plug is not introduced as an additional
geometric assumption. It follows directly from the dual constitutive structure.
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The scope of this study is deliberately limited. The analysis is restricted to steady, fully developed,
isothermal, pressure-driven flow of monotone generalized Newtonian fluids in geometries where the
stress distribution is known. Within this setting, the Legendre-Fenchel framework gives a compact
analytical structure for the velocity profile and the flow-rate relation. The purpose is not to replace
numerical simulation or to cover all rheological effects, but to clarify the mathematical structure
underlying a class of capillary-flow solutions.

Several extensions follow naturally. Wall slip can be incorporated by modifying the boundary
condition, in which case the no-slip solution derived here becomes the bulk contribution and slip adds
a stress-dependent velocity offset. Other geometries may also be treated when the stress distribution
is available. Planar Poiseuille flow already fits within the same dimensionless formulation. Annular
flow is more delicate because the stress field may change sign and the location of zero shear must be
determined, but the same principle should apply once the appropriate stress distribution is specified.

The present formulation may also be useful for inverse capillary rheometry. Given pressure-
drop/flow-rate data, one can fit the parameters of T (¥) by matching the predicted Q (G) relation. The
separation between the wall shear-rate calculation, the normalized flow curve, and the velocity
integration may help organize such inverse calculations.

7 Conclusion

In summary, the shear-rate parametrization used previously for the Carreau-Yasuda model is
shown here to be a manifestation of Legendre-Fenchel conjugacy. The central result is that the
velocity profile of a monotone generalized Newtonian fluid in capillary flow is generated by the
complementary dissipation potential evaluated along the known stress distribution. This framework
recovers the Carreau-Yasuda hypergeometric solution, explains the structure of several other
generalized Newtonian models, and provides a natural treatment of ideal yield-stress limits through
subdifferentials and flat regions of the dual potential.
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